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A Proofs of the XMM Operational Semantics Properties

Definition 16. Let G and G’ be two execution graphs, such that G is a prefix of G’. Let e be an
event from G’.E.
A delta-graph A.G is a graph, such that:
A.G.E 2 G.EU {e}
AG.lab = G.lab[e > G’.lab(e)]
AG.po = [A.G.E]; G’ .po; [A.G.E]
AeG.rf 2 [AG.E]; G .rf; [A.G.E]
o A.G.mo = [A.G.E]; G".mo; [AG.E]
o A.G.rmw = [A.G.E]; G'.rmw; [A.G.E]

Essentially we construct it by adding e to G and all the accompanying edges from G’.

Lemma 5. Let G and G’ be two execution graphs, such that G is a prefix of G’: G’|gg = G. Let
C C G'.E be a subset of committed events. Let e be an event such that:

e e¢G.E

eecCG'E

o ¢ € G'.R implies e € codom([G.E];G’.rf) UC

Finally, assume WellFormed(G, G’, C) and WellFormed(G’) hold. Then

£
(G",C)+ G §:>:> A.G wheret = G’.lab(e)

ProOF. From WellFormed(G’) it is obvious, that:
e A.G.E=G.EW {e}
e A.G.lab = G.lab[e — G’.lab(e)]
e A,G.po=G.poUAL(G,e)
e AG.m0 = G.mo U A, (G, Wi, Wa, e)
e A.G.rmw = G.rmw U A, (G, r, €)
The only tricky part is the delta for rf. We consider two cases:
eceW
The following is obvious by definition of A.G:

A.G.rf = G.rf UAY (G, R, €)

eccR
We have e € codom([G.E]; G’.rf) U C. From this we immediately get that

AG.rf = Grf U AE(G, w,e)

It is also obvious that the resulting configuration is well-formed. O

Lemma. (ProofofLemma 1)

Let G and G’ be two execution graphs, such that G is a prefix of G': G’'|cg = G. Let C € G’ .E be a
subset of committed events, U = G’.E\ C be a subset of uncommitted events, and A = G’.E\ G.E be a
difference of the two event sets. Moreover, assume WellFormed(G, G’, C) and WellFormed(G’) hold.

Lett = [ey,...,e,] be an enumeration of a set A, such that the following conditions are met:

e (e;,e;) € G'.po impliesi < j;
o (e;,ej) € G'rf; [U] impliesi < j;
eVre RNA.3w € GWUA.(w,r) € G'.rf.

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 72. Publication date: January 2025.



Relaxed Memory Concurrency Re-executed 72:29

In other words

e G'.po and G’.rf; [U] respect the order induced by ¢
o G’ isrf-complete

Then, the graph G’ can be constructed from G:

(G',C)rG> G

Proor. The proof will proceed with induction by ¢.
e Base: when ¢ is empty, A is empty too. Which means that G’ = G. This immediately implies

(G'.C)rG> G

e Step: we have £ = [eg, ez, ..., ep].
We will now show the following

,[* K
(G,C)+G % A, G L G where¢* = G’.lab(ey), £ = [ez ..., en]

From the assumptions, it is easy to show the following, which proves the first step

e; € G'.R implies e; € codom([G.E];G’.rf) UC

The second step is proved by applying the induction hypothesis with G = A, G and £ = ¢'.
All other conditions still hold, because we removed the first element of the list.

O
Corollary 1. Given graphs G, G’, committed events C C G'.E, and a subset of determined events D,

such that D € f T C and dom(G.po; [D]) € D, re-execution can proceed from a graph restricted
to D if and only if it can proceed from an initial graph:

(G,C)FGlp="CG & (C,C)FGny="GC’
Proor. Follows directly from Lemma 1 and the fact that the set of determined events is a program

order closed subset of committed events — meaning that determined reads are not subject to rf; [2/]
constraint and thus can be added to the graph at any point during re-execution. O

Lemma. (Proof of Lemma 2)
LetG,G’,C, U, A, ¢ be defined similarly as in Lemma 1. In particular, we have that WellFormed(G, G’, C)

and WellFormed(G’) hold. Moreover, suppose the predicate ThreadOrderedUEvents(G’, C, <iq) holds,
restricting uncommitted events for a given <iq relation.

Then, the list of events ¢ can be reordered and grouped by threads according to <q relation:

’
£ [til LI .{tin | k<m = tik <tid tim

Where t’tik is a sublist of £, which contains only the events with tid t;. In other words

t" isorderedby G'.tid | <44 UG’ .po

and the resulting list ¢’ can still be used to re-execute the graph leading to the same result:

(G,C)rG= G ifandonlyif (G,C)rG= G.
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Proor. With all the lemma assumptions in place, all we have to show that G’.po and G’.rf; [U]
respect the order induced by ¢’.

The G’.po constraint is trivial. The only part that needs clarification is G’.rf; [U]. Consider the
cases:

e The G’.rf; [U] edge is contained in the program order: G’.rf; [¢4] € G’.po. This is trivial as
our list respects the G’.po order.

e The G'.rf; [U] edge starts in G.W (i.e., determined event): G’.rf; [U] C [G.W]; G .rf; [UU].
In this case the write event w from which the uncommited read event read-from does not
belong to ¢, and thus is not a subject of the constraint. In other words, because the write
event is contained within the graph from which the re-execution starts (i.e., it is a determined
event), the read event reading from it can be added at any point during the re-execution.

o The G'.rf; [U] edge is between events from different threads, and does not start in G.W.
This means the events have to be ordered by G’.tid | <44, as dictated by the predicate
ThreadOrderedUEvents(G’, C, <tiq), making them immediately ordered by the ¢’ list order.

]

Corollary 2. Let G,G’,C, U, A, t be defined similarly as in Lemma 2, and suppose that A C G’.E|;
for some thread t. Then ThreadOrderedUEvents(G’, C, <d) holds.

Proor. It is sufficient to notice that a choice of <4 ordering that defines the thread ¢ as
a maximal element and lets all other threads to be unordered trivially satisfies the predicate
ThreadOrderedUEvents(G’, C, <tid). |

Lemma 6. Let G, G’, C, U, A be defined similarly as in Lemma 2. In particular, WellFormed(G, G’, C)
and WellFormed(G’) hold. Moreover, suppose the predicate ThreadOrderedUEvents(G’, C, <id) holds.
Additionally, assume the internal rf; [U] respects the program order: G'.rf; [U] N =4g € G’.po.
Finally, assume that G’ is rf-complete and A is finite.

Then, the graph G’ can be constructed from G:

(G,C)rG="C'

Proor. To prove this lemma, all we need to do is to present a list £, and apply the Lemma 1.
Let ¢ be any enumeration of A, that respects G’.po and G’.tid | <t4 — we can construct
such a list because ThreadOrderedUEvents(G’, C, <tiq) holds. All we need to do is to show that
G’.po U G'.rf; [U] respects the order induced by ¢. This follows immediately from the lemma
assumptions and the construction of ¢.
O

Corollary 3. A re-execution of a single thread is always feasible.
That is, given G, G’, C, U, A defined similarly as in Lemma 6, such that A C G’.E|; for some threadt,
and assuming internal rf; [U] respects the program order, then:

(G,C)rG="C'
Proor. Follows directly from Lemma 6 and Corollary 2. O

B Proofs of C20 consistency properties

Definition 17. Given a relation R C X X X, and two sets A, B C X, we define several auxiliary
relations (for the convenience of the proofs, we let A, B be arbitrary sets, but typically we use
either singleton sets or empty sets):
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o InsertBefore(R, A, B) — inserts B right before A in the relation R:
InsertBefore(R, A, B) = B X A U dom(R; [A]) x BU B x codom([A];R)
o InsertAfter(R, A, B) — inserts B right after A in the relation R:
InsertAfter(R, A, B) = A X B U dom(R; [A]) x B U B x codom([A];R)
o Swap(R, A, B) — swaps edges going between A and B in the relation R:
Swap(R,A,B) ER\AXBUB XA

Additionally, let G be an execution graph, and let e € G.E be its event. We give the following
auxiliary definitions:

o WriteOf (G, e) — is either an event e itself, if it is a write event, or it is a write event from
which e reads-from, if it is a read event (for the convenience of the proofs, we actually define
WriteOf as a set):

{e} ifeeGW
WriteOf (G, e) = {{w} ife € G.Rand {w,e) € G.rf

0 otherwise

Proposition®. The following statements are true:
(1) po;sw = rpo;sw and sw;po = sw;rpo
(2) hb =poUrhb
(3) hb||oc = r.hb|loc
(4) hb N #4g = rhb N #4q
Proor.

(1) Proving po; sw = rpo; sw.
By definition, sw starts with [EX*'E], which means that we have po; [E*'F] and this is an
rpo-edge.

(2) Proving sw; po = sw; rpo.
By definition, sw ends with [£4°%], which means that we have [£2°?%]; po and this is an
rpo-edge.

(3) Proving hb = po U rhb.
Inclusion po U rhb C hb is trivial. To prove the other inclusion, we can rewrite hb and rhb
by definition, and then do a case analysis of the path in hb.

(po U sw)*™ C po U (poljoc U rpo U sw)*

We can use the following facts to simplify or replace the path:
® po is transitive;
e any po-edge followed or preceded by sw-edge can be replaced by rpo-edge, as was shown
above.

So if the path contains po-edges only, it is contained in po and if it contains at least one
sw-edge, all the continuous po-paths can firstly be collapsed into single po-edges and then
replaced by rpo-edges, which is contained in (po|joc U rpo U sw)*.

(4) Proving hb|joc = rhb|jq.
Applying the previous property, we need to show that (po U rhb)|joc € rhb|... Hence, we
need to show that po|joc € rhb]jec. By definition, rhb = (po|joc UrpoUsw)*, and by definition,
rpo contains poljc, which finalizes the proof.

(5) Applying the property (2) to the relation, we obtain the result.

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 72. Publication date: January 2025.



72:32 E. Moiseenko, M. Meluzzi, I. Meleshchenko, I. Kabashnyi, A. Podkopaeyv, S. Chakraborty

]

Lemma. C20 coherence is equivalent to the following statement:
rhb; eco’is irreflexive

Proor. Since eco’ connects events of the same location, then hb is also restricted by the same
location. Thus, applying Proposition 1 finalizes the proof. O

Definition 18. Memory consistency model M is called monotone if for every execution graphs G’
and G, an event mapping function m : G’.E — G.E consistency of G’ implies consistency of G:

Consistent(M,G’) = Consistent(M, G)

provided that the following conditions are met:
m is injective

G.tidom = G’ .tid
G.labom = G’.lab
GECmTGE

G.rpo € m 7T G’.rpo
G~p0||0c cm7 G,-polloc
Grf Cm7T G rf
GmocmTG.
Gormw € m T G .rmw
G.rhb € m T G’.rhb

Lemma 7. C20 is monotone.
Proor.

(Coherence)

We need to prove that G.rhb; G.eco’ is irreflexive. Since G.rhb is irreflexive by inclusion into the
m T G.rhb, it is sufficient to prove that G.rhb; G.eco is irreflexive. Easy to see that G.fr € m T G’ fr
and hence G.eco € m T G’.eco. Therefore, G.rhb;G.eco € m T (G’.rhb;G’.eco), which is
irreflexive by the Coherence property of G’.

(Atomicity)

We need to prove that G.rmw N (G.fr; G.mo) = 0. As already obtained, G.fr € m T G’ fr, hence

G.rmw N (G.fr;G.mo) € m T (G'.rmw N G'.fr;G".mo) = 0

]

Definition 19. Memory consistency model M is called maximal read extensible if for every
execution graphs G” and G, an event mapping function m : G’.E — G.E, and a read event r € G.E
consistency of G’ implies consistency of G:

Consistent(M,G’) = Consistent(M, G)

provided that the following conditions are met (where R = {r}):
m is injective

G.tidom = G'.tid

G.labom =lor f\mir G’.lab

GE=mTG.EUR

codom([R]; G.rpo) =0

G.rpo; [G.E\R] € m T G .rpo
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codom([R]; G.poliec) = 0
G'polloc; [GE\R|SmT7T G,'polloc
e G.if =m T G’.rf UG.srf; [R]

e G.mo=m71G.

e G.rmw C m T G .rmw

Lemma 8. C20 is maximal read extensible.

