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ABSTRACT
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A large number of localization algorithms for wireless sensor networks (WSNs) are evaluated against
the Cramer-Rao Bound (CRB) as an indicator of
how good the algorithm performs. The CRB defines
the lower bound on the precision of an unbiased localization estimator. The CRB concept, borrowed
from GPS localization, however, does not translate
well to WSNs. In this paper, we show in which cases
the CRB fails to capture troublesome anchor configurations leading to erroneous lower bounds. We
continue with a study on the geometrical configurations of anchors favorable to localization algorithms.
We conclude by proposing a metric to characterize the stability of the geometry of a certain anchor
topology. Future work will address the combination
of geometry and statistical metrics with the goal of
obtaining a clear image on localization algorithms
boundaries.
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Figure 1: Lateration in the presence of noise.
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1.

INTRODUCTION

modiﬁed to ﬁt the context of wireless sensor networks [3–
5]. In order for results established in other ﬁelds of science
to hold for the problem at hand, particular care must be
taken to ensure that the assumptions are still valid. Even
the slightest mismatch in the underlying assumptions could
render the well-known techniques useless and lead to wrong
results.
In this paper, we start by addressing the usage of lateration [6] and the associated Cramer-Rao Bound (CRB) [3],
concepts borrowed from GPS localization [7]. Via a series of
counter-examples, we show how these concepts fail to deliver
the expected results when applied to the ﬁeld of WSNs. We
aim at bringing forward the idea that a foundation based on
geometrical considerations – rather than estimation theory
– should be employed when studying the basic mechanisms
and boundaries for localization in WSNs.

Acquiring position information in ad-hoc networks and in
particular wireless sensors networks (WSNs) received a lot
of attention in the past years. Survey works, such as [1,
2], show a large number of techniques/algorithms that can
be used to solve the localization problem. The techniques
used are often borrowed from other ﬁelds of science and
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Figure 3: Lateration behavior (decomposed noise
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where d˜i are the distances between the computed position
and the anchors, and ωi a set of weights. When varying the
noise in the measured distances and using equal weights, we
obtain a cloud of estimated positions as shown in Fig. 1(a)
in gray.
Tracing back the lateration technique we come across the
concept of Cramer-Rao Bound applied to the localization
problem [3]. CRB deﬁnes the lower bound on the precision
of a localization estimator. The articles [3, 8, 9] solve the
localization problem step-wise as follows:
a. Basic concept: known noise distributions are applied
to distance measurements;
b. Theoretical step: determine CRB to obtain an idea of
the achievable accuracy of unbiased position estimators;
c. Algorithm: from the formulation of CRB determine the
metric to be minimized in order to obtain a position (e.g.
using the lateration procedure);
d. Post processing: use coeﬃcients such as Geometric
Dilution of Precision [10] (GDOP) to correct issues not captured by the estimation theory (such as the geometry of
anchor deployment).
It is assumed that minimizing the sums in the lateration
equation leads to better position estimates. In some works
the residual value, i.e. the minimum value for the sum,
serves as an indicator on how good the algorithm performs.
In Fig. 1(b), we plot the residual value versus the position
error for each of the gray points in Fig. 1(a). We expected a
curve passing through the origin to validate the assumption
that a residual of 0 corresponds to a position error of 0. The
results in Fig. 1(b) show that position error and residual
value are not correlated as assumed.
In Fig. 1(c) we consider the same problem, but we moved
the anchors to an almost-collinear situation. The localization algorithm does not have enough information to decide
on which side of the line determined by the anchors the ﬁnal position lies, so it outputs results in two clusters (one
centered in the true location of the node and one in its symmetrical position with respect to the anchors line). This
uncertainty is reﬂected in the graph of position error versus residual as well (see Fig. 1(d)). This ﬁgure shows that
minimizing for the residual is not suﬃcient to guarantee a
certain localization error.
In the following, we analyze the sources of this ”ﬂipping”
uncertainty. We couple it with the inconsistencies we notice
in the CRB mechanism. Working towards a solution we
propose a metric to characterize it.

0.2

Figure 2: Lateration behavior for ”regular” anchor
setup.

