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Design of Experiments



Comparison Questions?

Q1. You are looking for a computing cloud to run your course
project so that the average latency is minimized.? What kind of
VMs? How many VMs?

parameters. How do you set the parameters such that the the
algorithm accuracy is maximized?




Learning Objectives

o You will be able to design experiments which can capture the

effects and their integrations = Z
w Mpe

o You will be able to analyze the experimental results and assess its
significance




Design experiment is about
designing a proper set of experiments for measurement or simulation,

developing a model that best describes the data obtained, and
analyzing the goodness of mode via errors and variances.
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Terms and Definitions



Q: Why is replication J

Terminology mportant

. Captures the variability.
Response Variable: Outcome [

Factors (Predictors): Variables that affect the response variable
Levels (Treatment): The values that a factor can assume
Replication: Repetition of all or some experiments

o O O O O

Design: The number of experiments, the factor level and number of
replications for each experiment

E.e., AMLalgorithm can be on trained machine with 1-4 cores and two
choices of RAM (2 and 4 GB). You want o replicate each experiment for
5 times. A total umber of experiments: 4*2*5

Replication is important for all experiments!!!!




Types of Experimental Designs

o Simple designs:Vary one factor at a time. 1 Q: Recommended? ]
e Not statistically efficient.
e Wrong conclusions if the factors have interaction. { Q: Drawback? ]

o Full factorial design:All combinations.
e Canfind the effect of all factors.
e Too much time and money.
e E.g.,2factorial where each of n factors has 2 levels. # of experiments =
2°n.
o Fractional factorial designs:Less than full factorial design.
e Savestime and expenses.
e Lessinformation.
e May not get all interactions.
e Not aproblem if negligible interactions.

i Q: Advantages? ]

{ Q: Draowback? ]

T Q: Advantages?

{ Q: Drawback?




Designs You Will Learn ...

One TWO General

factorial factorial factorial

Two level

factorial
2k

Two level
fractional
factorial

Dk

<)




i \

Model +

Assumption
- Y,

\

Estimate parameters from
measurement

\_

Goodness of fit: A
Errors, ANOVA
Confidence interval )
Check assumption

g J
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One Factorial Design



Examples of One Factor Experiment: [ m

An algorithm has three versions: R, V, Z. Which version gives
the lowest response time?

Run each version 5 times?

R \Y Z 4Q: Is there any diFFerence]

144 101 130 between R,V,Z?

120 144 180

16 211 141

288 288 374 L aroweweweare? )
144 72 302




Q: What is yzy & g.j ]

g " Q: How do we interpret
|ntUIt|On the results
R V 4
144 101 130
120 144 180 .
e Average algorithm x
< y denotes > 176 211 141 re uirgs 18g7 7 seconds
responses 288 288 374 9 o/
144 -5 209 of computing time.

Col Sum Yy, =872 Xy, =816 X ys3 =1127 Xy = 2815
Col Mean 7, —=174.4 Gy —163.2 74 —225.4 u:g, e Theeffectsof the R,V,

Col Effect  a1=y-y. oo=yo27. 3 =1 3-7.. and Z are -13.3,-24.5,
€245> @ﬁ and 37.7, respectively.
i =4{1...r}, ris the number of replication
7 ={1...a}, ais the number of levels e Thatis, R/V/Srequires -
Note: “dot” subscript notation implies summation over the subscript that it replaces 13.3/-24.5/-37.7
Yi.i : Response of i replication for jth alternative. seconds more than an
Y4 : Average response of jth alternative replications. average algorithm x.

#r=19. : Average response of all levels of experiments.
: Effect of the alternative .

4 - Error term.
13



MOdel Yi; — H + Q + €ij @

How to get those model

66 14/

parometers from “y

’ 5 (measurement)?
€ij " N(O, g ) U d

N

Q: How to writeY;ijwhen there are

[ Q: What does N stand for? two levels and three replications?
J
Normal Distribution. { yij = pt+or+az+ei, j={1,2} and i={1,2,3}

yz ° a T a
J Estimator fy Q1 a
Measured Data Model parameters

i ={1...r}, ris the number of replication

j={1...a}, ais the number of levels 14




Model

Estimator for model parameter

)

N
S,

3w

2—1 1=1

— =Yy

g&“ |

— ..