Proor. (Coherence)

We need to prove that G.hb; G.eco’ is irreflexive. Let us first prove that G.hb is irreflexive.
By Proposition 1, we know that G.hb = G.po U G.rhb. Since po is irreflexive, it is left to show
that G.rhb is irreflexive. There are two possible cases: it can be either rhb; [R] cycle or not. If
not, then it is irreflexive by the Coherence property of G’. If it is, then we can use the fact that
codom([R]; G.rhb) = 0. Let us prove it as well.

It can be rewritten in the following way:

codom(([R]; G.rpo); (G.polioc U G.rpo U G.sw)*)
U codom(([R]; G.sw); (G.poljoc U G.rpo U G.sw)™)
U codom(([R]; G.polioc); (G.polioc U G.rpo U G.sw)*) = 0

The first and thirds summand are empty, since codom([R]; G.rpo) = 0 and codom([R]; G.polioc) = 0.
And the second is empty, since sw starts with a write event or fence, and R is a read event.

So, since G.hb is irreflexive by construction, it is sufficient to prove that G.hb; G.eco is irreflexive.
The latter is equivalent to G.rhb; G.eco being irreflexive.

We know that G’.hb; G’.eco is irreflexive. It is also equivalent to G’.rhb; G’.eco being irreflexive.

We also know that:
G.fr=G.rf"1;G.mo € m T G'.frU [R]; G.srf™1;G.
G.eco = G.rf U G.mo; G.rf’ U G.fr; G.rf’

Cm7 G .eco
U G.srf; [R]
U G.mo; G.srf; [R]
U G.fr; G.srf; [R]
U [R]; G.srf™ Y G.mo; Gurf”

G.rhb; [G.E\R] Cm T G'.rhb

G.rhb; G.eco € m T (G’.rhb; G’ .eco)
U G.rhb; G.srf; [R]
U G.rhb; G.mo; G.srf; [R]
U G.rhb; G.fr; G.srf; [R]
U G.rhb; [R]; G.srf~ 1 G.mo; G.rf’
So it remains to show that the following relations are irreflexive:

G.rhb; G.srf; [R]

G.rhb; G.mo; G.srf; [R]
G.rhb; G.fr; G.srf; [R]

G.rhb; [R]; G.srf~!; G.mo; G.rf’
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The first three irreflexivity proofs can be obtained from the fact that codom([R]; G.rhb) = 0. For
the last one, firstly, we can rotate the relation in the following way: G.mo; G.rf’; G.rhb; [R]; G.srf ™1,
since, we are aiming to proof irreflexivity. Then, we can rewrite it as

G.mo; [W]; G.rf’; G.rhb; [R]; G.srf ™,

since -edge ends with write event. And now we can rewrite [W]; G.rf’; G.rhb” C vf and
obtain G.mo; G.vf; (G.poliec U G.rpo U G.sw); [R]; G.srf~1. Since codom([R]; G.rpo) = 0 and
codom([R]; G.polioc) = 0, we only need to prove that G.mo; G.vf; G.sw; [R]; G.srf™! is empty.
That would be true following from G.sw € m T G’.sw. Let us show that.
By definition,
sw = [E™]; ([F]; po)’s [W™*E]; (rfy rmw) s rfs [R™S]; (po; [F1); [64°9]
As rmw-edges are preserved by m, they can not start with R-event, meaning that the only possibility
of where R can exist in this construction is [R¥*E] or in the last position. If there is no po at the
end of the construction, then we obtain that R should be an acquire event, which is not possible.
And if there is po in the end, then it can be replaced by rpo, leading to a contradiction with the
fact that codom([R]; G.rpo) = 0.
Now it is remaining to show that G.rhb; [G.E \ R] € m T G’.rhb. Let us show that by induction.
Firstly, we can easily obtain that
G.rhb = (G.poljoc U G.rpo U G.sw); [G.E\ R] € m T (G’.polioc U G’.rpo U G’.sw)
from the property on codomain and sw. From that, we can easily prove
m T (G’.polioc U G’.rpo U G".sw)*; (G.polioc U G.rpo U G.sw); [G.E \ R]
€ m T (G".poljoc UG’ .rpo U G .sw)*
which will lead us to
((G.polioc U G.rpo U G.sw); [G.E\ R])* € m T (G’.poljoc U G".rpo U G’.sw)*

and the left part essentially equals to (G.polioc U G.rpo U G.sw)*; [G.E \ R], since none of the
edges from G.po|joc U G.rpo U G.sw can not start in R and end in any other event, which finalizes
the proof.

(Atomicity)
We need to prove that G.rmw N (G.fr; G.mo) = 0. Using G.fr € m T G’.fr U [R]; G.srf~1; G.mo,
we can rewrite the intersection as
m 7T G .rmw N (m 7T (G .fr;G’.mo) U [R]; G.srf™!; G.mo; G.mo),

where we can remove [R]; G.srf~1;G.mo; G.mo, since m T G’.rmw can not begin with new event
R. The latter is empty by the Atomicity property of G’.

]

Definition 20. Memory consistency model M is called maximal write extensible if for every
execution graphs G’ and G, an event mapping function m : G’.E — G.E, and a write event w € G.E
consistency of G’ implies consistency of G:

Consistent(M,G’) = Consistent(M, G)

provided that the following conditions are met (where W = {w}):
e m is injective
e G.tidom = G'.tid
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G.labom =l f\miw G’.lab
GE=m(G.EUW

codom([W];G.rpo) =0

G.rpo; [G.E\W] Cm T G .rpo
codom([W1; G.polioc) =0

G.polioc; [G-E\ W] € m T G .poljoc
Gurf=m7T G rf

G. =m1G. U (G.W|OC(W) \W)x W
G.rmw Cm T G .rmw

Lemma 9. C20 is maximal write extensible.

Proor. (Coherence)

We need to prove that G.hb; G.eco” is irreflexive. We will prove the irreflexivity of G.hb later, so
now it is sufficient to prove that G.hb; G.eco is irreflexive. The latter is equivalent to G.rhb; G.eco
being irreflexive.

We know that G’.hb; G’.eco is irreflexive. It is also equivalent to G’.rhb; G’.eco being irreflexive.

We also know that:

G.fr= G.rf7L;G.

=m TG frumT G rf™5 ((CWige(w) \ W) X W)
G.eco = G.rf U G.mo; G.rf’ U G.fr; G.rf’
=m 1 G rf
Um 1 (G .mo; G".rf")
Um 1 (G .fr; G .rf%)
U ((G-Wioe(w) \ W) X W); (m 1 G.rf")
U(m TG rf™); ((G.Wie(w) \ W) X W); (m 1 G.rf?)
G.rhb; [G.E\W] Cm T G .rhb
G.rhb; G.eco € m T (G’.rhb; G’.eco)

U G.rhb; ((G.Wioc(w) \ W) X W); G.rf’
U G.rhb; G.rf 1 ((G-Wige(w) \ W) X W); G.rf’

Irreflexivity of the first summand follows from the irreflexivity of G’.rhb; G’.eco. Then, in the last
two summands, we can reduce rf-edge in the end, since no new rf-edges were added and they
can not start with W. Therefore, we can rewrite the last two summands in the following way:
[W]; G.rhb;. .., which is empty, since codom([W];G.rpo) = @ and G.sw C m T G’sw, meaning
that G.rhb can not begin with W.

Let us prove that G.sw € m T G’.sw. By definition,

sw = [E"95 : ([Fspo)s [WET: (1fs ) s of; [R™S]s (pos [F])'s [£49°]

We should show that any G.sw edge has m-preimage in G’. Since rf and rmw-edges are preserved
by m, they can not start or end with W, meaning that all the events in the G.sw-construction
have m-preimage in G’. Also, if there is a po-edge in the G.sw-construction, it can be replaced
by rpo-edge, following from the definition of rpo. Hence, all the edges in the construction have
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m-preimage in G’ and the correspondent sw-preimage exists in G’. Moreover, in the following
proof, we will need a weaker condition: G.sw € m T G’.sw U G.sw; [W].

Now we can also prove irreflexivity of G.hb. By Proposition 1, we know that G.hb = G.poUG.rhb.
Since po is irreflexive, it is left to show that G.rhb is irreflexive. There are two possible cases: it can
be either rhb; [W] cycle or not. If not, then it is irreflexive by the Coherence property of G’. If it is,
then we can use the fact that codom([W]; G.rhb) = 0. Let us prove it as well.

It can be rewritten in the following way:

codom(([W]; G.rpo); ((G.poljoc U G.rpo U G.sw))*)U
codom(([W]; G.polioc); ((G.polioc U G.rpo U G.sw))*)U
codom(([W]; G.sw); ((G.poljoc U G.rpo U G.sw))*) =0
The first two summands are empty from the codomain conditions. And the second is empty, since
m T G’.sw can not start with W and codom([{W]; G.sw) = 0. The latter is easily obtained from the
definition of sw.

Now it is remaining to show that G.rhb; [G.E\ W] € m T G’.rhb. Let us show that by induction.

Firstly, we can easily obtain that
G.rhb = (G.poljoc U G.rpo U G.sw); [G.E\ W] € m T (G’.poljoc U G".rpo U G’.sw)
from the property on codomain and sw. From that, we can easily prove
m T (G’.polioc U G’.rpo U G".sw)*; (G.poljoc U G.rpo U G.sw); [G.E \ W]
€ m 7T (G .polioc UG’.rpoU G’.sw)*
which will lead us to
((G.polioc U G.rpo U G.sw); [G.E\ W])* € m T (G’.polioc U G’.rpo U G’ .sw)*

and the left part essentially equals to (G.po|joc U G.rpo U G.sw)*; [G.E \ W], since none of the
edges from G.poljoc U G.rpo U G.sw can not start in W and end in any other event, which finalizes
the proof.

(Atomicity)
We need to prove that G.rmw N (G.fr; G.mo) = 0. Using
frem TG frum?T G rf™ ((C.Wiee(w) \ W) X W),
we can rewrite the intersection as
m TG .rmwn (m 7T (G .fr;G.mo) U (m T G fr); ((C.Wiee(w) \ W) X W)
U (M TGt ((G.Wiae(a) \ W) X W): (m T G'.mo)
U (m TG rf™); ((G.Wine(w) \ W) X W); ((G.Wige(w) \ W) X W)

The last three summands are empty as m T G’.rmw can not end with W or (m T G’.mo) can not
start with W. The remaining intersection is empty by the Atomicity property of G’.
m]

Definition 21. Memory consistency model M is called overwrite extensible if for every execution
graphs G’ and G, an event mapping function m : G’.E — G.E, a write event w’ € G, and a write
event w € G.E, consistency of G’ implies consistency of G:

Consistent(M,G’) = Consistent(M, G)
provided that the following conditions are met (where W’ £ {w’} and W £ {w}):

e m is injective
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e G.tidom = G’ .tid

e Glabom=, . . G'lab

e GE=mTG.EUW

e G.po=m T G".po U InsertBefore(m T G’.po,m T W', w)

e Guif =m 7T G .rf

o G.mo=m 7T G .moU InsertBefore(m T G’.mo,m T W/, w)
e G.rmw =m T G .rmw

Lemma 10. C20 is overwrite extensible.

Proor. (Coherence)

We need to prove that G.hb; G.eco’ is irreflexive. We will prove that G.hb is irreflexive later, so
now it is sufficient to prove that G.hb; G.eco is irreflexive.