The paper continues with an analysis of the setups involving three anchors in order to grasp the underlying geometrical localization mechanisms. We basically decouple the
localization problem from estimation theory, showing that
there is at least one intermediate step (involving geometry
only) when computing the bounds for achievable accuracies.
Based on this analysis, we introduce a metric to characterize
the stability of a given setup. We use this metric to decide
what is the best placement of a set of anchors in a static
conﬁguration, and plan to use it in future work to derive
accurate bounds on localization accuracy.
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THE LOCALIZATION PROBLEM

Let the position of a node in the 2D plane be written as
z. The position error is deﬁned as the Euclidean distance
between the real (z) and estimated position (z̃) of a node,
ei = z, z̃. We call an anchor a node that acquired exact position information (anchor i has position ai ). A node
without knowledge of its position is simply called node.
Assume a scenario with three anchors (blue circles in Fig.
1(a)) and a node positioned in the central area (red circle). Assuming the exact distances di between the node and
anchors are known, the node is able to infer its position z̃
by intersecting the three circles centered at ai with radii
di . If errors are added to the distance estimates, simulating
measured distances di , no position in the 2D plane is likely
to satisfy the distance constraints. Solving the localization
problem then takes the form of choosing the estimated position that minimizes a certain metric. Lateration [6] is one
of the most popular techniques and works as follows:
z̃ = argz̃ min

n



2
ωi di − d˜i

(1)

i=1
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Figure 5: Cramer-Rao Bound.

Figure 4: Circular deployment of anchors.

3.

1
0.5

In Fig. 3(b) we chose a set of almost collinear anchors (big
red, blue and green dots around the ﬁrst diagonal). The
node is placed at z = (−0.2, 0.8) (black dot). The symmetrical positions of the node with respect to the lines determined by the distinct pairs of two anchors are shown as
small colored dots. We keep the distances towards two anchors constant and vary the distance towards the third – the
colored lines show the trajectories output by lateration. The
trajectories present discontinuities – the computed position
is ”jumping” from one cluster to another. As expected, the
trajectories contain the true position of the node and its
symmetrical positions.

RESIDUAL VALUE BEHAVIOR

Considering the same anchor scenario as in Fig. 1(a) and a
node placed at coordinates z = (0.6; 0.5) (red dot in Fig. 2(a)),
we performed the following experiment: we kept the distances to two anchors constant and equal to the real distances (no noise) and only varied the distance towards the
bottom-right anchor from Fig. 2(a). The blue line in Fig. 2(a)
shows the set of resulting positions computed by the lateration procedure. Fig. 2(b) shows the position error versus the induced distance error. For a distance error of 0 –
when the true distance is fed to the algorithm – the real
position is returned. In other cases as expected, the larger
the distance error is, the larger the position error becomes.
Fig. 2(c) shows the value of the residual versus the induced
distance error. The residual function exhibits two local minima: one corresponding to the real position (distance error
equals zero) and one corresponding to the symmetrical position of the node with respect to the ﬁrst two anchors (in
green in Fig. 2(a)).
Fig. 2(d) shows the position error versus the residual value.
This nonlinear graph shows two curves passing through the
origin. The curves can be explained by the fact that in the
residual expression the inﬂuence of the distance error enters always as a squared factor. Underestimating a distance
or overestimating it leads to diﬀerent behavior in the lateration procedure (as shown in Fig. 2(b)). This leads to
the semiplane x ∈ (−∞, 0) being folded over the semiplane
x ∈ (0, ∞). The zigzag shape of the upper curve is a direct
consequence of the residual shape in Fig. 2(c).
Fig. 3(a) shows a set of similar experiments. The three
anchors (the large green, red and blue dots) are deployed
around the node (black dot in middle of the triangle). We
keep the distance towards two anchors equal to the real value
and vary the distance towards the third anchor. The colored
lines show the trajectories of the positions oﬀered by lateration (e.g. the red dotted line shows the positions when only
the distance towards the red anchor was varied). It is easy to
notice that every of these trajectories include the actual position of the point and its symmetrical position with respect
to the line determined by the anchors to which the distances
were kept constant (represented as a smaller colored dot).
Non linearity is not the only problem at hand: discontinuities occur as well in the case of speciﬁc anchor topologies.
The clustered results in Fig. 1(c) correspond to discontinuities in the trajectories oﬀered by the lateration procedure.

