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DoE is used for .....

WHAT DO CHOOSE?




Design of Experiments ||

o Two-factorial design

o General- factorial design
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{Change your model }
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Goodness of fit:
Errors, ANOVA
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Effect Models

o One factor
Yij = b+ aj + €
o Two factor
[ _Qémeam Yijk — H + o + 61 —|—._"Yl‘j_l—|- Ciik
index of i,j,k? B - - _
Tij = Yij. — Yi.. — Y45 T Y.
o Suitable for categorical favors: e.g., high/low values, and
different versions of software and hardware

o ANOVA implicitly assumes categorical variables




Regression Model

o When more than one factors are quantitative variables,
regression models are handy, e.g.,

. Q: What is the
Y = bO + blxl difference with
effect models?
g) — bO —|_ blxl —|_ bQZEQ _l_ b12$1$2 [Easiertoseethe }
impact of x.

o Estimating parameters by minimizing the sum of square
errors Y i1 € = Y i1 (yi — bo — b13;)°?
with a constraintof " e; => . (y; — by — bix;) =0

Q: What about Normal
distribution of e Distribution




Estimating Regression Parameters

o Takingderivative

d(SSE) d(SSE) d(SSE)
d(bg)  d(br)  d(ba)

o Computer software does all the fitting for you




2X Factorial Designs



2K Factorial Designs

o K factors, each at two levels which can be quantitative or
gualitative

o Features: easy to analyze. It helps in sorting out impact of
factors, and good if done at the beginning of a study

o Sign Table: specific way of coding levels of factors, a powerful
tool to construct small number of experiments for models

o Regression model: responsel(y) is a function of factors (x)
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Coding Scheme and Sign table

o Weuse (+1,-1) as the coded variables to denote high and low
values of factor /{ Q: Size of sign ]

. table of 2k
o For a2kdesign

* The signtable has 2k columns corresponding to parameters
including intercept, main effects, two factor interactions...up to k-
factor interactions. L 1 -1 1
« |t has2rows, corresponding to experiment types (} S })
1 1 1 1

* |t can use to estimate 2k parameters
 For exgmple k=2, say factor Aand B S otk
* Main effect: A,B nere? { K=2 }
* Two factor interactions: AB

[ Q: Write the l. Model (regression):{

model

Yi,ji = qo +9ATA, +qBTB;, + qABTA,TB, + €;; }
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—
Examples of 2K factor experiment

What is the MIPS(millions instructions per second)given
memory size and cache size? Two levels of memory sizes (A)
and two level of cache sizes (B)

Performance in MIPS

Cache Memory Size

Size 4M Bytes | 16M Bytes
1K

2K

—

Q: What are -1, and
+1 here?

Memory Size-: +1 and -1

correspond to 4M and
16M bytes.
Cache Size-: +1and -1

respectively.

correspond to 1K and 2K

—
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Sign Table of the Cache Example

Your First Sign Table: a matrix of size 2k X 2k

TA = 1_1 I 4M bytes memory Step 1. Wrrite the parameters on the top of the

if 16M bytes memory = N
B —1 if 1K bytes cache sign table I A B AB
BT |1 if 2K bytes cache

Step 2. Fill out the signs of each column from main

effects, then interaction effects
Q Why do you choose I A B AB

those values? ! ‘

MATLAB
Rule of thumb: Choose
values that are as far apart

as possible.

Step 3. Run the experiments
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Estimating Parameters for 22 design

A
Performance in MIPS

Cache Memory Size
Size 4M Bytes | 16M Bytes
. . B 1K 15 45
o Case of no-replication K % T
e Model:y=qy +qaXat dgXg + gapXaX
Y=o T daXa T UgXg T UagXaXp 15 = go — g4 — g5 + gaB
e Runexp according to the sign table. S =d+qa—qs—qas
e o /20=0q0—qatyp+qas
75 =qo+qa+qB —qaB
n 4 1
! ! 1 i ! Yiz1s qo = Z(yl + Y2 + Y3 + y4)
Sign table encodes the |2 1 1 [4| 4 vye2=ss |
parameter estimation 1 e o1 yacas qa = (=1 +y2 = ys + ya)
1
4 1 1 \1 1 Y4=75 a5 = 7 (=y1 = Y2 + Y5 + ya)

y2 )
Column ey,

o Case of replication: replace y by average of y to
estimate model parameters.