We know that

G.fr= G.rf7L;G.
C m T G .fr U G.rf"!; InsertBefore(m T G’.mo,m T W', w)
G.eco = G.rf U G.mo; G.rf” U G.fr; Gurf’

Cm1Grf

Um T (G .mo; G .rf%)

Um 1 (G .fr; G .rf%)

U InsertBefore(m 1 G’.mo,m T W, w); G.rf’

U G.rf~%; InsertBefore(m T G’.mo,m T W/, w); G.rf’

Therefore, we have
G.hb; G.eco € G.hb;m T G.eco

U G.hb; InsertBefore(m T G’.mo,m T W', w); G.rf’
U G.hb; G.rf~Y; InsertBefore(m 1 G".mo,m T W/, w); G.rf’

To operate with hb-edges, we should notice that G.hb = m T G’.hb U [w]; G.hb U G.hb; [w]. For
this, let us first prove that G.sw = m T G’.sw. So, we should show that all the G’.sw-edges are
mapped to G.sw-edges and no new G.sw-edges are added. By definition,

sw = [E™]: ([F1; po) s [W™™ET: (rfs rmw) s s [R™C]; (pos [F1); [£°97]

Hence, if we have an sw-edge, it consists of po-edges, rf-edges, and rmw-edges. It is easy to see,
that if there was an G’.sw-edge, then it would remain an G.sw-edge as all of its parts are mapped
into the corresponding classes of edges. Now, let’s consider the reverse direction. rf and rmw-edges
are preserved by m, and G.po can appear if it is an image of G".po or if it is an edge between w and
some other event a. The first case is fine and the second case is impossible to appear in sw, since
that G.po-edge can be only in the first position of the sw-definition, and the following rf-edge can
not start with a new event.

Now, let us proceed to G.hb = m T G’.hb U [w]; G.hb U G.hb; [w]. By definition, G.hb =
(G.po U G.sw)*, and in that path G.sw-edges connect only events from the target graph, and
sequences of continuous G.po-edges can be merged into single G.po-edges by transitivity property.
Therefore, all the events, in the (G.po U G.sw)*-path, except for the first and the last ones (followed
or preceded by a new po-edge respectively), are events from the target graph. Moreover, if there is
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an edge of the form [w]; G.hb or G.hb; [w], then in target graph there was a correspondent edge
[w’]; G’.hb or G’.hb; [w'].

After this, we can return to the proof of irreflexivity of G.hb; G.eco. Let us consider the first
component of the summands: G.hb; m T G’.eco. We can rewrite it as

m T (G’.hb; G’eco) U [w]; G.hb;m T G’.eco U G.hb; [w]; m T G’ .eco.

The first part is irreflexive by the Coherence property of G’, and in the latter two, we can see that
in the target graph there was an edge [w’]; G’.hb or G’.hb; [w’], which contradicts the irreflexivity
of G’.hb; G’.eco.

Now let’s consider the second component of the summands: G.hb; InsertBefore(m T G’.mo,m T
W', w); G’.rf’. If the rf-edge doesn’t exist, we come to a simple contradiction, and if it exists, then
we have a cycle of the form [w]; G.mo; [m(w’)]; G.rf; [m(r)]; G.hb, which means, that there was a
G’.hb-edge between w’ and r, which contradicts the irreflexivity of G’.hb; G’.eco.

The last component of the summands is G.hb; G’.rf~!; InsertBefore(m T G’.mo, m T W/, w); G’ .rf".
This case is impossible as G.rf-edges can not start with w, which finally proves the irreflexivity of
G.hb; G.eco.

Let us now prove the irreflexivity of G.hb. By definition, hb = (po U sw)*, so essentially we have
a path of po-edges and sw-edges. The po-edges can be merged into single po-edge by transitivity
property, and sw-edges can not start with new event. Hence, if there are sw-edges in the path,
then there are no new events inside of it, then a new event can be only in the beginning and
the end of the path (since the end is the beginning in terms of irreflexivity). And if there are no
sw-edges, then the path is a sequence of po-edges, which can be merged into a single po-edge. Now,
if there is a new event w at the beginning of the path, then it is connected with something only
via po-edges, hence there is respective hb-construction in the target graph with w replaced by w’,
which contradicts the irreflexivity of G’.hb. And if there is m(e) with e € G’.E at the end of the
path, then there is the same hb-construction in the target graph, which contradicts the irreflexivity
of G’.hb.

(Atomicity)
We need to prove that G.rmw N (G.fr; G.mo) = 0. Using
fr € m T G'.fr U G.rf'; InsertBefore(m T G'.mo,m T W', w),
we can rewrite the intersection as
m7T G .rmwnN (m7T (G .fr;G'.mo)
U m T G'.fr; InsertBefore(m T G".mo,m T W', w)
U G.rf~!; InsertBefore(m T G’.mo,m T W/, w);m T G.
U G.rf™1; InsertBefore(m T G’.mo, m T W’, w); InsertBefore(m T G’.mo,m T W/, w))

The second and the fourth summands are empty as G.rf-edges can not start with w and the third
one as well, since fr-edge can not connect two writes. The remaining intersection is empty by the
Atomicity property of G’. O

Definition 22. Memory consistency model M is called same-read extensible if for every execution
graphs G’ and G, an event mapping function m : G’.E — G.E, an event ¢’ € G, and a read event
r € G.E, consistency of G’ implies consistency of G:

Consistent(M,G’) = Consistent(M, G)

provided that the following conditions are met (where R = {r}):
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m is injective
G.tidom = G’ tid

G.labom G’.lab

o B\mir

[ ]
L]
L]
e GE=mTG.EUR

e G.po=m T G’ .poU InsertAfter(m T G.po, {m(e’)},R)
o Guf =m T G'.rf Um T WriteOf (G’,e’) X R

e G.mo=m7TG.

e G.rmw =m T G’ .rmw

Lemma 11. C20 is same-read extensible.

Proor. (Consistency)

We need to prove that G.hb; G.eco’ is irreflexive. We will prove that G.hb is irreflexive later, so
now it is sufficient to prove that G.hb; G.eco is irreflexive.

We know that

G.fr = G.rf 1, G.
cm7 (G .rf7!;G.mo) UR X m T WriteOf (G, ¢’); G.
G.eco=G.rf UG. ;G.rf? U G.fr; G.rf’
Cm7TGxf
Um T (G".mo; G".rf")
Um 1 (G .fr; G .rf%)
Um T WriteOf (G’,¢’) X R
U G.mo; (m T WriteOf (G, ¢’) x R)’
Um T G .fr;(m 1 WriteOf (G',e’) X R)’
URx m T WriteOf (G', ¢’); G.mo; G.rf’
URx m T WriteOf (G', €’); G.mo; (m T WriteOf (G',¢’) X R)’
Therefore, we have
G.hb; G.eco € G.hb;m 7 G’.eco
U G.hb;m T WriteOf (G',¢’) X R
U G.hb; G.mo; (m T WriteOf (G’, ¢’) X R)’
U G.hb;m T G’ fr; (m 1 WriteOf (G’,e’) x R)’
U G.hb; R x m T WriteOf (G', ¢'); G.mo; G.rf’
U G.hb; R x m T WriteOf (G', ¢’); G.mo; (m T WriteOf (G', ') x R)’

Let us first show that G.sw = m T G’sw U G.sw; [r]. We should show that all the G’.sw edges are
mapped to G.sw-edges and no new G.sw-edges are added. By definition,

sw = [E™]; ([F]; po)’s [W™*E]; (rfy rmw) s rfs [R™XS]; (po; [F]); [64°9F]
Hence, if we have an sw-edge, it consists of po-edges, rf-edges, and rmw-edges. It is easy to see,
that if there was an G’.sw-edge, then it would remain an G.sw-edge as all of its parts are mapped
into the corresponding classes of edges. Now, let’s consider the reverse direction. We have some

path of sw-form between m(a) and m(b) in the source graph. If doesn’t contain r, then it is mapped
to the correspondent path in the target graph. If it contains r, we can consider all the possibilities
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of where it can appear. It can not be a part of rmw-edge, since rmw-edges are preserved under
m. Hence, the only possibility of r is to appear as [R**~] in definition of sw. So, there are two
possibilities: r can be equal to m(b) or be between rf and po-edges. In the first case, we obtain
G.sw; [r] and moreover, in the target graph there exists a correspondent sw-edge, starting from a
and ending in e’ (as we the rest of sw-elements are preserved and for the last G.rf-edge there is a
correspondent G’.rf-edge ending in e’). In the second case, we can see that the respective preceding
and following rf and po-edges exist in the target graph for e’, hence, the correspondent sw-edge in
the target graph exists as well.

Now, let us proceed to G.hb = m T G’.hb U [r]; G.hb U G.hb; [r]. By definition, G.hb =
(G.po U G.sw)*, and sequences of continuous G.po-edges can be merged into single G.po-edges
by transitivity property. Therefore, we have three cases. First, the first or the last event is r — this
case is fine, and additionally, if there is an edge of the form [r]; G.hb or G.hb; [r], then in target
graph there was a correspondent edge [e’]; G’.hb or G’.hb; [¢’]. Second, r is in the middle of the
path and the beginning and the end of the path are events from the target graph (c and d). Hence,
if we have a part of the form [m(a)]; G.sw; [r]; G.po; [m(b)], then in the target graph there was a
correspondent part of the form [a]; G’.sw; [e¢’]; G’.po; [b], which means that between the ¢ and
d there already was an G’.hb-edge (the rest of the edges between target events exist as well as
m-preimages of correspondent edges). Lastly, if there is no r in the path, then all the events are
from the target graph, the same path existed in the target path and the proof is finished.

After this, we can return to the proof of irreflexivity of G.hb; G.eco. Let us consider the first
component of the summands: G.hb;m T G’.eco. We can rewrite it as

m T (G’.hb; G’eco) U [r]; G.hb;m T G’.eco U G.hb; [r];m T G.eco.

The first part is irreflexive by the Coherence property of G’, and in the latter two, we can see that
in the target graph there was an edge [e’]; G’.hb or G’.hb; [¢’], which contradicts the irreflexivity
of G’.hb; G’ .eco.

Now let’s consider the rest of the summands.

G.hb; m T WriteOf (G’, ¢’) X R is empty, such hb; po cycle is impossible.

G.hb; G.mo; (m T WriteOf (G', e") X R)?. If the latter edge doesn’t exist, we come to a simple

contradiction, and if it exists, e’ is a write event, and since there is a hb-edge after r, then

there is the same edge, starting from e’, which contradicts the irreflexivity of G’.hb; G’.eco.

e G.hb;m T G’.fr; (m T WriteOf (G, ') X R)’. If the latter edge doesn’t exist, then we have a
subcase of the very first summand. And if it exists, then e’ is a write event, and there is a
hb-edge coming from e’ (let’s say to m(a)), correspondent to the hb-edge coming from r into
a, which leads contradiction with the irreflexivity of G’.hb; G’.eco.

e G.hb;Rx m T WriteOf (G',¢’); G. : G.rf?. If the latter edge doesn’t exist, then e’ is a write
event, there is a hb-edge incoming to e’, correspondent to the hb-edge incoming to r, which
leads to a contradiction with the irreflexivity of G’.hb; G’.eco within the cycle of hb; mo. If
the rf-edge exists, then from one side, rf-edge should end with the read event, and from the
other side, the mo-edge after that should start with the write event, which is impossible.

e G.hb; R x m T WriteOf (G’, ¢’); G.mo; (m T WriteOf (G’, ') X R)’. If the latter edge doesn’t

exist, then we get a subcase of the fourth bullet. If it exists, then we have a mo-edge between

WriteOf (G', e’) and WriteOf (G, e”), which is impossible.

Therefore, we have shown that G.hb; G.eco is irreflexive.

