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Abstract

Mechanism design has become a very popular topic among computer scien-
tist over the past fifteen years. The selection of the right incentives to provide
to agents in order to motivate them to take desired actions has proved quite a
challenge. The incentives are carefully designed to persuade rational agents,
i.e. agents acting in their own best interest, their utility. On the other side of the
same coin, multiagent learning has drawn a lot of attention,allowing agents to
learn how to use these incentives to improve their utility. Traditionally, mech-
anism designers target static agent populations: populations where the agents’
characteristics are constant over time in expectation. This assumption may not
hold, especially in mechanisms that are to be repeated and agents learning to
cope with the incentives. In this work, we investigate a generic way of creat-
ing an adaptive mechanism, that will be able to adjust the rules and incentives
according to the population of agents it encounters. To do this, the notion of a
meta-game is introduced: a higher level game, where the mechanism as a player
plays against the population of agents. The mechanism player in the meta-game
will use learning techniques from the field of multiagent learning that are also
available to the agents acting in the adaptive mechanism itself.
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Chapter 1

Introduction

Everywhere around us we see forms of interaction: people driving in traffic, birds
fighting over food or teams playing sports. This interactionitself can be studied us-
ing the notion of a multiagent system (MAS). A MAS is a collection of autonomous
agents and can be extended by having the agents work independently or collectively,
supplying agents with more information and the possibilityto communicate with other
agents.

1.1 Multiagent Systems

Using multiagent systems, all forms of interaction can be modelled, ranging from ants
in an ant colony to multinational corporations in economic markets. The systems
under our consideration will involve only rational agents,i.e. agents with some form of
intelligence, who will behave strategically in order to maximize their individual goals.
To quantify this “maximizing of goals” the simplifying assumption of an agent’sutility
is made. Autility functionprovides a preference order to the states of the world: it now
becomes a trivial task to see which state of the system is better to an agent. Rational
agents will always attempt to realize a state that maximizestheir utility.

Game theory studies those systems in which the agents interact strategically. Mul-
tiagent systems with strategic behaviour can be seen as a game, e.g. soccer: twenty-two
agents individually and strategically move around and act on a ball in order to achieve
the best possible individual outcome. In this case there aretwo coalitions playing as
a single entity (the team), trying to beat the other. With a little imagination, other,
more complex systems may also be viewed as games. When determining a pricing
strategy, a company will choose the strategy it believes will provoke a potential buyer
into buying their product. In this game the company plays both the buyers and its
competitors. Voting is another example of an everyday system that may be modelled
as a game. Each agent that may be voted for will try to persuadevoters using promises
and differentiating themselves from their adversaries.

Agents in a game are subject to certain rules and protocols set by the system.
Sometimes these rules have emerged over time, such as the ethics in a culture. In
most games the rules have been set by a creator. Having rules bounds the possible
actions players can choose in any situation. It enables players to envision a sequence
of actions to undertake as the game progresses: a strategy. Rules also allow players to
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1.2 Goals and Applications Introduction

think about the actions their opponents are likely to take, and possibly adapt their own
strategy accordingly.

The field of designing rules for games has become a study in itsown right: mech-
anism design. Mechanism designers aim to build complex systems for autonomous
agents that, while acting in their individual best interest, will together achieve some
global behaviour desired by the designer of the mechanism. This desired behaviour is
defined by anoutcome functionand the goal of a game, or mechanism, is the outcome
(or outcomes) that maximizes this function. Using the outcome function, outcomes can
be measured similar to the way outcomes are measured by agents. By creating laws,
law makers in parliament motivate certain behaviour by the people and try to maxi-
mize social welfare. However, creating rules is no guarantee that an optimal outcome
is actually reached.

In order to get to a goal state, mechanism designers will incorporate incentives
in the rules. These incentives will encourage behaviour by the agents, supposedly
making their utility higher (lower) if they (do not) end up ina goal state. For example,
to discourage speeding, fines have been created to reduce a speeder’s utility. This way
speeding becomes less preferable and agents would keep to the speed limit. However
there may be situations in which an agent may feel the need forspeed, and even with
the fine his utility will be higher than by taking the “preferred” action. This example
shows that providing the appropriate incentives is difficult and they may not always be
sufficient to achieve a goal, even in relatively simple situations.