1

gap = Z(yl — Yo — Y3 + Ya)
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GEORGE BOX




B AB Y

Exp | A
4 =1 Y, (0)
1
1
1

(J
L Property of sign table

1 -1 Y, (a)
1 -1 Y3 (b)
1

1
1
1
1 Y, (ab)

1

2

O Observation 3
4 1

e Toestimate effect of Y, ga dg Oag:
product of corresponding column O/A/B/AB and column Y_response,

which is the average of all replications
Q: What are other
properties?

|

e Y_response : Product of row and vector [Y, da, dg, dc]

O Theorems

e Fractional factorial designs also use orthogonal vectors. Z Ty = 0] # 1

e The sum of the products of any two columns is zero. Z 22 =22V

e The sum of the squares of each column is 22.
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Example of Memory-Cache Study

Performance in MIPS

Cache Memory Size
o What are the effects of A,B, AB? Size 4M Bytes | 16M Bytes
1K (15, 18, 12) (25,28, 19)
2K (45,48, 51) (75,78, 81)
Yii =4qo + A, TA, T 4B, TB, T QABT A, LB, T €

S @ w=41,q4=215,q8 =9.5,qap =5

MATLAB

Yi; =41 +21.92 4, +9.52B, + 9524, 2B, + €;;

Q: Does that mean memory 1MB will lead to 21.5 MIPS?

N O/ NO! 6o back to natural variables Xpatural — (low + high) /2

Xai=

N O/ NO! And, look at interaction term
as well

(high — low)/2




ANOVA for 22 design

Allocating variation to errors

e Error =Measured value- estimated values
€Cij = Yij — Yi
= Yij —qo — AT A; — 4BITBi — qABT A{XBj
e Total Variation
SST =Y (yij —§.) = SSA+ SSB + SSAB + SSE
o F-Test 1]
o Hypothesis: Tested factors have no effect on the responsey
o Compute FO, and compare it with F tables with significance «

ESSA/UA SSB/vp SSAB/UABJ [ Q: Which factors could J

SSE/ve’ SSE/v.’ SSE/v. you test and how?
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Allocation of Variation ( ANOVA)
Yi,j = 4o + qATA; +4BTB; + qABTA,;TB; T €ij
o Total variation or total sum of squares:

SST = Z Yii — . Zyw Y g2 >SST=SSv-SS0
ij

Derivation (I)

Zyw ZQO+ZQA37A +ZqBa:B Zyij:ZQO:22TQO
vj

1] 1]

+ZQAB:CA I B, +Zezj _ 1 Z
.. T Ao .7 — 40

(Z¥)




@
Allocation of Variation (ANOVA) > T ¢

Yi,j = 4o + qATA; + qBTB; + qABTA,;TB; T €
o Total variation or total sum of squares:

SST = Zym y.. Zyw Z?Q
]

=2 SST=SSA+SSB+

SST = Z(y@7 — 4y )% =2%rq4 + 2%rqn + 2°rqin + Z ezzj SSAB+SSE
............. X S
Derivation (I1) D v = ZQOJFZQA”"A +ZQB$B
+ZQABJJAZBB +Z
SSY =SS0+ SSA + SSB

+SSAB + SSE




Back to Example: Memory-Cache Study @& 4

MATLAB

— S s E s e S S e e B EEe SEe D B DS e B GEe Gae EEe G B e e Eae Smw Eme Em By,

To construct F-test of factors, we need to .',' - A
o Degrees of freedom of SSA, SSB, SSAB, i ‘w-’-------------------------T-«'
SSE, and 55T SSY = 141824 12445 o + T34 T2 4 812
21,1,1,8,11 = |
O Compute FO for all factors :SSO _ 227"61(2) — 19 % 412 = 90179 :
SSA/1 SSB/1 SSAB/1 SSA = 2rgd =12 x (21.5) = 5547 :
SSE/8 ' SSE/8 ' SSE/S8 SSB = 2rgp=12x (9.5)° = 1083 |
c th C_ctatisti SSAB = 2%rq75 =12 x 5° = 300 |
o Compare them F-statistics | _ ) qr2 2 .
P SSE = 2M04— 22 x 34124215 + 9574 5)
=1 |
Formula is so simple! You can do it by hand r {SST = 55Y — 530 :
O =mMenmen |