Let us now prove the irreflexivity of G.hb. There are two cases: a cycle of the form G.hb; [r]
or G.hb; [m(e)], where e € G’.E. In the second case, we can see that there is a correspondent
G’.hb-edge in the target graph, which contradicts the irreflexivity of G’.hb. In the first case, let us
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recall the definition of hb : hb = (po U sw)*, which is essentially a path of po-edges and sw-edges.
The po-edges can be merged into a single po-edge by transitivity property. Now, we can substitute
all the possible r-entries in the path by m(e’)-entries, which means, that there was a correspondent
G’.hb-edge in the target graph, which contradicts the irreflexivity of G’.hb. The only thing we
have to ensure is that there are no [m(e’)]; G.po; [r]-edges in this path, but this is impossible, since
the following sw-edge can not start with r.

(Atomicity)
We need to prove that G.rmw N (G.fr; G.mo) = 0. Using

frcm T (G.rf"};G".mo) UR x m T WriteOf (G',¢’); G.mo,
we can rewrite the intersection as
m 7T G .rmw N (m T (G .fr;G".mo) UR X m T WriteOf (G, ¢); G.mo; G.mo)

The second summand is empty as G.rmw-edges can not start with r. The remaining intersection is
empty by the Atomicity property of G’. O

C Proof of Data Race Freedom Guarantees

In this section, we present a detailed proof of Lemma 4 — a key lemma used to prove the DRF
guarantees in Theorem 1 (see §3.4 for the proof of the theorem itself). Below we repeat the statement
of the lemma and proceed with its proof.

Lemma. Let M be a write-read coherent memory model, and P be a program, such that all of its
porf acyclic M-consistent execution graphs are relax (RLX) race-free. Suppose additionally that G is a
porf acyclic M consistent graph of this program. Then every graph G’, such that G — G’, is also porf
acyclic.

Proor. The statement is obviously true for the case of (Execute), as it only adds a single event
that has no outgoing porf edges, and thus cannot form a new cycle.

The case of (Re-Execute) is more sophisticated. We need to consider a re-execution frontier ¥
that is a set of events from G’ immediately succeeding determined events 9 in program order.
Without loss of generality, we can assume that the set ¥ consists of uncommitted reads, which
read-from a different write event compared to G. If some event in the frontier does not satisfy these
constraints, then it can be safely added to the set D since it does not have to be re-executed.

Moreover, we can assume all reads in the frontier F are relaxed. Otherwise, an acquire read
would induce an rpo edge, which is forbidden by the (Re-Execute) rule.

From all the relaxed read events in the frontier # we can pick one that is going to be re-executed
first. Thus, during re-execution, it has to read from some write event lying in O, and thus also
belonging to G. So let r be the chosen read event, w; be a write event it reads-from in G, and w; be
a write event it reads-from in G’ (all three belong to G).

In case if either wy or wy is in race with r we have a contradiction with the assumption that porf
acyclic graphs of P are relax race-free. So let’s consider the case when both w; and w; happen-
before r.

We have that (w1, r) € G.hb and (w;,r) € G.hb. Note that it also implies (wy,r) € G’.hb and
(wq, ) € G’.hb, because all three events belong to a common prefix of both graphs consisting of D
events.

Because G.mo is total it has to order w; or w, in one way or another.
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fi hb
Suppose the G.mo edge goes from w; to w,. Now we have a cycle r = wy and wy —> r in the

graph G, which contradicts to write-read coherence implied by M-consistency of G.

fi hb
Symmetrically, let the G.mo edge go from w; to w,. Then we have a cycle r R wyand w; — r

in the graph G’, which contradicts to write-read coherence implied by M-consistency of G’.
[m]

D Soundness of Compilation Mappings
We re-state the definition of the IMM model given in [Podkopaev et al. 2019].
Definition 23. We define internal and external versions of the reads-from and modification order:

rfi £ rf N =g £ N =tid

1>

rfe = rf \ =g \ =tid

Definition 24. IMM model augments the execution graphs with additional syntactic dependency

relations, that model the dependencies between instructions of a program on the level of events. In

IMM, the execution graph is supplemented with the following relations: data—data dependency,

ctrl—control dependency, addr—address dependency, and casdep—compare-and-set dependency.
The combined dependency relation deps is defined as follows:

deps £ data U ctrl U addr ; po’ U casdep.

Definition 25. IMM introduces a number of derived relations given below.

® ppo is preserved program order, a subset of program order which includes ordering constraints
due to syntactic dependencies:

ppo 2 [R]; (deps U rfi)* 5 [W]

e bob is barrier-order-before relation, a subset of program order which includes ordering con-
straints due to memory fence placement:

bob 2 po; [W*™=] U [R*®] ; po U po; [F] U [F] ; po U [W*™E] s po,.. ; [W]

e detour associates a write event with a subsequent read event reading externally from the
same memory location:
detour = ( ; rfe) N po
e ar is the acyclic relation, a global causality relation on all the events in the IMM graph:

ppo U bob U detour U rfe

Definition 26 (IMM consistency).

e R C codom(rf) (rf-COMPLETENESS)
o hb;eco’ is irreflexive. (COHERENCE)
o rmw N (fr; mo) is empty (ATOMICITY)
e ar is an acyclic relation. (NO-THIN-AIR)

Lemma 12. Every IMM consistent graph is C20 consistent.
Proor. Trivial, since C20 is weaker than IMM. m]

Next, we re-state the compilation correctness theorem 2 from §3.5 and provide its proof.
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Theorem. Let P be a program, and G be its IMM consistent execution graph. Then G is also an XC20
consistent execution graph.

Proor. Note that by Lemma 12, G is is C20 consistent.

Let [ry,...,rn] be a sequence of all the read events G.R of the given graph, ordered in accordance
with the ar relation, that is (r;, r;) € ar = i < j.

We define a sequence of execution graphs [Gy, Gy, . .., Gy, Gpi1], where Gy = Ginit, Gpi1 = G,
and for any other i graph G; is defined as follows:

e G;.E = G.E\ codom([r;]; (ctrl U addr;po’ U casdep U bob); porf?)
e G;.tid = G.tid|Gi_E
o G;.lab = G.lab|g, e

e G;.po=G.polg,
° Gl—.rf = G'rfl{h,...,r[q} V] Gi+1.srf; [{rl}] V] Gi+1.rf|{,m ,,,,, rn}
e G;.mo =G.molg, e
To show that each graph G; is IMM consistent, we use the following facts:

e G; it is a subgraph of IMM consistent graph G, where some subset of read events was
redirected to read-from stable write using srf relation;
e ar U srf is an acyclic relation.

Therefore, for each i we have Consistent(G;, IMM), and by Lemma 12 we also derive Consistent(G;, C20).
Ci .
We prove that for any i = 1...n it is true that G; ——— G4 holds. To apply the re-execution
re—exec

rule, we set:
e C; £ Giy1.E\ codom([{r;}]; G.ar’)
e D; £ G;.E\ codom([{ri}];G;.po’)
o f;2id
The following properties follow immediately from these definitions:
o Ci Cc Gi+1.E
(] DigidTCiZCi
e dom(G.po; [D;]) € D;
e WellFormed(G;|p,, Gis1, Ci)

ThreadOrderedUEvents(Giy1, Ci, <tid;) holds trivially, since we re-execute single thread.

The CommitEmbedded(G;, Gi11, C;, f;) holds because C; includes all the events, except those
causally depending on r; via ar relation. By definition of ar (as it includes syntactic dependency
relation deps and external reads-from rfe), changing the reads-from for r; can only affect the
events in its ar suffix — which are uncommitted. As such, all the committed events are going to be
preserved during re-execution.

Moreover, it can be shown that none of the events in the threads outside re-executed thread
causally depend via ar relation on r;. Indeed, any ar path from r; to some external event should
start with ppo; rfe. Therefore, due to rfe edge, it would necessarily involve a read event r;. That is,
(ri,rj) € pposrfe C ar, and thus i < j by construction of the ordered list of reads [ry,...,7,]. As
such, the read r; had to be already redirected to read from stable write, and thus it cannot read
externally via rfe — we get a contradiction.

Therefore, the re-execution is possible, and (Gi.1, C;) + Gi|p, =" G;41 holds.

Notice that in the graph Gy all reads are reading from stable writes (i.e., via srf relation), and
thus this graph is porf acyclic. As such, it can be constructed using multiple execution steps:
Ginit E* Gr.

In conclusion, we have Gy —=* G; ... =" G, =¥ G,41, implying that G is XC20 consistent.
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]

E Soundness of Program Transformations
E.1 Elimination

We prove the soundness of the elimination transformations on the level of the execution graphs by
eliminating one of the two adjacent events.

Definition 27. We define a relation M (G, G, m, a;) asserting that the target graph G; is obtained
as a result of applying elimination transformation to the source graph G, where m : G¢.E — G;.E
is an event mapping function, a; is the eliminated event in Gy:

m is injective

Gs.E=m T G.EU {as}

G;.tid o m = G;.tid

G;.lab o m = Gy.lab

Gs.po=m T Gy.poU PO

Gs.rf = m T Ge.rf U WriteOf (Gy, ar) X ({bs} N Gs.R)

Gs.mo =m T Gy.mo U InsertBefore(m T Gi.mo, {as}, {bs} N Gs.W)

Gs.rmw = m T Ge.rmw

where:

PO = InsertBefore(m T Gy.po, {bs}, {as}) for Store-Store elimination
B InsertAfter(m T Gi.po, {as}, {bs})  otherwise

Store-Load and Load-Load Eliminations.

Definition 28. R(Gs, Gt, m, a;) — is a simulation relation for store-load and load-load elimination
transformations, where Gg is a source graph, G; is a target graph, m : Gi.E — G;.E is an event
mapping function, a; € (W W R) is an event in Gy, as follows

e m is injective

e G,.tid o m = G;.tid

e G;.labom = G;.lab

e Go.E=m 1 Gi.EU B;

e Gs.po=m T Gi.po U InsertAfter(m T Gy.po, As, Bs)

e Gs.rf =m T Gr.rf Um T WriteOf (G, at) X Bs

e Gs.mo=m71Gq.
where:
as = m(a)
As = {as}
B 2 {bs} ifa; € Gi.E, where bsis an event, s.t. P (bs) holds
* 0 otherwise

P (bs) = (Gs.op(bs) = R A Gs.loc(bs) = Gs.loc(as) A Gs.val(bs) = Gs.val(as))

Lemma 13. Let G and GI™" be initial execution graphs. Then R(GL", GI"" id, ay, by) holds.

Proor. Easy to see that B, = 0, so the first four conditions of Definition 28 hold. As well as the
rest of them, since the sets of po, rf and edges are empty for initial execution graphs and B; is
once again empty. o
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Lemma 14. Let G; and G be M consistent and assume R(Gs, G, m, a;) holds. If G; — Gj holds
then there exists G, and m’ such that Gs —* G, and R(G, G;, m’, a;) also hold.

’

Proor. We do a case analysis on Gy — G; and use Lemmas 15 to 17 to derive G} and R(G, G{, m, at, b).
]
¢
Lemma 15. Let G; and G, be M consistent and assume R(Gs, Gt, m, ar) holds. If Gy ﬂ Gy holds
exec

X
then there exists G, and m’ such that Gs m—®> G; and R(G;, G;, m’, ay) also hold.
exec

Proor. Let us define e’ as an event, s.t. . (e’) holds:
Pe(e’) £ (Gs.op(e’) = Gr.op(e) A Gs.loc(e”) = Gi.loc(e) A Gs.ord(e’) = Gy.ord(e))

Therefore, we can construct G, and m’ as follows:

m’ =ml[e — €]

GL.E=Gs.EU {¢'}

G;.tid = G tid[e’ +— G;.tid(e)]

G;.lab = Gs.lab[e’ = G;.lab(e)]

G;.po = Gs.poU m T Gj.po; [{e}]

G..rf = Gs.rf Um T Gp.rf; [{e} N G{.R]

G..mo =Gs.moum T [{e} N G..W];G|.mo Um T G.mo; [{e} N G|.W]
Gg.rmw =m T G{.rmw

From this construction and Definition 28, it follows immediately that R(G;, G;, m’, a;) holds.