Note: Notations follow previous slides.

>y

i=1 j=1

Yij

aw-l—rZoz]-l-ZZej

=1 j=1




Yij = B+ + €45
D ;=0
J

eij ~ N(O, 0'2)

Analyzing Models

o Allocation of variance (ANOVA): Testing model accuracy and

confidence (Testif vy = a9 =---=a, =0)
o Allocation variations to errors [ - ]
.. Q: What is variation?
e Importance # Significance

e Important = Explains a high percent of variation
e Significance = High contribution to the variation compared to that by

errors.
Average of all data @® o O 501:?' ;{ariation
O ariation Cross group
Average of treatment 1 QQ @) OQQ o @ Variation within group
Average of treatment 2 . @) @
® v
e @
® ® O @ Q: Explanations ]
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Decomposition of Variation

> (i — 1. Z yi; — Z 72 =) a;°+ ) € SST=55Y-SS0=SSA+SSE

iJ

o Total variationof y (SST) SST = (yi; —7.)?
z’zj 4[ Q: How J [ g/lsos(ljﬁrllption ]
= Z(Z%Qg) — ary’

=>SST=5SSVY-SS0

Q: Why?
o Sum of squaredy (SSY) =aru2 =r21 a2 <[ y ]
I goes to 0,
?}i]‘:ll‘ﬂlj'l'eij o —
2
o404 4y ey g SSY = Zyw :Z,u I+ Zoz i rl— Z ; 4 T CTOSs product term
LJm = bl = -

Sum of Squared Y =SumofSquared u + Sum of Squared a+ Sum of Squared errors e

= SSY=SS0+SSA+SSE




Analyzing Models
CCT=CCY-$50=SSA+SCE

o The ratio between someXariancefollows F-distribution with

dfl and df2.
Q: What are parometers of
25 d1=1, do=1 | F-distribution
d1=2, d2=1 ——
2 I d1=5, d2=2 —— ]
d1=10, d2=1 —
s d1=100, d2=100 i [ R e ]
1 —
Q: Why F-distribution?
0.5 . - ANy assumption?
0 |\\—'g
0 1 2 3 4 5

[ Errors follow normal distribution }




R \Y Z
144 101 130

Back to Examples e on

288 288 374
144 72 302

o SST=105357.3,55A=10992.13, SSE=94365.2

o What is the percentage of variation explained by the% Q: Thot is? J

algorithms SSA _ 1099213 _
SST — 105357.3

o |s this number statistical significant? Compare the variation
against errors

[ Q: That is? 7 [ 'giq;{ } {Q: Follows what distribution? J

F-Distribution when divided by their
degree of freedoms

ANOVA: ANalysis Of VArionce




Analysis of Variance (ANOVA)

o Key componentsin ANOVA: SSY, SSO, SSA, SSE.

o Their degree of freedom: Number of independent values
required to compute (additive)
Sowce | SSY | SS0 | SSA | SSE
DEYEO e ar 1 a-1 a(r-1)
t freedom (v)
lAiV\k w0 on$

T ti
del peswn?
m0 Q: What are the reasons of
Q: What does these degree of freedoms
additive mean?

|

[ SSY-SSO=SSA+SSE=>» Vy — Vg =Va + Ve }
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Analysis of Variance (ANOVA)

O F-test
e Purpose: To check if SSA is significantly greater than SSE

e Errorsare normally distributed = SSE and SSA have chi-square distributions.
SSA/v,

SSE /v,
where v,=a-1 = degrees of freedom for SSA, v.=a(r-1) = degrees of freedom for SSE

~F distribution

e Computed ratio > Fjy_,.,a vej= SSA is significantly higher than SSE.