21
R GGG



Example of computer output

Source of Sum of Degrees of Mean
Variation Squares Freedom Square F, P-Value
A 208.33 [ 208.33 53.15 0.0001
B 75.00 | 75.00 19.13 0.0024
AB 8.33 1 8.33 2.13 0.1826
Error 31.34 8 3.92
Total 323.00 11

4 )

. i ?
Q: How to interpret - Given significance=0.05, factor A.

B, are significant, and factor AB is

e not significant
Q: Graph
iNnterpretation ? S /
v



®
Confidence Intervals for 22 Experiment b 7

= 92 (1)1 S .
qz [1 (1/2,2 (T 1)] qi Q: The difference between
F-test?
Derlvatlon
O Assumption It’s for each parameter, whereas F
_ is for the significance of overall

error ~ N(O, 0'@) y ~ N<y7 06) factors

o Estimate of variance

SE
2
e r—1 Z% 22r—1)

e Denominator = 22(r- 1) # of mdependent terms in SSE,SSE has 22(r-1)
degrees of freedom.
e Similarly, Se

Sqa = Sqp = Sqam T 5.




Back to Memory-Cache Example (e 4\

MATLAB

O For Memory-cache study: Standard deviation of errors and factors

SSE 102
Se = \/QQ(T Vs V12.75 = 3.57 Sq; = S/ (2%r) = 3.57/v12 =1.03

O For 90% Confidence: check with tjg 5= 1.86

~ Q:Why 0.952

O Confidence intervals: [PerformingtwotailedTtest. }

Jo= (39.08, 42.
Q: Are they
relevaont?

qa=(19.58, 23.41)
Yes all relevant i.e excluding O }

gas= (3.08, 6.91)

qg=(7.58, 11.41)
in their intervals.
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General 2Kr Factorial Design

HEREREREEER
o K factors at two levels each. C
1 -1 -1 -1 1 1 1 -1

. . Exp
O 2k experiments by a sign table = -
Expr | RS B R SR B
@ 2k effects: 2
Expr = I S R B R
k main effects )3(p
k . . Exp 1 1 1000 1 RS S R
5 two factor interactions 4
1 Expr b = R B A SRR S
three factor interactions... >
3 Exp 1 Y I B B [ (e
6
Expr = B R R REE R B
7

3 factors, AB,C
Experiments: 23 Egp 1 1 1 1 1 1 1 1

Effects: A, B, C, AB, AC, BC, ABC

Q: Example of 3 factors,
A, B, C and sign table




General 2r Factorial Design

o Model:
[Q:Whatare ? yw — qo -+ AT A; + dBIL B + qABL AiX Bj + oo 4+ eij

index i and j?

o Parameter estimation: )
1 2 _
QG = 5% Di—1 9ijUi 4 &

S;j= (i,j)th entry in the sign table

model and SST

Q: Example of 3 factors
decomposition ?

o ANOVA

B ok r 9 Yi,j = 4o T qATA; T {BTB;, T (BIC;T
SSY o ;7/:21 Z]:]- yZ.] qABT A, LB, + qACTA; XC, + dBCTB;XC;
SS0 = 2 rqp JABCTA;XB; + T4,
T — SSY — 3
SST=SSY- S0 orossacsspesso b
J= AT = 4y +SSAB + SSAC + SSBC
SST = SSY — SSO =) SSj+ SSE +SSABC
j




General 2kr Factorial Design

o Percentage of y's variation explained by jth effect =
(SS7/SST) x 100%
o Standard deviation of errors:

o Standard deviation of effects:

— — — — \/ 9Ok
Sqo = Sqa = Sq = Sqap = 86/ 2%
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23 Design Example

Three factors in designing a machine:

o Cachesize

o Memory size

O N u mber Of Processors
Factor Level -1 Level 1

A Memory Size 4MB 16MB

B  Cache Size 1kB 2kB

C  Number of Processors 1 2

1. Generate the design and run experiments.

o=

AC B

1 1 1 1
— e e e e s s |
| D e e |
—_ e e e e e e L o

B AC BC
1 1
SR B
11
|
|
O
[
|

L D | | I |
—_ e = e e/ | &

I
|
I
l
l
l
I
|
|

1 1 1 1
—_ e e = e e i

(
(
(
(
|
|
(
|

2. Analyze the model fitting: ANOVA and Cls.
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23 Design Example

Compo-  Sum of Percent
nent Squares  Variation
y 4.9E4

Yy 3.8E4

V-1 1.1IE4  100.00%
A 1683.0 14.06%
B 693.3 5.79%
C 9009.0 75.27%
AB 198.3 1.66%
AC 135.4 1.13%
BC 84.4 0.70%
ABC 0.4 0.00%
Errors 164.0 1.37%

o = (39.00, 40.74)
ga = (7.50,9.25)

qp = (4.50,6.25)

go = (18.50,20.24)
gap = (2.00,3.75)
dac = (1.50,3.25)
gsc = (1.00,2.75)
dABC — (—1.00,0.75)

& 4

Q: Effects
important ?

~~—

Q: Parameter
significant?

~~——"

MATLAB

Q: Is this a good model?

ANy suggestion?

T ~—

|

main effects and second order

interactions

New model: contain only the }




{Change your model }

i

\_

Model +
Assumption

3

2

\_

measurement

\

Estimate parameters from

J

[

Check assumption

\_

Goodness of fit:
Errors, ANOVA
Confidence interval
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2%P Fractional Factorial Designs

Supplemental



2K-P Fractional Factorial Designs

o Large number of factors
* |arge number of experiments
« full factorial design too expensive
« Use afractional factorial design

o 2kPdesign allows analyzing k factors with only 2k-P experiments.
« 2kldesign requires only ???? as many experiments [ 1/2 ]
e 2k2design requiresonly ???? of the experiments [ 1/4 ]

Q: How to generate those G) ‘
experiments? |/

MATLAB
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Understanding the sign table

o Design Table of 2/-4generated by by DoE
o Study 7/ factors with only 8 experiments!

[Generator function }

ExptNoo. A B C D E F G Q: What's the maximum number
1 -1 -1 -1 1 1 1 -1 of parameter can we learn from
2 1 -1 -1 -1 -1 1 1 these 8 experiments?
3 -1 1 -1 -1 1 -1 1
4 1 1 -1 1 -1 -1 -1 Q: Which parometers are
5 1 -1 1 1 -1 -1 1 included in the model
B
6 1 -1 1 -1 1 -1 -1
7 -1 1 1 -1 -1 1 -1 Q: How to decide?
8 1 1 1 1 1 1 1




: : S
Fractional Design Features > |

O Full factorial design is easy to analyze due to orthogonality of sign vectors.
e Fractional factorial designs also use orthogonal vectors. The sum of
each columnis zero.

— N-\Yns Expt No.
E Lij = O,V] 1
)

e The sum of the products of any two columns is zero.

Z%:j%’l =0,Vj #1

CoO ~J O O = W o
1 1 1 1
— = e e e |
| I | | I |
[ TN G S Y N e )
| I B D |
| I | | I |
— = = = = = — | T
1 | I | 1
(S I L L i e S |
| I Y A |
— o e e e e e | P
| I | 1 1
— o = e e | 6D

e The sum of the squares of each column is 27+

D> wl =2
)
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Confounding

Confounding: Only the combined influence of two or more effects can

be computed. For example

qa = Z Yi Aq
i

—Y1+Y2 —Ys+Ys—Ys +Ys — Y7 + s

8
4D = Zyzﬂ?m

—Y1+Y2+Ys —Ys+Ys —Ys — Y7+ Us
8

JABC = Z YiZ Ai Bil Ci
i

—Y1+ Yo+ Ys—Yst+Ys — Y — Y7 T Ys

8

Expt No.