In case when B; is empty, consistency of the source graph, Consistent(M, G;), follows directly
from the consistency of the target graph, Consistent(M, G;), due to monotonicity property Lemma 7.
In the other case when B # 0, it follows from Lemma 11. O

Lemma 16. Let G; and Gs be M consistent and assume R(Gs, Gt, m, a;) holds. If G; SN G; holds
exec

A

S bS .
then there exists G, and m’ such that G BINECIN G; holds, with a; = m’(a,), and R(G, G{, m’, a,)

exec exec
also holds.

Proor. We construct m” and G/ as follows:

e m' =mla; — as)

GL.E=Gs.EU{as} U {bs}

e G .tid = G,.tid[as — Gy.tid(ay)][bs — Gi.tid(ar)]

e G;.lab = Gs.lab[as +— Gj.lab(ay)][bs +— ¢]

e Gl.po = Gs.po U InsertAfter(m T Gy.po, {as}, {bs})

o GlL.rf = Gs.rf U WriteOf (Gy, at) X bs

e GL.mo=Gs.moum 7 [{a} N G[.W];G[.mo Um T G[.mo; [{at} N G[.W]

e G,.rmw =m T G{.rmw

Where ¢ is label for bs such that:

Gs.op(bs) = R A Gg.loc(bs) = Gs.loc(as) A Gs.val(bs) = Gs.val(as)

From this construction and Definition 28, it follows immediately that R(G;, G{, m’, a;) holds.
The consistency of the source graph follows from same-read extensibility Lemma 11 applied to
the intermediate source graph we get after adding as, which is consistent due to Definition 18. O
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Lemma 17. Let G; and G5 be M consistent and R(Gs, Gy, m, at) holds. If G, _°, Gy holds then
re—exec

‘TC
there exists G, and m’ such that G L) Gg holds, and R(G, G;, m’, a;) also holds.

re—exec

Proor. We construct m” and G} as follows:

m’ = if a; € G..E then id[a; — a] else id

G..tid = G{.tidom

G;.lab = G{.labom

G,.E=m7TG{.EU B

G;.po =m T G{.po U InsertAfter(m T G;.po, As, Bs)
Gg.rf = m T G.rf U WriteOf (Gy, at) X B
G;.mo=m7TG;.

Gi.rmw =m T Gj.rmw

From this construction and Definition 28, it follows immediately that R(G;, G{, m’, a;) holds.

We will define the components of the re-execution step as follows:

e Cs=m7TC/U if a; € C; then {b;} else 0

e D;2m 1T DU if a; € D; then {b,} else 0

ofi2mof,om !
In both cases, the following properties follow immediately from definitions:

e Cs CG.E
Ds € Cs
dom(G.po; [Ds]) € Ds
WellFormed(G| p,, G, Cs)

o CommitEmbedded(Gs, G, Cs, )

The property dom(G;.rpo; [G;.E \ Ds]) € D; follows from the fact that G;.rpo € G{.rpo and

the respective property of the target graph.
To prove ThreadOrderedUEvents(G', C, <tid) we use the following observation:
GLvF; GL.=; [Us] = [GQ.W];Gg.rf;G;.hb?;Gg.t;lj; (U] C

c m’ 1 ([G[.W]; Gl.rf; G{.hb'?;G{.;; [U,]) U

U G.rf; [8B];G.po; (m" T G{.hb); Cp=s (U] v
e For the first disjunct, we notice that:
m’ 7 ([G[.W]; G/.rf; c;.hb”;c;.;; [2]) = m" T (GLvF Gf. =3 [Us])
e For the second disjunct we can construct a similar path in Gy to b;, because as and bs have
the same set of outgoing hb edges (except (as, bs) edge):
(G4 W5 GLrf[ 8,15 GLpos (m 1 Gi-hb)’s 6. =: [ ] ©
[GLW]; GL.rf’; [As];m T (Gl.hb; G{.;; [U,]) €
m T (G;.vf; G{.ti:d; [U;])

So in the result, we get the desired property:
G,.vf; G;":d; [U] € m T (Gyvfs G;.;‘j; [U;]) € m T (Gitid | <4a) = GLtid | <4
ti ti
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In case when B is empty, consistency of the source graph, Consistent(M, G;), follows directly
from the consistency of the target graph, Consistent(M, G;), due to monotonicity property Lemma 7.
And in the other case, it follows from same-read extensibility Lemma 11.

It is left to show that:

(G; Cs> F Gs|2)S ﬁ* C‘;

For this, we can apply Lemma 1 with ¢ inherited from the target graph, adding the b5 event to the
end of the list if needed.
O

Lemma 18. Suppose that R(Gs, Gi, m, a;) holds. Then G is also M consistent and terminal, and
moreover M(Gs, Gy, m, by) holds.

Proor. M consistency follows from same-read extensibility property Lemma 11, since 8 is not
empty, and all the prerequisites are met from the R(Gs, Gt, m, a;) definition. M(Gs, Gt, m, by) holds
by the same reasoning. O

Theorem 3.

VPirc. elim(Bye, Bgt) =
VGt. Ginit =" Gt 3Gs.Ginit = Gs. Behavior(G;) = Behavior(Gy)

Proor. We do induction on the construction steps: Gjnit =" G;. We use Lemma 13 to show
that initial graphs GI"'* and GI"'* are in simulation relation K. Then using Lemma 14 we show
that each step of the target graph construction G; — G{ can be simulated by the source graph
construction step G; — G. Finally, we use lemma Lemma 18 to derive that the final graph G; is M
consistent. O

Store-Store Elimination.

Definition 29. R(G;, G, m, by, v) — is a simulation relation for store-store elimination transfor-
mation, where Gq is a source graph, G; is a target graph, m : G;.E — Gq.E is an event mapping
function, by € W is an event in G, v € VAL is a value, as follows

e m is injective
e G,.tid o m = Gq.tid
e G;.labom = G;.lab
e Go.E=m 1 Gi.EUHAS
e Gs.po=m T Gt.po U InsertBefore(m T Gt.po, Bs, As)
e Go.rf =m T Ggrf
e G;.mo =m 1 G.mo U InsertBefore(m T Gy.mo, Bs, As)
where:
bs = m(b)
B = {bs}
A - {as} ifb; € Gi.E, where as is an event, s.t. P (as) holds
* o otherwise
P(as) = (Gs.op(as) =W A Gs.loc(as) = Gs.loc(bs) A Gs.val(as) = v)

Lemma 19. Let G and GI"" be initial execution graphs. Then R(GI!, GI" id, ay, by) holds.
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Proor. Easy to see that As = 0, so the first four conditions of Definition 29 hold. As well as the
rest of them, since the sets of po, rf and mo edges are empty for initial execution graphs and Aj is
once again empty. O

Lemma 20. Let G; and G5 be M consistent and ssume R(Gs, Gy, m, by, v) holds. If Gy — G{ holds
then there exists G, and m’ such that G; —* G and R(Gg, G{, m’, by, v) also hold.

Proor. We do a case analysis on G; — G; and use Lemmas 21 to 23 to derive G; and R(G/, G{, m’, b, v).

]

¢{b,
Lemma 21. Let G, and G5 be M consistent and assume R(Gs, Gy, m, by, v) holds. If G e¢{bi} G
exec

t
holds then there exists G, and m’ such that G m—(e)> G, and R(Gg, G;, m’, by, v) also hold.
exec

Proor. Let us define e’ as an event, s.t. P, (e”) holds:
P.(e') £ (Gs.op(e’) = Gi.op(e) A Gs.loc(e”) = Gy.loc(e) A Gs.ord(e’) = G;.ord(e))

Therefore, we can construct G; and m’ as follows:
m’ =ml[e— €’]
GL.E=G..EU{e}
G..tid = G, tid[¢’ — G/.tid(e)]
G:.lab = G;.lab[e’ = G;.lab(e)]
G;.po = Gs.poU m T Gj.po; [{e}]
G..rf = Gs.rf Um T G{.rf; [{e} N G{.R]
G..mo = Gs.moum T [{e} N G..W];G[.mo Um T G.mo; [{e} N G|.W]

’ _ ’
Ge.rmw =m T G{.rmw

7’

From this construction and Definition 29, it follows immediately that R(Gg, G;, m’, by, v) holds.

In case when As is empty, consistency of the source graph, Consistent(M, G), follows di-
rectly from the consistency of the target graph, Consistent(M, Gy), due to the monotonicity prop-
erty Lemma 7. And in the other case, it follows from Lemma 10. m]

Lemma 22. Let G; and G5 be M consistent and assume R(Gs, G, m, by, v) holds. If G SN Gy holds

as bs
then there exists G; and m’" such that G; ——— G, holds, with as = m’(a;), and R(G;, G, m’, b, v)

exec exec
also holds.

Proor. We construct m” and G as follows:

e m' =m[b — b

o GL.E=Gs.EU {as} U {bs}

o G;.tid = G,.tid[as — Gj.tid(by)][bs > Gi.tid(by)]
e Gl.lab = G;.lab[as +— ¢][bs — G;.lab(ay)]

o Gl.po = Gs.po U InsertBefore(m T Gi.po, {bs}, {as})
o GlL.rf = Gg.rf

e Gl.mo = Gs.mo U InsertBefore(m T Gy.mo, Bs, As)
L]

Germw =m T Gl.rmw
Where ¢ is label for ag such that:
Gs.op(as) = W A Gg.loc(as) = Gs.loc(bs) A Gs.val(as) = v

’

From this construction and Definition 29, it follows immediately that R(Gg, G{, m’, b, v) holds.
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Consistency of the source graph follows from overwrite extensibility Lemma 10 applied to the
intermediate source graph we get after adding as, which is consistent due to Lemma 7. O

Lemma 23. Let Gy and G5 be M consistent and R(Gs, Gt, m, by, v) holds. If G, _°, Gy holds then
re—exec

C
there exists G and m’ such that G m_—T> G; holds, and R(G¢, G{, m’, by, v) also holds.

Proor. We construct m” and G as follows:

m’ = if b; € G;.E then id[b; > bs] else id

G..tid = G{.tidom

G..lab = G{.labom

G,.E=m7TG{EUSB,

G..po = m T G{.po U InsertBefore(m T G;.po, B, A;)
Gerf =m T G{.rf

Gl.mo =m T G{.mo U InsertBefore(m T G¢.mo, Bs, As)

Gi.rmw =m T Gj.rmw

’

From this construction and Definition 29, it follows immediately that R(G;, G;, m’, b;, v) holds.
We will define the components of the re-execution step as follows:

e Cs 21 C/ if b; € C; then {a;} else 0
e D; 2 m7T Djif by € D, then {a;} else 0

ofi2mof,om'!
In both cases, the following properties follow immediately from definitions:

e Cs CG,E

D € Cs

dom(G.po; [Ds]) € Ds
WellFormed (G| p,, G., Cs)
CommitEmbedded(Gs, G, Cs, fs)

The property dom(G;.rpo; [G;.E \ Ds]) € D; follows from the fact that G;.rpo C G{.rpo and
the respective property of the target graph.
To prove ThreadOrderedUEvents(G’, Cs, <tiq) we use the following observation:

G{vF; Gl = [Us] = [G;.W];G;.rf;G;.hb?;G;.;j; (U] €
cm’ 1 ([G[.W]; Gl.rf; G{.hb?;G{.“:d; [U,]) v
U [A];GL.po;m’ 1 (G{.hb?;G{.tE; [U,]) U
e For the first disjunct, we notice that:

m" T ([Gy.W]; Ge.rf; G{~hb?;G{~ﬁ=d; [U:]) = m" T (Gpvf Gi. =s [Ue])
e For the second disjunct we can construct a similar path in Gy to b;, because as and bs have
the same set of outgoing hb edges (except (as, bs) edge):

[A]; Gl.po;m” T (G{.rf?;G{.hb?;G{.t;lj; [U:]) c
m’ 1 ([8];G;.po; G;.hb?;cg.;j; (U, c
m T (GLvf; G =5 [U])
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So in the result, we get the desired property:
G..vf; G;.;(j; [Us] € m T (G].vf; G{.;(j; [U:]) € m T (Gi.tid | <4a) = GL.tid | <¢ig
ti ti

In case when B is empty, consistency of the source graph, Consistent(M, G.), follows directly
from the consistency of the target graph, Consistent(M, Gy), due to monotonicity property Lemma 7.
In the other case, it follows from overwrite extensibility Lemma 10.