4. CRAMER-RAO BOUND IN LOCALIZATION
We repeated the experiment described in [9] to study the
behavior of CRB (see Fig. 4). Assume three anchors ai and
a node z placed at the origin of the system of coordinates.
The anchor a1 is ﬁxed and a2 and a3 are rotating around z,
while maintaining the same distance towards z. In Fig. 4,
the red and blue circles represent their trajectories. The goal
is to compute the CRB for various angles φ2 and φ3 that a2
and a3 make with the horizontal axis in order to capture the
eﬀects of anchor geometry on localization error.
The results of this experiment are presented in Fig. 5.
The axes OX and OY represent the angles φ2 and φ3 and
are graded directly in π. The spikes, rising to +∞, represent discontinuities in CRB (the axis OZ was cropped). For
improved clarity, we shifted the axes with 0.5π to clearly
show the four discontinuities and we represented CRB rather
than 1/CRB [9]. CRB shows discontinuities in the cases
where collinearity occurs, that is with the pairs of angles
(φ2 , φ3 ) ∈ {(π, π), (π, 2π), (2π, π), (2π, 2π)}.
There is a subtlety not described in [9]: the collinearity
situation for which the CRB goes to inﬁnity involves the node
as well and not only the anchors. Although the ﬁndings we
cited above seem intuitively correct, they are false. In the
case of three collinear anchors in the 2D plane shown as a
blue dotted line in Fig. 4 and given the distances between the
node and the anchors di , there is an uncertainty on which
side of the line the node resides: at z or at its mirrored
position z  . This uncertainty is not inﬁnite. We deﬁne as a
metric the flipping uncertainty equal to z, z  . The ﬂipping
uncertainty goes to zero when the node gets very close to the
line determined by the collinear anchors. This implies that
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Figure 6: Flipping uncertainty.
the only case in which a node can compute a position given
a set of collinear anchors is when the node resides on the
same line as the anchors. This contradicts the insight given
by CRB.
Fig. 4 allows us to make a second important observation.
For every position of a2 , there exist two possible positions
in which the line determined by a1 and a2 intersects the trajectory of a3 . This means that for every position a2 , there
exist two possibilities to place a3 such that all three anchors
are collinear. The relationship between a1 , a2 and a3 basically reduces to the intersection of the line (a1 , a2 ) with
the circle centered at z having radius z, a3 . Graphically
the result is presented in Fig. 6. A point is placed in this
picture for each situation in which the angles φ2 and φ3 lead
to a collinear situation for the three anchors. The OZ coordinate measures the ﬂipping uncertainty. Although Fig. 6
might look similar to Fig. 5, attention should be paid to the
values on the OX and OY axis – for the points where CRB
goes to inﬁnity, the ﬂipping uncertainty is actually 0.
The last two observations lead to the conclusion that CRB
does not indicate all the troublesome anchor conﬁgurations.
Worse than that, it indicates inﬁnite uncertainty in the only
situations in which positions can be computed, that is when
all the anchors and the node are collinear.
As a ﬁnal remark on CRB, it is worth noting that it gives
a boundary on the variance rather than on the mean value
of an unbiased estimator. This topic has been previously
addressed as accuracy versus precision [11].
Previous work proposing CRB as a mechanism to determine the uncertainty of position computation shows that under certain assumptions the eﬀects of anchors geometry can
be computed as a separate coeﬃcient, known as GDOP [7].
The expression of GDOP is actually directly derived from
the expression of CRB under the following simplifying assumptions: the parameters of distance estimates (mean and
variance) are considered equal thus the ﬁnal formula takes
only angles into account. Neither of these simpliﬁcations
holds in sensor networks as opposed to a satellite system –
mean values of distances of a node towards various anchors
can be of diﬀerent orders of magnitude and the variances are
proportional to the actual distances. Furthermore, as CRB
fails grasping the characteristics of the underlying geometric setup, GDOP is of little use in our case. We conclude
that while it makes sense to use CRB in the context of GPS
where the distances between a node and the anchors are very
large and the amount of error on the distances is assumed
insigniﬁcant, the method cannot be applied to WSNs.

5. A NOISE-RESILIENCE METRIC
In this section we explore the problem of placement of
anchors around a node in the 2D case when distance measurements to three anchors are available.
We start with the following question: given the position of
a node (z) and of two anchors (a1 , a2 ) where should the third
anchor (a3 ) be placed such that the localization procedure
provides good results?
Since the positions of the node z and anchors a1 and a2
are ﬁxed, and measured distances d1 and d2 are not dependent on the position of a3 , we focus our reasoning on the
eﬀects that d3 has on localization. The example from Fig. 3
demonstrates that when varying the amount of noise on one
distance estimate, the resulting set of positions lies on a
curve containing the true position of the node (z) and its
reﬂected position z  with respect to the line deﬁned by the

other two anchors. Let d3 be the real distance between a3

and z .

In the case that d3 and d3 are almost equal, a little amount
of measurement noise can lead to a computed position close
to the reﬂected point z  rather than z. Intuitively, this is to
be avoided as it is preferred to have a localization algorithm
output one cluster of positions (see Fig. 1(a)) rather than
two or more clusters (see Fig. 1(c)). The case d3 equals

d3 happens when a1 , a2 and a3 are collinear – thus this is
indeed the worst case scenario.