Q1: Good model? Q: Interpretation
Q2: Reject or accept the on groph

assumption?

mean:

Q: What does that
Stat < Fpo312

It falls into the blue region, meaning the probability of find a value o
greater than the computer ratio is lower than alpha

21




ANOVA Table for One Factor

Compo- Sum of Y% Variation DEF  Mecan F- F-
nent Squares Square Comp. Table
Stondard . SSY=3" v, ar
output Y. SSO=aru? 1
y-Y.. SST=SSY-SS0 100 ar-1
A SSA =rxa? 100 (231) el MSA=S58 | R Fr .
a(r — 1)]
¢ SSE=SST-$SA 100 (§3F) a(r—1) wmsE= P55
Back to Compo- Sum of %Variation DF Mean F- F-
algorithm nent Squares Square Comp. Table
Y. 028281.69 Q: Is difference
Y-y 105357.31 100.0% 14 among algorithms
A 10992.13 10.4% 2  5496.1 0.7 2.8 significant?
Errors 94365.20 89.6% 12 7863.8

Se=V MSE = /7863.77= 88.68

\

J

NO! }




Goodness of Estimates

o ANOVA tells us goodness of overall models

i = 1T T G " Q: WhichCltellsusa; |
. : ic ells us a,
o Goodness of estimates of model parameter has impact ony
* panda; [-1 1] and [-2 -1]

J

* Linear combinationof ¢;,e.g,a; — a;
=» Compute the Confidences Interval (Cl)

= E.g., 95% Cl of u is[-2 2], meaning 95% chance the parameter is
within the interval. 20 -

Q: whott CI can you get J [Q: Smalller the better or L ::

HA

from this model? Rigger the better? e

4 -

0 -

[ U, X1, A3 X1 — Ay Ay — A3 X1 — A3 Y ] a




Confidence Interval of Model Parameters

CI range of parameter = {

estimate + £1_q /2 qf - (std of estimate of parameter)

estimate — t1_q /2 q¢ - (std of estimate of parameter)

Explaination |

[[ Q: What s tﬁ [_Q/WI—;t is estimate? ]

%What is a ]

Significance level, but
needs to check a/2

tist
distribution

[ Q: Wha

Q: Whatisv here? ]

Similar to normal
distribution

Degree of freedom }




Confidence Interval of Model Parameters

estimate + ¢, /2 4 - (std of estimate of parameter

CI range of parameter = {

3
/
\
/

estimate — £,/ 47 - (std of estimate of parameter

Explaination |l
Parameter Estimate Variance
H Y. Sé/aT Q: how to
& Y.i~y.. Sz(a — 1)/0,7“ derive it
2 > ei [[m std of pand q; ]
Se a(r—1)

Degrees of freedom for errors = a(r-1)




Example of algorithms comparison

2

Error variance sz

Std Dev of errors

Std Dev of 1 = s./v/ar = 88.7/v/15 = 22.9

Std Dev of a; =

4 N
If the interval doesn’t
contain a zero then we
— 94365.2 _ 793 8 Q: How to interpret know there is definite
12 those results difference in the
f :

— +/(Var. of errors) \per ormance )
= 887 o= 197.7F (1.782)(22.9) = (146.9, 228.5)
a; = —13.3F (1.782)(32.4) = (—71.0,44.4)

88.7+/(2/15) = 32.4

For 90% confidence, t ¢s5. 5= 1.782.

as = 37.6F (1.782)(32.4) = (—20.0,95.4)

4 A[ Q. Why .95, not .9? ]

4 N

Since this is a two tailed test i.e
we are looking at both sides of
the curve for anomalies (5% on

each side)

- J




Checking Assumptions S pAT——y

1. Independent errors

a) Scatter plot of residuals versus
the predicted response

a) Plot the residuals as a function
of the experiment number

Trend up or down = other factors or side
effects.