It is left to show that:

(G, Cs) + Gslp, =" G

For this, we can apply Lemma 1 with ¢ inherited from the target graph, adding the a5 event at the
end of the list if needed. O

Lemma 24. Suppose that R(Gs, Gt, m, by, v) holds. Then G is also M consistent and terminal, and
moreover M(Gs, G¢, m, a;) holds.

Proor. M consistency follows from overwrite extensibility property Lemma 10, since A is not
empty, and all the prerequisites are met from the R(Gs, G, m, b, v) definition. M(Gs, Gt, m, a)
holds by the same reasoning. O

Theorem 4.
VErc. elim(Py, Ptgt) =
VG;. Ginit = Gt. 3G;5.Ginit =™ Gs. Behavior(Gs) = Behavior(Gy)

Proor. We do induction on the construction steps: Ginit =" Gi. We use Lemma 19 to show
that initial graphs G and GI"* are in simulation relation R. Then using Lemma 20 we show
that each step of the target graph construction G; — Gj can be simulated by the source graph
construction step G; — G. Finally, we use lemma Lemma 24 to derive that the final graph G, is M
consistent. O

E.2 Reordering

We prove the soundness of the reordering transformation on the level of the execution graphs by
reordering two adjacent events.

Definition 30. Let G5 and G; be the source and the target execution graphs respectively, and let
m : G;.E — G;.E be an event mapping function. We say that events a, b € G;.E form a reordering
pair

a-b~b-a
if the following conditions are met:
Gy.loc(a) # Gi.loc(d)
G;.lab(m(a)) = Gy.lab(a)
Gs.lab(m(b)) = Gy.lab(b)
m T (b, a) € Gs.po;,,m
(b, a) € Gt.po;

mm

e (b,a) ¢ G;.rpo

Definition 31. We define a relation M(Gs, Gt, m, a, b) asserting that the target graph G is obtained
as aresult of applying the reordering transformation to the source graph Gs, where m : G¢.E — G;.E
is an event mapping function, a and b are reordered events in Gy:

e m is injective

L] GSE =m T GtE

e G,.tid o m = G;.tid
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Gg.lab o m = G;.lab

Gs.po = m T Swap(R, {b}, {a})
Gs.rf = m T Gerf

Gs.mo=m T Gq.

Gs.rmw = m T Ge.rmw

Definition 32. R(Gs, G, m, a, by) — is a simulation relation for the reordering transformation
where Gq is a source graph, G; is a target graph, and m : G;.E — G;.E is an event mapping function,
and a; and b; are reordered events in G;.

e m is injective
e Go.E=m 1 Gi.EUHAS
e G,.tid o m = Gq.tid
e Gs.labom = G;.lab
e Gs.po=m T (Swap(R, {b;}, {a;:}) Um T (dom(Gi.po; [b;]) x {A}))
e Gg.rf =m T Gp.rf U Gg.srf; [As NR]
e Gs.mo=m T Ge.moU (Gs.Wy \ As) X (As NW)
e Go.rmw =m T Ge.rmw
where:
t = Gq.loc(ay)
by 2 m(b)
A x {a’s} ifa; ¢ Gi.EA Dby € Gi.E, where d’;is an event, s.t. P(a’s) holds
o otherwise

P(a’s) = (Gs.op(d’s) = Gr.op(ar) A Gs.loc(a’s) = Gy.loc(ar) A Gs.ord(a’s) = Gi.ord(ay))

Lemma 25. Let GI"* and GI"" be initial execution graphs. Then R(GI"!, GI"" id, ay, by) holds.

Proor. Easy to see that As = 0, so the first four conditions of Definition 32 hold. As well as the
rest of them, since the sets of po,,,, rf, and mo edges are empty for initial execution graphs and
As is once again empty. m]
Lemma 26. Let G; and G be M consistent and assume R(Gs, Gy, m, ag, by) holds. If Gy — G holds
then there exists G and m’ such that G; —* G and R(G¢, G{, m’, a, a) also hold.

Proor. We do a case analysis on Gy — G{ and use Lemmas 27 to 30 to derive G} and R (G, G{, m, a, by).

O
1€ {aw.by
Lemma 27. Let G; and G be M consistent and R(Gs, G, m, ay, by) holds. If Gy & G; holds

then there exists G, and m’ such that Gs M G; and Ry, (G}, G, m’, a, by) also hold.
exec

PrOOF. Let us define e as an event, s.t. P, (e;) holds:
Pe(es) = (Gs.op(es) = Gr.op(er) A Gs.loc(es) = Gy.loc(e;) A Gs.ord(es) = Gy.ord(e;))
Therefore, we can construct G, and m” as follows:

e m' =mle e
o GL.E=G,.EU {e}
e G .tid = G,.tid[es > G{.tid(e;)]
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G..lab = G;.lab[es — Gi.lab(e;)]

G¢.po = Gs.poUm T (dom(Gy.po; [{e:}]) X {es}))

Gy.rf = Ge.rf Um T Gp.rf; [{e;} N G{.R]

G; = Gs~ Um T ([M]»G{ ) U m(T G; )§ [I/Vt] U (m T VV}) X (ﬂs N GS'W|OC(W))
where W; = {e;} N G{.W).

e G,.rmw = Gs.rmw U if IsExclusiveWrite(e;) T Gi.rmw; [{e;}] else 0

7

From this construction and Definition 32, it follows immediately that R(G, G{, m’, a;, b;) holds. In
case when A; is empty, consistency of the source graph, Consistent(M, G.), follows directly from
the consistency of the target graph, Consistent(M, Gy), due to monotonicity property Lemma 7.
And in the other case, it follows from Lemma 8 if g; is a read event, and from Lemma 9 if a; is a
write event. We apply these lemmas for graphs G; and G, and the event a’s. O

by
Lemma 28. Let G; and Gs be M consistent and R(Gs, Gy, m, ay, by) holds. If Gy — Gy holds then
exec

,5 bS
there exists G, and m’ such that Gs B INLCIN G; holds, with bs = m’(by), and R(G;, G;, m’, a,b) also
exec exec
holds.

Proor. We construct m” and G/, as follows:

m’ = m[b; — bs]

G.L.E=G.EU{d’s} U {bs}

G..tid = Gs.tid[bs — Gj.tid(by)]

G;.lab = G;.lab[bs — G;.lab(by)]

GL.po = Gy.po U m 1 (dom(Gy.po; [{b;}1)) x {a} U {(by, a))}

G..rf = Ge.rf Um T Gprf; [{be} N GL.R] U {w;} X {@’s}

Gg.mo = Gs.moUm T [{bt} N GL.W]; G{.mo Um T G{.mo; [{b¢} N G{.W] U Ge.W X {as}
Gg.rmw =m T G{.rmw

Where w; is the Gs.mo maximal write event to the same location as Gs.loc(a}) from the view-front
G;.vf of the Gs.po maximal event of the thread Gs.tid(ay). This ensures that we have an srf-edge
from wq to @’s: Gs.rf; [{al}] = Gs.srf; [{a}}].
From this construction and Definition 32, it follows immediately that R(Gy, G{, m’, at, b;) holds.
Consistency of the source graph, Consistent(M, G7), follows from Lemma 8 if a; is a read event,
and from Lemma 9 if a; is a write event. We apply these lemmas for graphs G{ and G, and the
event a’s. ]

Lemma 29. Let G, and G5 be M consistent and R(Gs, Gy, m, ay, by) holds. If Gy BN G; holds there
exec

exists G, m’, and C such that Gs L> G; and R(Gg, G], m’, ay, b) hold.

re—exec

Proor. We construct m” = m and G such that:

m’ =m[a; — as)

Gi.E = (Gs.E\ {a’s}) U {as}

G..tid = Gs.tid[a’s — L][as — Gi.tid(a)]

G..lab = Gs.lab[a’s — L][as — G;.lab(a)]

Gl.po=m T Swap(R, {b}, {a})

Gy.rf = Ge.rf; [Gs.E\ {d’s}] Um T GL.rf; [{a} N G{.R]

G;.mo = Gs.mo|g, p\{arsy UM T [{ac} N G{.W]; Gf.mo Um T G{.mo; [{a} N G{.W]
Gi.rmw =m T Gj.rmw

From this construction and Definition 32, it follows immediately that R(G;, G{, m’, a, b;) holds.
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We set C, D, and f as follows:
e C = GLE\ {as}
o D £ G,.E\{ds bs}
o f2id
The following properties follow immediately from these definitions:
e CCGE
eDcCidTC=C
e dom(G.po; [D]) € D
e WellFormed(G|p, G’,C)
e CommitEmbedded(G, G, C, f)

Because we re-execute only a single thread, the predicate ThreadOrderedUEvents(G’, C, <tiq)
holds due to Corollary 2.

Consistency of the source graph, Consistent(M, G.), follows directly from the consistency of
the target graph, Consistent(M, G;), due to the monotonicity property Definition 18.

It is left to show that: (G., C) + Gs|p =" G.. Here we note that we only re-execute a single

thread, and thus the re-execution is possible due to Corollary 3.
m]

Lemma 30. Let G; and Gs be M consistent and R(Gs, Gt, m, ay, b) holds. If Gy _°, G; holds
re—exec

e
then there exists G; and m’ such that Gs L) G; holds, and R(G{, G;, m’, a, b) also holds.

re—exec

Proor. Consider the cases.
(A) by, a; ¢ GL.E; or by, a; € Gi.E;. In this case we set:
em’ =id
e G.E=GlE
e Gi.po=m T (Swap(R, {b;}, {a;:}) Um T (dom(G.po; [b:]) X {A}))
e G;.Rel = m T G{.Rel for Rel € {rf, mo, rmw}
° Cs = m’ T Ct
° -Z)s =m’ T z)t‘
o f, =1,

ef,Zmof,om’”

11> 11>

1

To show that the re-execution sequence (G/,C) + Gs|p =" G.. despite the reordering of one

program edge, we first apply Lemma 2 to sort the list #, and then apply Lemma 1 to the list 4
which is the same list as ¢, except bs and a5 being possibly reordered.

The consistency of G; follows from Lemma 7.

Almost all of the other constraints of the re-execution step hold trivially, as well as simulation
relation R(G}, G{, m’, a, by). Indeed, in this case both graphs are almost equal except potentially
one program order edge being swapped, but most of the constraints are invariant under this change.