In case d3 and d3 are not equal, the diﬀerence between
the two values is important. Feeding d3 in the lateration
algorithm will lead to z as the computed position – while

feeding d3 leads to z  . The transition or ”jump” between the
two positions (as seen in Fig. 3) happens somewhere in between the two values. The larger the diﬀerence between the
two values, the larger the threshold is when ﬂipping occurs.
Thus, the larger the diﬀerence between the two values, the
larger the amount of noise one can tolerate to d3 such that
the computed position remains in a cluster around z.
We deﬁne a noise-resilience metric nri for placing the anchor i with respect to the two other anchors as the abso
lute value of the diﬀerence between di and di : nri (z) =

|z, ai  − z , ai |. Note that this noise-resilience metric
takes into account the reﬂected position of the node with
respect to the line determined by the other two anchors. As
such the exact position of these anchors can be abstracted
away; only the line determined by them is important. In order to understand the mechanism behind the noise-resilience
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Figure 8: Anchor placement around one node.

Figure 9: Anchor placement in a given area.

metric, we performed the following experiment: we assume
that a1 and a2 are placed somewhere on the OY axis, the
node is placed on the OX axis at a known position (say
z = (−10, 0)). We place a3 at various locations in the 2D
plane and compute nr3 for every position. The results are
presented in Fig. 7. A point (x0 , y0 , z0 ) on this graph should
be read as: if anchor a3 was placed at coordinates (x0 , y0 )
in the 2D plane, the value of nr3 is given by z0 .
Note that the noise resilience (nr3 ) has a minimum of 0 in

the case a1 , a2 and a3 are collinear (the distances d3 and d3

are equal). nr3 has a maximum of z, z  in the case that a3
is placed on the line (z, z  ) in one of the intervals (−∞, z)
or (z  , ∞). It is interesting to notice that it does not really
matter where exactly in these two intervals a3 is placed –
the metric reaches its maximum for both segments.
The second observation is that noise-resilience metric includes the eﬀects of the distance z, z   in its deﬁnition. The
larger this distance, the further away a3 needs to be placed.
In case z is the same as z  , nr3 is zero all over the 2D plane
(meaning that d1 and d2 alone are enough for the node to
compute its position).
In the following we explore the problem of determining
where to best place three anchors in the 2D plane [12] from
the perspective of the noise-resilience metric alone.

lines connected to the triangle vertexes show the trajectories
the anchors followed during the experiment.
The resulting anchor conﬁguration is a triangle containing
the node, but not necessarily an equilateral triangle. Indeed,
from the explanation of the noise-resilience metric one can
notice that the anchors will converge to a position where
the node is situated in the intersection of the altitudes of
the triangle – the orthocenter (the line formed by the node
and an anchor ai is orthogonal to the line formed by the
other two anchors).
The trajectories and ﬁnal placement of the anchors depends on the exact deﬁnition of the forces and the masses
– non-linear forces and behavior in special cases as when
an anchor position overlaps the position of the node could
be considered in more detail. Nevertheless, the important
aspect is that no matter where the three anchors converge,
the ﬁnal conﬁguration will have the node in the orthocenter
of the triangle deﬁned by them.

5.2 Multiple nodes localization
The localization problem is strongly related to the deployment area of the nodes. Given a square deployment surface
(say the space deﬁned by x ∈ [0, 1], y ∈ [0, 1]) and a random
placement of multiple (say 200) nodes, we are interested in
where to place three anchors such that the noise resilience
is maximized with respect to all nodes.
Due to geometrical considerations, it is obvious that the
noise-resilience metric can not take the maximum value for
all the nodes at the same time. We apply the mass-spring
approach previously described in the following way: at each
iteration step, we compute the set of ideal positions for the
anchor ai taking every single node deployed into account.
Let aim be the mean value of all these values. We deﬁne the
force Fi = kai − aim  (the vector orientation is from ai to
aim ).
For the same configuration of nodes, we run the system
with diﬀerent anchor starting positions. Fig. 9 presents two
examples of the results. It is interesting to notice that the
anchors converge to diﬀerent conﬁgurations (towards the
boundaries of the deployment area) depending on their initial positions.
This experiment reveals another property of the proposed
noise-resilience metric; it does not output a single conﬁguration of anchors because it does not achieve its maximum
in a single point. The fact that the metric is maximized as
long as an anchor belongs to a certain interval introduces
several possibilities of anchor conﬁgurations between which
we cannot distinguish.