Residuals

Residuals

25.6 [—

12.85 [—

o
o

—~12.65 [—0O

—-25.4 [—

551.20 500.15 629.10 668.05 707.00

Predicted

25.6—

12.85—

°©
o

-12.65—

—25.4—
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Checking Assumptions

2. Normally distributed errors: 3.

Normal quantile-quantile plot of errors

Constant standard deviation of
errors:

Scatter plot of y for various levels of
the factor

/"Spread at one level

than other
levels=>Need
transformation, e.g.,

\log

significantly different

4
\ 3=
]
1 e
[ ]
. ]
QFO—.':
(] ® ®
o o
-1
2 @ H
/ =3 |— bl
. ®
| | | |
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RECAP




Design of Experiments |

o One factorial design
o ANOVA Analysis, F-test

o Confidence Interval of Estimates, t-test

S The p-machine
M




One

factorial

Two
factorial

General
factorial

Two
level
factorial
2k

Two
level
fractional
factorial
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Yij = M+ 0+ e J Check assumption } @By whot?

Plotting and visual
J examination.

Goodness of fit: A
Errors, ANOVA

L Confidence interval

from measurement

@4&

MATLAB

SSA/df N Q: A good model J
SST = i — SSA+SSE A means?
Z sy " SSE/df. s

[ Bigger F statistics, }
Confidence of interval of pand «; small P values.

32

Estimate parameters J




Two-Factor Design



Examples of Two Factor Experiment:

Understanding how code size is impacted by the workloads
and processors. Run each combination 3 times.

Large difference b/tw
max and min values

Processors
Workloads W X Y 7
I 7006 12042 29061 9903
6593 11794 27045 9206
7302 13074 30057 10035
] 3207 5123 8060 4153 Q. Why?
2883 5632 8064 4257
3523 4608 9677 4065
K 4707 9407 19740 7089
4935 8933 19345 6982
4465 9964 21122 6678‘ Log .
L 5107 5613 22340 5356| Transformatlon
5508 5947 23102 5734
4743 5161 21446 4965
W 6807 12243 28560 9803
6392 11995 26846 9306
7208 12974 30559 10233

Workloads

Processors

W

X

Y

Z

|

L

3.8455
3.8191
3.8634
3.5061
3.4598
3.5469
3.6727
3.6933
3.6498
3.7082
3.7410
3.6761
3.8330
3.8056
3.8578

4.0807
4.0717
4.1164
3.7095
3.7507
3.6635
3.9735
3.9510
3.9984
3.7492
3.7743
3.7127
4.0879
4.0790
41131

4.4633
4.4321
4.4779
3.9523
3.9066
3.9857
4.2953
4.2866
4.3247
4.3491
4.3636
4.3313
4.4558
4.4289
4.4851

3.9958
3.9641
4.0015
3.6184
3.6291
3.6091
3.8506
3.8440
3.8246
3.7288
3.7585
3.6959
3.9914
3.9688
4.0100
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i \

Model +

|«

Assumption
- Y,

\

Estimate parameters from
measurement

g /

Check assumption

\_
Goodness of fit:
Errors, ANOVA

_ Confidence interval
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Model for Two Factorial

1. Model: With r replications-

Q: Total number of
experiment?

e

Response

= N W b O O
o O ©O O O O

j={1...a}, ais the number of factor a levels
i={1...b}, bis the number of factor b levels

k= {1...r}, ris the number of replications per level

a; : Effect of factor A
p; :Effect of factor B
¥, :Effect of interaction A&B.

7 Q: What is 3,=37? J

When factor B at level 2, it
will be 3 units higher than
the overall average

I T R
Yijk = W +I04j|—|-'5z' 1= i1+ €55k

-3 | =13 -1

Q: Which figure has
interactive effect?

Factor A Factor A

Right figure has
interaction




j=A{1...a}, ais the number of factor a levels

MOdel for Two FaCtorial i={1...b}, bis the number of factor b levels

k= {1...r}, ris the number of replications per level

1. Model: With r replications- a : Effect of factor A
—I-I_ '|_|_I_ﬁ_|_|_ i _|_|_ B; :Effect of factor B
Yijk H : _J ,I I _z,l P/ij ,I ik Yij :Effect of interaction A&B.
a b
23:1 aj =0;) -, i =0;
D VL = D Ve = = )i W =0
Q: What about b b b
distribution of Zizl Vil = Zizl Yi2 = = Zizl Yia = 0
error? . )
Zeijkzo Vi, ] €ijk ~ N(O,U)
k=1

e,

37




Model for Two Factorial

1. Model: With r replications-

I T R
Yijk = W +I04j|—|-'5z' 1= i1+ €55k

-3 | =13 -1

2. How to estimate the parameters

Yij. =k + o5 + B + iy
p=1y..

a; =Y —Y..

j=A{1...a}, ais the number of factor a levels
i={1...b}, bis the number of factor b levels

k= {1...r}, ris the number of replications per level

a; : Effect of factor A
p; :Effect of factor B
¥, :Effect of interaction A&B.