C
As such, in this case Gg L G and R(Gg, G;, m’, a, by) also hold.
re—exec
(B.) b, € G{.E;,a; ¢ G;.E; and b; € G{.7 . In this case, we construct m” and G; as follows (a; and
A are defined similarly as in Definition 32):

e m’ = Ae.if e # ajthen e else L
e GL.E=mTG{L.EUHA,

e G;.tid = G{.tidom

e G;.lab=G{.labom
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Gs.po=m T (Swap(R, {b:},{a;}) Um T (dom(Gy.po; [b;]) X {A}))
Gerf =m T GL.rf U G.srf; [As NR]

G..mo=m7T G[.mo U GLW, x (As N W)

Gi.rmw =m T Gj.rmw

’

From this construction and Definition 32, it follows immediately that R(Gg, G{, m’, at, b;) holds.
Next we set:
e Ci=mTC
e Di=mT D
oefimof,om’ !
The following properties follow immediately from definitions, as committed and determined
sets coincide in the source and target graphs:
e C; CG.E
e D; C Cs
e dom(G.po; [Ds]) C Ds
o WellFormed(G|p,, G, Cs)
e CommitEmbedded(Gs, G, Cs, f5)
The property dom(G;.rpo; [G;.E \ Ds]) € D; follows from the fact that G;.rpo C G;.rpo and
the respective property of the target graph.
The consistency of the source graph follows from Lemma 8 if a; is a read event, and from Lemma 9
if a; is a write event.
To prove ThreadOrderedUEvents(G’, C, <iiq) we use the following observation:

G..vf; G;.ti:d; (U] = [Gg.W];G;.rf?;Gg.hb?;Gg.Ej; (U] c
cm' 1 ([GQ.W];G{.rf7;G{.hb?;G;.ti:d; [UI\ {(brr @)} G = [U]) U
U G;.rf; G;.hb; [As]; G;.;j; (U] U
U Gl.srf; [As]; G,.rhb; Gg.ti:d; [Us] U
U G..srf; [Asls Gg.po?; G;.ij; [Us]
e For the first disjunct, we notice that:

' 1 ([GLWI; Garfs GLhb? \ (b ar)}5 61 =3 [Uy]) = m' 1 GLvF; =3 [ ]

e For the second disjunct we can construct a similar path in Gj to b;, because a; and bs have
the same set of incoming hb edges (except (a5, bs) edge):

[GL.W]; G..rf; G..hb; [As]; Gg.ij; [Us]

m’ T [G{.W]; G{.rf; G{.hb; [b;]; Gi.=; [U,] €

tid

cm’ 1T (Gi.vf; G;.;; [u,])

e For the third disjunct, we notice that [A;]; G..rhb = 0 since a; is a rhb maximal event; and
thus the whole disjunct is empty.
e For the last case of we first prove the following statement:

Gl.rhb € G/.po U [D;]; G,.rhb U G,.sw; G,.rhb’
by using the fact that rhb C po U po’; sw; rhb’ and also property po; sw = rpo; sw (Proposi-
tion 1), and the fact that dom(G/.rpo; [G..E \ Ds]) € D;.
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Using that srf C vf; po we next arrive at the following equation:
Gl.srf; [A]; Gl.po’ € m’ 1 GL.vf; GL.po; [Al; (A x {b;})’ € m’ T (G].vf; G{.tii; [{6:3D)
So in the result, we get the desired property:
m’ T (Gl.vf; G;.;; [U]) € m’ T (Gy.vf; G{.ti:d; [U:]) € m’ T (Gptid | <4q) = GL.tid | <tid

To show that:
<G; CS> - GS|D3 ﬁ* Gg

we first apply Lemma 2 to sort £, and then apply Lemma 1 to the list £; which is the same list as #;
but with an additional event a; inserted before b,.
"1C
As such, in this case Gg —ni—> G and R(Gg, G;, m’, ay, by) also hold.

re—exec S
(C.) bt S G;.Et, a ¢ G{Et and bt ¢ G{T
In this case, it has to be that b; € Dy, and thus b; € G;.E and it is the po last event in its thread.
It means that a; € G;.E.

. . . Cs
We then show that it is possible to perform the re-execution: G; —— G where:
re—exec

m’ =id
Gi.E=m T G[.EU {a}}
Gipo=mTGL.EUmM T (dom(G¢.po; [b;]) X {as}) U {{a, b;)}
G..rf =m T Gl.rf|g; g U Gs.srf; [{ag}]
G..Rel = m T G{.Rel|c; g for Rel € {rf, mo, rmw}
s & m' 1G, U {a)}
e D;=2m’' T D, U{al}

ofsémoﬂom'_1

It is indeed possible to commit a} as the write it reads from belongs to C;. We are using the
following equation to demonstrate this:

srfs; [a;] € (pog U rfs; pog U rfz; rhby); [at] €
C [Ds]; pog U [Csl; rfs; [Ds]s pog U [Dsl; rfz; [Ds]; rhbg

From this construction and Definition 32, it follows immediately that R(G;, G{, m’, a, b;) holds.
The following properties follow immediately from definitions, as committed and determined
sets coincide in the source and target graphs:

e Cs CG,E

D € Cs

dom(G.po; [Ds]) € Ds
WellFormed (G| p,, G., Cs)
CommitEmbedded(Gs, G, Cs, fs)

The property dom(G;.rpo; [G;.E \ Ds]) € D; follows from the fact that G}.rpo C G;.rpo and
the respective property of the target graph.

The consistency of the source graph follows from Lemma 8 if ag, is a read event, and from
Lemma 9 if a}, is a write event.
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To prove ThreadOrderedUEvents(G’, C, <tiq) we use the same observation as in the previous case:
Gyvfi Gl=; [Us] = [c;.W];G;.rf?;cg.hb?;c;.;j; (U] €
cm'T ([G{~W];G{-rf?;Gi-hb?;GQ-ti:d; (U Abrsa) s G =5 [Us]) U
U GL.rf; G..hb; [As]; Gg.;j; [Us] v
U Gl.srf; [As]; GL.rhb; G;.;j; [Us] v
U GL.srf; [As]; GL.po’s Gy =5 [ U]

The last three disjuncts are empty, since a; does not belong to the re-executed threads, i.e.,
[ﬂS];Gé":d; [Us] = 0, because neither do b; by the assumption of this case: b; ¢ G{.7. For
ti

the first disjunct, we use the same equations as in the previous case, arriving at:

G..vf; G;":d; (U] € m’ T (G;.vf; G{":d; [U:]) € m’ T (Gptid | <4q) = GL.tid | <44
ti ti

It is left to show that:
(Gs,Cs) + Gs=" G,

For this, we first apply Lemma 2 to sort ¢, and then apply Lemma 1 to the list £; which is the same
list as #; but with an additional event a} inserted before b,.
e
As such, in this case Gg L) G and R(G, G;, m’, ay, by) also hold.

re—exec

]

Lemma 31. Suppose that R(Gs, Gt, m, at, by) holds, and Gy is M consistent and terminal. Then G is
also M consistent and terminal, and moreover M(Gs, Gy, m, a, by) holds.

Proor. M consistency follows from monotonicity property Definition 18, since As is empty,
and all the prerequisites are met from the R(Gs, G¢, m, ay, by) definition. M(Gs, G, m, ay, by) holds
by the same reasoning. O

Theorem 5.

VPsc. reord(Pyc, Bgt) =
VG¢. Ginit = Gy. 3G;.Ginit —* Gs. Behavior(Gs) = Behavior(Gy)

Proor. We do induction on the construction steps: Gjnit —* G;. We use Lemma 25 to show
that initial graphs GI"'* and GI"'* are in simulation relation R. Then using Lemma 26 we show
that each step of the target graph construction G; — G{ can be simulated by the source graph
construction step G; — G. Finally, we use lemma Lemma 31 to derive that the final graph G, is M
consistent. O

E.3 Sequentialization

Definition 33. R(Gs, Gt, m, ty, t;) — is a simulation relation for the sequentialization transformation,
where Gg is a source graph, G; is a target graph, and m : G;.E — G;.E is an event mapping function,
and Gg.t; events are appended before the t; events in G;.

e m is injective

o Gi.tid = |4, Gs.tidom
Ve.Gs.tid(m(e)) =t; = Gy.tid(e) = t;
e Gi.lab=Gs.labom
e m T Gi.E=G,.E

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 72. Publication date: January 2025.



Relaxed Memory Concurrency Re-executed 72:57

e m T G;.po = Gs.po U po
e m T Gy.rf = Gg.rf
e m T Gt~ = Gs-

where:

seq

POseq 2 {(a,b) | Gs.tid(a) = t; A Gs.tid(b) = to}
Lemma 32. Let GI"" and GI™" be initial execution graphs. Then R(GI"!, GI"* id, t, t;) holds.

PROOF. po, rf, and mo are empty in the initial graphs, po,,, is empty as well. Hence, the last three
conditions of the simulation relation hold. The remaining ones are trivial for initial graphs. O

Lemma 33. Let G; and Gs be C20 consistent and assume R(Gs, Gy, m, ty, tp) holds. If Gy — G{ holds
then there exists G, and m’ such that Gs —* G; and R(G;, G{, m’, t1, t2) also hold.

Proor. We do a case analysis on G; — Gy and use Lemmas 34 and 35 to derive G; and
R(GL, Gi, m, 1y, ta). O

Lemma 34. Let G; and G be C20 consistent and R(Gs, Gy, m, ty, t2) holds. If G¢ SN G{ holds then
exec

there exists G and m’ such that G m—(e)> G; and R(Gg, G{, m’, ty, t3) also hold.
exec

Proor. Let us define e’ as an event, s.t. P.(e”) holds:
P.(e’) £ (Gs.op(e’) = Gi.op(e) A Gs.loc(e”) = Gy.loc(e) A Gs.ord(e’) = Gy.ord(e))
Therefore, we can construct G, and m” as follows:
m’ =mle - €’
G,.E=m’TGLE
G;.lab = G{.lab o m’
Gorf =m’ T Gi.rf
e G.mo=m’TGj.
For the last components, let us introduce c, such that ¢; is the po-last event, appended before
initial t; events in Gy, and d; is po-followed by c;. Thread identifier function and program order are
defined on case basis:
(1) if tid(e) # t3 then
o G .tid = G.tid[e — Gj.tid(e)]
e G,.po=mTG;{.po
(2) if tid(e) = to:
o Gl.tid = G;.tid[e > t3]
e G;.po=m T G{.poUGs.E, X {e}
R(Gs, Gt, m, t1, t2) holds by construction. And consistency of G, follows from the consistency of
Gy due to monotonicity property Definition 18. O

Lemma 35. Let G; and G5 be C20 consistent and R(Gs, Gy, m, ty, to) holds. If Gy £, Gy holds
re—exec

e
then there exists G;, m’, and rf}., such that G L) Gg holds, and R(G, G;, m’, t, t3) also holds.

re—exec
Proor. We construct G, and m’ as follows:
e m’ =id
e G.E=m’"TGLE
e G;.tid = G,.tid
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e G;.lab = Gj.lab o m’
e Gl.po = Gs.po

e Girf =m’ T Gp.rf

e G,.mo=m’"TG;.

R(G:, Gy, m’, 11, t2) holds by construction.

S
Now, we set Cs, D, fs, and <iiqs as follows:

e Ci=m7TC/
e D;=mTD;
o fy £id

o <ids = InsertBefore(=<iids, t1, t2)
The following properties follow immediately from the definitions:
e C; CG,E
o D; CCs
e dom(G.po; [Ds]) € Dy
e WellFormed(G|p,, G, Cs)
o CommitEmbedded(Gs, G, Cs, f5)
The property dom(G;.rpo; [G;.E \ Ds]) € D; follows from the fact that G;.rpo € G;.rpo and
the respective property of the target graph.
To prove ThreadOrderedUEvents(G’, C, <tiq) we use the following observation:
Gmﬂqimu:mgwﬁgﬂqmﬁq@mag
m’ T ([G;.W];G;.rf?;G;.hb?;G{.t_:d; [U,] c
I

N

N

’ /7
m’ T <iidr € m'<4ids

Consistency of the source graph, Consistent(M, G;), follows directly from the consistency of
the target graph, Consistent(M, G;), due to monotonicity property Definition 18.
It is left to show that:
<G;’Cs> F Gs|2)5 =" G;

For this, we can apply Lemma 1 with ¢ inherited from the target graph. O

F XMC Model Checking
In this appendix we provide the proof of Theorem 4.1.