Incentives are carefully crafted to fit the target agent population. They should in-
crease the agent’s utility when that agent behaves according to what the designer would
like. It is however quite hard to determine an agent’s utility function and mechanism
designers will have to make assumptions about these functions. In its simplest form,
the function merely provides a preference order, which doesnot say anything about
how big an incentive should be for the agent to change its strategy. Often only simple
restrictions are placed on this function, e.g. quasi linearity or concavity. In order to get
more fitting incentives, more assumptions need to be made about the function.

Some mechanisms are designed to be used and reused, i.e. after reaching a terminal
state, the mechanism restarts, possibly with a new agent population. One example is
the auctioning of sets of identical goods, e.g. books, in multiple auctions. When an
auction is over, the bidders that have obtained a copy will (most likely) not return to a
new auction selling the same book. The losing bidders would return, and their numbers
will be augmented by new bidders. This new auction can still use the same mechanism
as the previous.

1.2 Goals and Applications

We have now seen two potential difficulties: how does the designer accurately make
assumptions about the expected agents and do these assumptions remain constant over
time? The incentives incorporated in the auction for books are based on the expected
behaviour of the bidders; if the assumptions about this behaviour are wrong, the incen-
tives may not work and revenue will decrease. On the other hand, if the assumptions
will prove to be right, but the bidder population changes between consecutive runs of
the auction, the incentives will again fail to boost the revenue.
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Introduction 1.2 Goals and Applications

A painful example of wrong auction design was the auction of UMTS frequencies
in The Netherlands in July 2000 [36]. The Dutch government was selling several spec-
tra after similar auctions had been conducted in the U.K. andlater Germany, yielding
approximately 38.5 billion and 50 billion euros respectively. The Dutch auction only
yielded 2.7 billion. This rather disappointing result is attributed to the wrong choice of
auction. Amongst the criticisms were that no attention had been paid to the size of the
bidder population1 or to the fact that newcomers should have a place in the auction.2

At the root of this problem lies a fundamental uncertainty about the behaviour of
the encountered agents. Both difficulties mentioned cannotbe solved decisively due
to the lack of information about the agents. The mechanism can however be designed
to provide a best response to the expected population. Currently, most designs use
many abstractions, e.g. the shape and properties of the utility function, thereby making
the mechanism more generally applicable and less tailored to the population at hand.
This is however, what should happen in mechanism design: designers theorize about
the agents and create a mechanism to best suit them. When theory has failed dur-
ing a repeated game, c.f. the book auction, the mechanism must be updated to better
suit the bidders. Sometimes, this happens, as in the F.C.C. spectrum auction in the
1990s, where the mechanism was updated between the auctionsof different spectra.
Unfortunately, this proved a very long and tedious task (c.f. [7, 8]).

The goal of this research is to find a generic way to automate this process. We aim
to transform any static mechanism into an adaptive one, providing a best response to
the agent populations it has encountered so far. Obviously there is no second chance for
a mechanism that is only to be used once, so the focus will be onrepeated mechanisms.
These systems will be able tolearn from past experiences to better reply to a new agent
population. In earlier work we have provided a proof of this concept, see [14].

There is also an application to non-repeating mechanisms. After selecting some
generic mechanism, expectations are formed about the properties of the agents. The
selected mechanism will still have properties left to be specified. The optimal values
for these could be learned by simulation: the agent population is taken to be constant,
i.e. all assumptions are right, and these agents play a repeated game where the mecha-
nism is allowed to update its properties according to its encounters. These simulations
will supply a fast means of tweaking the selected mechanism’s properties in order to
best achieve its desired outcome. This approach has also been investigated by Pardoe
et al. [23] and intersects the field of automated mechanism design, c.f. Conitzer [5,
chapter 6].