Check the textbook
for derivation.
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Processors Row Row Row
Workloads W X Y 7 Sum  Mean  Effect
I 3.8427  4.0896  4.4578  3.9871 | 16.3772 4.0943  0.1520
J 3.5043  3.7079  3.9482  3.6188 | 14.7792 3.6948 -0.2475
K 3.6720 3.9743  4.3022  3.8397 | 15.7882 3.9470 0.0047
L 3.7084  3.7454  4.3480  3.7277 | 15.5295 3.8824 -0.0599
M 3.8321  4.0933  4.4566  3.9900 | 16.3720 4.0930  0.1507
Col Sum 18.5594  19.6105 21.5128 19.1635 | 78.8463
Col Mean 9 4.3026  3.8327 3.9423
Col effect(g%% 0.3603 -0.1096
S~ ~~—1_
Estimated interaction terms
Workloads W X Y Z
I w 0.0155 0.0032 0.0024
J 0.0399 0.0333 -0.1069 0.0337
K -0.0447 0.0475 -0.0051 0.0023
L 0.0564 -0.1168 0.1054 -0.0450
M -0.0305  0.0205 0.0033  0.0066

Q. How to interpret those values

than avg processor.

[ Processor W requires 10923(=1.69) less code J

Processor X requires 10992 (=1.05) less than
an avg. processor.

|

Workload | on processor W requires 0.02 less
log code size than an average workload on
processor W. Equivalently 0.02 less log code
size than workload | on an average processor.

.

~

J




j=A{1...a}, ais the number of factor a levels
i ={1...b}, bis the number of factor b levels

BaCk to the Example: AnalySiS k={1...r}, ris the number of replications per level
Yijk = b+ o + B +vij + €ijk

o Overall model [ANOVA } g;‘\é/?;:o?fr;ﬂgj? and what to ]
al :CL’Q — e e :a(], :O
fr=Pp2=-=0=0(
"}/11:---:’yla:’)/21:---:"}/20’---:’)/1)1:...:/yba:(]

Interval

o Individual parameters [Conﬁdence }

Q. How many parameters J

[a+b+ab }

40




Analyzing the Model by ANOVA ¥ =#F 5% =

€ijk = Yijk — Yij.
[ Q: What are tho@ [ Variations explained by factor A, B, AB. }

SST =55Y —550=55A+55B+ SSAB + SSE
Z(yz’jk —§.) = nyjk — ZQ = ZOA? + Zﬁ? + Z’Y@-Qj + Zefjk

ijk ijk ijk ijk ijk ijk ijk
Source SSY SSO SSA SSB SSAB SSE
Degree of abr 1 a-1 b-1 (a-1)(b-1) ab(r-1)
freedom (V)

Q: What about their degree Q: how additive property
of freedom? work here?




Analyzing the Model by ANOVA ¥ =#F 5% =

€ijk = Yijk — Yij.

SSA/vp - -
O SSE/ ~F|la—1,ab(r —1) ]
[Ve { Q. Those values tell us:
SSB/vp - - importance or significance
O ~F[b—1,ab(r — 1)
SSE /v, - -
SSAB/vsp
O ~F [(a _ 1) (b _ 1)’ ab (7" _ 1) ] F PDF (One-Sided Test at Alpha = 0.05)
SSE /v, 08—
Q. How should we use these :’Zi ;
volues? E” y
00y |
°-; 44444 1 = 0.05 (2.98)
{Compare it with Fr_ o va vel» Fi- o vB, ve] & F[1- o vAB, ve] S