Proor. We note that whenever XMC adds a new event in porf order following the basic procedure
Visit(P, G) provided by GenMC [Kokologiannakis et al. 2022], it mimics the (Execute) rule of XMM—
the soundness of this procedure is guaranteed by the GenMC itself.

We only need to show that application of the new procedure REEXECUTE(P, G) performed by
the XMC is in fact a particular case of applying the (Re-Execute) of XMM. Remember that XMC
selects the subsets of committed and determined events judiciously as follows:

D £ G.E\ codom[r];G.po’ and C 2 D Ucodom([r];G.po’) N dom(G.rf \ G.po)
We will denote the fact that the procedure REEXECUTE(P, G) derives from a graph G new graph

D,C (e,f)
G asG <———>—> G’. Also, let G; == G;;; denote intermediate graph construction steps performed
xmce xmce

by REEXECUTE(P, G), where e is an added event and ¢ is its label.
D.C
Thus we need to show that G <—>> G’ implies G —C ., G'. This is true if the following

5
xmce re—exec

properties hold:
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WellFormed(G| g, G’,C)

o WellFormed(G;y1, G, C)

o CommitEmbedded (G, G’, C,f)
e Consistent(G’)

Each of the above properties is proven to hold in Lemmas 37 to 40. O
Lemma 36. Whenever XMC adds an event to a graph, the resulting graph is WellFormed.

Proor. XMC uses GenMC to add events to graphs. By design, GenMC ensures that the resulting
graph is WellFormed. Since XMC starts from an empty graph, which is trivially WellFormed, all
graphs explored by XMC and their prefixes are also WellFormed. O

D,C
Lemma 37. IfG ! G’, then WellFormed(G|p, G’,C).
xmc

Proor. We show that WellFormed(G|p, G’, C) holds by unfolding the definition of configuration
well-formedness and showing that each of its conditions holds:

o WellFormed(G|p) follows from Lemma 36 because G|y is a prefix of G’.

e Vc e C. G|p.tid(c) = G’.tid(c) because G|y is a prefix of G’

e Vc e C. G|p.lab(c) = G’.lab(c) because G|y is a prefix of G’

[G|p.C]; G .po; [G|p.C] € G|p.po because G|y is a prefix of G’

[G|p.C]; C.rf; [G]p.C] C G| p.rf because G| g is a prefix of G’

[G|p.C]; G".mo; [G]p.C] € G|p.mo because G|y is a prefix of G’

G|p.R € codom(G|p.rf) U C because D C C

G'.RNC C codom([C]; G .rf) because D C C A (Vr € G'.RN C. dom(G’.rf;r) € DV
r is matched to a committed write)

O
y
Lemma 38. IfG; % Gi41, then WellFormed(Gi41, G’, C).
xmc

Proor. We show that WellFormed(G;,1, G, C) holds by unfolding the configuration well-formedness
definition and showing that each of its conditions holds:

o WellFormed(Gjy1) follows from Lemma 36 because G;4; is a prefix of G’.

e Ve € C. Gyq.tid(c) = G'.tid(c) because G;,; is a prefix of G’.

e Vc € C. Gip.lab(c) = G’.lab(c) because G4 is a prefix of G’.

® [Gi4+1.C]; G.po; [Gis1.C] € Gi41.po because Gy is a prefix of G.

e [G41.C]; G".rf; [Gi41.C] C Gyyq.rf because Gy is a prefix of G'.

e [Gi41.C]; G".mo; [Gi41.C] C Gjgq.mo because Gyyq is a prefix of G’.

e G;;1.R € codom(Gjyq.rf) U C because, when a read r is added to G; to obtain G;;;, GenMC-
XMM always creates an rf edge ending in r. Alternatively, if r was not added, it means that
reP,and thusr € C.

e G'.RNC ¢ codom([C]; G’.rf) holds, as we showed in the proof of Lemma 37.

D,C
Lemma 39. IfG <——>—> G’, then CommitEmbedded(G, G, C, f).
xme

Proor. We show that CommitEmbedded(G, G’, C, f) holds by unfolding Definition 7 and showing
that each of its conditions holds:

e G|p C G by definition of the XMC restriction step.
e G|p € G’ by definition of the XMC restriction step.
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o f is injective, because only one write is matched to a R, , so no two committed events in G
can correspond to the same committed event in G’.

e Vc € C.f(c) # L because if there are left-over R, at the end of execution, XMC discards the
graph.

e Vc € C. G.tid(f(c)) = G’.tid(c) because either ¢ € G|y, or ¢ is a write matched to a R, that
read from a write in G in the same thread as c.

e Yc € C. G.lab(f(¢)) = G’.lab(c) because either ¢ € G|p, or ¢ is a write matched to a R, that
read from a write in G with the same label.

o £ T ([C];G .rpo; [C]) = [f T C];G.rpo; [f T C] because we have added a specific check that
discards executions that do not satisfy this condition.

o f T ([C];C.rf; [C]) = [f T C]; Gurf; [f T C] because G|p € G’ so all rf edges in G|p remain
the same. Committed writes matched to a R, in G’ have an equivalent write in G, so their rf
edges are also the same.

o f T ([C];G".mo; [C]) =[f T C];G.mo; [f T C] because we have added a specific check that
discards executions that do not satisfy this condition.

]

C
Lemma 40. IfG — G’, then Consistent(G’).
xmce

Proor. This is true, because by construction XMC checks the consistency of the resulting graph
G’ in the procedure REEXECUTE(P, G). O

G Benchmarks description
Litmus tests.

e LB+acq is like the classic LB test, but the loads use acquire memory order.

e LB+coh-cyc is taken from [Chakraborty and Vafeiadis 2019]. In this example, the outcome
r1 =3 Ar2=2Ar3=1isallowed by Promising, and forbidden by Weakestmo and XMM.

e LB+equals is a test where a compiler could potentially find invariant X = Y, and remove the
redundant if statement if (X ==Y).

o LB+rel is like the classic LB test, but the stores use release memory order.

e LB-invis-write+dep is a test designed to verify that the execution obtained after applying
the sequentialization optimization is outputted.

e R-bot-multi-matching is a test designed to verify that all writes that are compatible with a
certain R,ot are matched.

e java-test9a is equal to Java causality test 9, taken from [Manson et al. 2005a], except that
variable X is initialized to 2, and thread 3 writes 0 to X instead of 2.

e LB+coh-cyc+Wd is similar to LB+coh-cyc, but with a read from a distinct location in the
second thread and a write to this location in a separate thread. r1 =3 Ar2 =2Ar3 =1
should be still forbidden.

e java-test10 is Java causality test 10 [Manson et al. 2005a]. The Java model forbids outcome
rl=1Ar2=1Ar3=0,butitis allowed by XMM.

e java-test19 is Java causality test 19 [Manson et al. 2005a]. Both the Java model, and XMM
allow outcome r1 =42 Ar2 =42 A r3 = 42.

e java-test20 is Java causality test 20 [Manson et al. 2005a]. Both the Java model, and XMM
allow outcome r1 =42 A r2 =42 A r3 = 42.

o LB+seq is a test taken from the Promising paper [Kang et al. 2017]. It tests whether the
sequentialization optimization is allowed.
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e java-test5 is Java causality test 5 [Manson et al. 2005a]. The Java model forbids outcome
ri=1Ar2=1Ar3==0, but XMM allows it.

e LB+coh+RR+cf this test shows between the global order of the Weakestmo model, and
the absence of such constraint in the XMM model. Due to the absence of this constraint,
XMM allows more executions than Weakestmo in this test.

Data Structure Benchmarks.

mpmec-queue-bnd is a multi-producer multi-consumer queue.
ticketlock is an implementation of a ticketlock algorithm.
chase-lev is a dynamic circular work-stealing deque

buf-ring is a multi-producer multi-consumer ring buffer.

dq is a multi-producer multi-consumer deque.

stc is a stack implementation using Treiber’s algorithm.
linuxrwlocks is a read-write lock ported from the Linux kernel
twalock is a ticket lock augmented with a waiting array
fcombiner implements concurrent access to a set data structure using the flat combiner
access paradigm.

e mutex is a mutual exclusive lock.

Synthetic Benchmarks.

reorder2: 2 threads write to 2 variables, while 2 other threads read from them.
fib-bench: 2 threads compute the Fibonacci sequence using two shared variables.
szymanski: is an implementation of Szymanski’s Mutual Exclusion Algorithm.
dekker-bnd: is an implementation of Dekker’s Mutual Exclusion algorithm.
indexer: N threads modify a shared array.

ainc: N threads increment a shared variable by 1.

casrot: N threads compare-and-swap a shared variable, rotating its value.

casw: N threads compare-and-swap a shared variable, and write a new value to it.

Load Buffering Benchmarks.

e LBn+ctrl: N threads with a load buffering pattern spanning through all threads. All threads
except the first one have a real control dependency between the load and the store.

e LBn+data: N threads with a load buffering pattern spanning through all threads. All threads
except the first one have a real data dependency between the load and the store.

e LBn: N threads with a load buffering pattern spanning through all threads.

e LBn-pairs: N threads divided in pairs. Each pair reads/writes from/to a unique pair of
variables forming a load-buffering race.

G.1 Duplicate Executions

In Table 3 we show the benchmarks with the respective executions in the model checkers and the
number of duplicate executions in WMC and XMC. We also note the number of LB races. In Table 4
we note the execution times of the model checkers to explore these executions.
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Table 3. Load Buffering benchmarks. XMC finds the same number of cyclic executions as other tools. The
number of duplicates visited is slightly less than that of WMC.

Number of Executions Number of Duplicates
Test Name GenMC | HMC | WMC | XMC | WMC XMC | LB Races
LBn+ctrl(10) 9 11 11 11 0 1 1
LBn+ctrl(12) 10 11 11 11 0 1 1
LBn+ctrl(14) 10 11 11 11 0 1 1
LBn+data(10) 19 1024 1024 1024 0 1 10
LBn+data(12) 1023 1024 1024 1024 0 1 10
LBn+data(14) 1023 1024 1024 1024 0 1 10
LBn(10) 1023 1024 1024 1024 9 10 10
LBn(12) 4095 | 4096 4096 | 4096 11 12 12
LBn(14) 16383 | 16384 | 16384 | 16384 13 14 14
LBn-pairs(10) 243 | 1024 1024 | 1024 2101 2184 2560
LBn-pairs(12) 729 | 4096 4096 | 4096 | 11529 10379 12288
LBn-pairs(14) 2187 | 16384 | 16384 | 16384 | 61741 48250 57344

Table 4. Load Buffering time benchmarks. XMC takes the same time as other tools when there are few LB
races. It takes longer when the number of LB races increases.

Execution Time
Test Name GenMC | HMC | WMC | XMC | LB Races
LBn+ctrl(10) 0.06s | 0.05s | 0.01s | 0.04s 1
LBn+ctrl(12) 0.05s | 0.04s | 0.01s | 0.04s 1
LBn+ctrl(14) 0.04s | 0.04s | 0.01s | 0.05s 1
LBn-+data(10) 0.04s | 0.19s | 0.10s | 0.15s 10
LBn+data(12) 0.10s | 0.18s | 0.10s | 0.13s 10
LBn+data(14) 0.11s | 0.17s | 0.10s | 0.11s 10
LBn(10) 0.11s | 0.14s 0.12s 0.13s 10
LBn(12) 0.33s | 0.55s | 0.46s | 0.40s 12
LBn(14) 1.37s | 2.40s | 1.68s | 1.47s 14
LBn-pairs(10) 0.06s | 0.19s | 0.34s | 1.43s 2560
LBn-pairs(12) 0.12s | 0.65s | 2.27s | 7.06s 12288
LBn-pairs(14) 0.34s | 3.19s | 11.60s | 38.12s 57344
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