5.1 Single node localization
We place an unknown node in the origin of the 2D plane,
and three anchors at random positions around it. We start
an iterative procedure: we compute for each anchor where
it should be placed if the positions of the node and the
other two anchors were ﬁxed and maximizing noise resilience
would be the only criteria. Let us assume that anchor i is
placed at position ai and that it should be moved to ai .
We associate a mass m with this anchor and deﬁne a force
Fi = kai − ai  (the force vector is oriented from ai to
ai ). We compute the Fi forces for each anchor and move
the anchors under these forces towards the new positions.
At the next iteration step we recompute the Fi forces and
move the anchors again. We observe the equilibrium of this
mass-spring system.
Recall that the nri metric is maximized for two disjoint
line segments, hence, there are many options for the exact
placement of ai point on these segments. In our experiment
ai is chosen as the projection of ai on the line determined
by z and z  , unless that projection is situated between z and
z  in which case we select z as the position for ai .
Fig. 8 presents typical examples of such an experiment.
The triangle shows the ﬁnal position of the anchors. The
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One of the conclusions we can draw is that geometry is
the ﬁrst step in solving the localization problem: a metric as
noise resilience can provide a set of feasible anchor positions
that minimizes the risk of ﬂipping situations. A statistical
analysis of the position estimator with respect to the speciﬁc
type of noise added to the real distances should provide the
second step in the localization algorithms – a metric helping
to choose a speciﬁc anchor conﬁguration from the given set.

6.

a. Basic concept: geometrical setup (positions of the anchors and of the node);
b. Theoretical steps: deﬁne f −1 mapping anchor positions and distances to an estimated position; determine the
geometrical boundaries for maximum allowed errors;
c. Algorithm: from the formulation of geometrical boundaries determine the metric to be minimized to obtain a position (leading to a ”geometric” lateration procedure);
d. Post processing: explore new metrics for the positioning error (Euclidean distance is considered the default
one – it is nevertheless a one-dimensional metric that cannot express all the characteristics of a higher-dimensional
phenomenon).
This description is also the base for our future work in
which we wish to explore the trade-oﬀs between geometrical
setup (e.g. noise resilience) and amount of noise; as well as
deﬁne a boundary under which noisy measurements will lead
to a set of clustered positions. Our ﬁnal target is to provide a
clear formulation of the achievable boundaries of localization
algorithms and to oﬀer a new metric to be minimized taking
the geometry of the setup and the measurement noise into
account.

TOWARDS AN EXPLANATION

We abstract the exact procedure of computing a position.
We assume the coordinates of the n anchors ai are known.
We place a node at a position z. Let f be the function that
translates ai and z into a set of distances di . Let f −1 denote the function through which ai and di are mapped back
into the position z. The function f −1 denotes the perfect
one-hop distance-based localization algorithm running with
noise-less data. In practice, exact distances are not available. We thus feed noisy measurements di into the function
f −1 and receive a computed position z̃. The new distances
between z̃ and ai , written as d˜i , slightly diﬀer from di , compensating for the noise.
In the case of collinear anchors, given anchor positions
ai and distances di , two positions z, z  can be computed
(see Fig. 4). Note that ai and di alone do not oﬀer enough
information to distinguish between the two cases, thus f −1
is undeﬁned (a function associates only one output value
to a given input). The default deﬁnition of f −1 leads to
undeﬁned behavior over the input domain, even when the
real distances di are available. This is one of the reasons
why CRB does not hold: f −1 is assumed always deﬁned and
equal to the real position of the node. In order to account
for the ﬂipping uncertainty, triggered by anchor geometry
and by measurement noise as in Fig. 1(c), f −1 needs to be
redeﬁned to output a single value also in the case collinearity
(or in the case of only one or two anchors being present).
Another observation we can make is that when the value of
the noise exceeds the noise-resilience value for a geometrical
structure, the localization algorithm will compute positions
that can be part of multiple clusters rather then a single one
(see Fig. 1(c)). There exists a trade-oﬀ between the amount
of noise that can be applied to distance measurements and
the noise-resilience factor of a given localization setup.

7.
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CONCLUSIONS AND FUTURE WORK

In this paper we showed that the one-hop distance-based
localization mechanism has geometry as its foundation and
not measurement noise as CRB assumes. The localization
boundaries should thus be explored ﬁrst from a geometrical perspective and then complemented by knowledge of the
noise characteristics. We have supported this claim with
a series of examples showing the limitations of the current
approach.
We introduced a new metric (noise resilience) and explored the anchor deployment problem from its perspective.
We showed that procedures for anchor placement can be derived solely from geometrical considerations. A statistical
analysis on the measurement noise eﬀect (such as a CRB
technique) should complement this ﬁrst step.
Based on this argumentation, we propose a radical change
in the way in which the localization problem is to be addressed:
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