ANOVA for Two Factors w
Replications

Standard
output

Back to
the
exomple

Compo-  Sum of Y% Variation DF  Mean I- o
nent Squares Square Comp Table
Y SSY = Z y?7 abr
Yy, SSO = (I,})’I‘[I,Q 1
y— .. SST =SSY — SS0 100 abr — 1
A SSA = brea? 100 ( 234 a—1 MSA = 3554 MSA | Fli—aia—t.ab(r—1)]
B SSB = aryp? 100 % % b—1 MsB= SSB M%E Flt— ot 1.ab(r—1)]
N 1 MSAB =
AB SSAB = r£42, 100 (%) ((‘g - 1)) SSAB MSAB | F | oo
CESVICESY MSE b 1] |
i SSE = SST — (SSA QSE . _ SSE
¢ +SSB + SSAB) 100 (§5%) b -1 MsE= 7R,
Compo- Sum of %Variation DF  Mean F- F-
nent Squares Square  Comp. Table Q. Are th ey
Yy 936.95 o
7 039 51 significant
y—Uu. 4.44 100.00% 59
Processors 2.93 65.96% 3 0.9765 [1340.01 2.23
Workloads 1.33 29.90% 4 0.3320 | 455.65 2.09
Interactions  0.15 3.48% 12 0.0129 | _17.70 171 [ YES ]
Errors 0.03 0.66% 40 0.0007

—+v/MSE= +/0.0008= 0.03




Confidence Intervals For Effects

CI range of parameter =

estimate +11_, /5 4¢ - (std of estimate of parameter)

estimate — t1_q /9 g - (std of estimate of parameter)

Para- Mean Std. Confidence
meter  Effect  Dev. Interval

Parameter Estimation Be careful
Parameter Estimate Variance
[ 7. s/ abr
a; Yi. Y... s*(a —1)/abr
i Yj-y.. s2(b—1)/abr
Vi Uii=i.~Y.i.+7... st(a—1)(b—1)/abr
2 Y er, MHab(r — 1

Degrees of freedom for errors = ab(r-1)

@ 3.9423 0.0035  ( 3.9364, 3.9482)

Processors
W -0.2304 0.0060 ( -0.2406, -0.2203
X -0.0202 0.0060 (-0.0304, -0.0100
Y 0.3603 0.0060  ( 0.3501, 0.3704
7 -0.1096 0.0060 ( -0.1198,-0.0995

~— — —— ———

Workloads
I 01520 0.0070  (0.1402, 0.1637)
J 02475 00070 (02592, -0.2358)
< K__0.0047 0.0070 (-0.0070, 0.0165)1 >
L -0.0590 0.0070 [ 0.0717, -0.0482)
M 0.1507 0.0070  ( 0.1390, 0.1624)

——
Q. Which factors are
not significant?

[ Yes, except K.




Back to example: Cl for Processor W

When sample size is greater than 32, T distribution is
similar to Normal distribution.

O From ANOVA table: s,.=0.03. The standard deviation of processor \
effects:

1 11 Q:Why not T
Sa; = SeA/ C;W = 0.03\ / IX5x3 — 0.0060 distribution table

O The error degrees of freedom: ab(r-1) = 40 = use Normal tables

O For 90% confidence, zy 95 = 1.645, 90% confidence interval for the

effect of processor W is: ‘[ Q. Why 0.95 not 0.27 | [:cl'dist.rcilbgtion is }
WO Side

Cl={-0.230 +1.645 *.0060, -.2304 -1.645 * .0060} = (-0.240, -0.220)

_—\ .
[ Q. significant ][ itlecsl.ﬁcc)lézmt }
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Recommended Readings

o The Art of Computer Systems Performance Analysis: Chapter 16, 20, 22
and 23

o Design and Analysis of Experiments: Chapter 3

Homework: What is the difference with
Regression models?

46


https://www.amazon.com/Art-Computer-Systems-Performance-Analysis/dp/0471503363
https://link.springer.com/book/10.1007/978-3-319-52250-0

Thanks!

Any questions?

lydiaychen@ieee.org