o>

=
=

1

O~ O T = W N

A
-1
1
-1
1
1
1
1
1

| I | | |
(N S L e s v

| IR I A |
[ L LU § @)

| | | |
(ML U TS R vs|

Y1
Y2
ys3

Us
Yes
Y7
us

| | 1 1
— o = = e = | O

1 [ | 1
— = = = e e e
LI e |
= = = e e el

dABC — (4D

Q: ABC is confounded
with D, Problem?

\/

find?

Q:More confounding? How to ]
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Algebra of Confounding

O Given just one confounding, it is possible to list all other
confoundings.
O Rules:
e listreated asunity
e Anyterm with a power of 2 is erased,

O Example. [=ABCD, multiplying A on both sides

—|A =A2BCD Q: Exercise ]
—A=BCD

O Example: Multiplying both sides by B,C,D and AB
B =AB2CD =ACD
C=ABC2D =ABD
D =ABCD<Z=ABC
AB = A2B2CD =CD

In a 2%-P design, 2r effects
are confounded together
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A Fractional Factorial Design is Not Unique.

o It has 2rdifferent designs.
o Forexample, 241has following 21 designs

Another 24! Experimental Design

Expt No. A B C AB AC BC D ExptNo. A B C D AC BC ABC

1 T 1 1 1 1 1 1 1 1 1 -1 1 1 1 1

2 1 -1 -1 -1 -1 1 1 P 1 -1 -1 -1 -1 1 1

I = ABCD 3 1 1 -1 -1 1 -1 1 3 1 1 -1 -1 1 -1 1
1 1 1 -1 1 -1 -1 -1 4 1 1 -1 1 -1 -1 1

5 1 1 1 1 -1 -1 1 5 1 -1 1 1 -1 - 1

6 1 1 1 -1 1 -1 -1 6 1 -1 1 -1 1 -1 1

7 1 1 1 -1 -1 1 -1 7 1 1 1 -1 -1 1 1

8 1 1 1 1 1 1 1 8 1 1 1 1 1 1 1

[ Q: Which one im [Resolution will tell us. }

I = ABD
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Designh Resolution

o Resolution: tells us the order of effects that are confounded
® Def 1: Adesign of resolution R if no p-factor effect is aliased/confounded
with another other effect containing less than R-p factor
® Def 2: Resolution of a Design = Minimum orders of confoundings
e Order of an effect = Number of terms. E.g., Order of I=ABCD = 4 because
orderof =0
e Order of a confounding = Sum of order of two terms. E.g., AB=CDE is of

order ?7??

Q: Example of 231 with I=ABC,
What resolution?

{A=BC, B=CD, C=AB Resolution IlI }

Q: A Better design: higher’ or Higher the resolution is better!
lower resolution?
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Back to the Example of 241

o Compare these two designs of 241,

I =ABCD

/
A=BCD,B=ACD,

C=AD,ABC=D, I=ABCD
o

~

C=ABD,AB=CD,AC=BD,B

/

[Resolution 1V

|

el

Q: Winner
IS?

Q: What are their ]

{ resolutions?

I =ABD

/
A=BD,B=AD,C=ABCD

AB=D,AC=BCD,AD=AB,B

C=ACD,ABC=CD, I=ABD

L

~

/

[Resolution [

|




Success of fractional factorial design is based on

o The sparsity of effects principles
o The projection property
o Sequential experimentation

[Check out “Design and Analysis of Experiments ” from Douglas Montgomery }
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Recommended Readings

o The Art of Computer Systems Performance Analysis: Chapter 18,
and 19

o Design and Analysis of Experiments: Chapter 6 and 8
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https://www.amazon.com/Art-Computer-Systems-Performance-Analysis/dp/0471503363
https://link.springer.com/book/10.1007/978-3-319-52250-0

Thanks!

Any questions?

Ychen-10@tudelft.nl


mailto:lydiaychen@ieee.org