An adaptive mechanism should be able to alter its configuration to better suit the
agents in it almost instantly and without the interference of outside experts, as was the
case in the F.C.C. auctions. If the mechanism notices a change in agent behaviour,
it should itself change to provide a best response to the expected behaviour in the
next round of the mechanism. This requires the mechanism to have some form of
intelligence and will cause it to act strategically itself.As the problem now moves to a
strategic interaction between the mechanism and the agent population as a whole, the
problem enters game theory. The notion of a “meta-game” willbe used to study this

1Only six bidders contended five different spectra.
2The U.K. auction provided one part exclusively to a newcomer, thus virtually creating a separate

auction just for newcomers for one spectral band.
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1.3 Structure of this Document Introduction

interaction and the properties of this game will provide useful insights in the design of
adaptive mechanisms.

1.3 Structure of this Document

Chapters 2 and 3 will provide a thorough background on the theory of games and
mechanism design. Chapter 2 will focus on playing a game withthe intention to maxi-
mize individual utility, while chapter 3 will discuss the other side: designing rules and
incentives to motivate agents into a global desired outcome. To provide the mecha-
nism with the “intelligence” needed to adapt itself to an agent population, three learn-
ing techniques from the field of artificial intelligence willbe discussed in chapter 4.
Chapter 5 will investigate adaptive mechanisms and the properties of the meta-game.
These will lead to questions that will need further researchand are presented in the
final chapter.

In this research, aside from books, journals and proceedings, much information
has also been extracted from videos on the internet, such as tech talks provided by
Google. These videos will be mentioned occasionally in footnotes and a full reference
and description is available in Appendix A.
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Chapter 2

Game Theory

Game theory is at the cross section of mathematics and economics. It aims to study
situations that involve multiple agents interacting strategically, i.e. agents acting in
their individual best interest, and to capture this interaction in a mathematical way.
This provides many areas for study, ranging from economics to social sciences and
biology, and can be applied to all levels of interaction: small toy games liketic tac toe,
investment banks bidding for treasury bills and even political candidates competing
for votes. Founded by John von Neumann and Oskar Morgensternto analyse human
behaviour in an economic setting in 1944, the conceptually simple and elegant theory
of games has attracted many great scientists. A nice and comprehensible introduction
to this field is given by Rubinstein1 and in [2, 22].

This chapter will start with some of the fundamental concepts of game theory,
providing toy games to illustrate them. These toy games are all simplifications of many
practical economic, social or biological phenomena. Usingthe concepts several ways
of forming a strategy, a sequence of actions, will be discussed. Finally we shall look at
what happens to the selection of a strategy when games are repeated and information
needed to make this selection is no longer available to all players.

2.1 Games

Agents in a game act strategically in order to realize some outcome of this game that
is most beneficial to each of them individually. A game will end in an outcome, based
on the individual actions taken by the agents. These actionsmay be available to all
agents, or be individual, just as one company has different resources and budgets as
another, and will have different actions at its disposal.

Definition 1 (Game). A gameG = 〈I ,O, f ,(Ai ,Θi ,ui)i∈I 〉 consists of a set of agents I
with |I | = N, a set of outcomes O and an outcome function f: A→ O. For each agent
i ∈ I the game provides a set of actions Ai, with A= ΠiAi the joint action space of the
player population I, a set of informationθi ∈ Θi , and a utility function ui : A→ R.

An agent will form a strategy based on the information and actions available to
him in the game.

1Ariel Rubinstein giving a talk at NYU on John Nash. Refer to Appendix A for a description and the
location of this video.
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2.1 Games Game Theory

Definition 2 (Strategy). A strategy si for agent i is a function mapping information to
action si : θi → Ai.

Which strategy to play at any time in the game depends on many things: the actions
opponents will be playing, any private information an agenthas or does not have, all
have an influence on the progressing game. Each action taken,by the agent itself or an
opponent, may prevent certain outcomes from being reached.This question of which
action to select is fundamental in game theory.

To aid in the analysis of a game, it may be visualised as a matrix, also called the
normal formof a game. Each agent gets its own dimension enumerating the actions
available. Each matrix cell corresponds to an outcome and shows the valuations of
each of the agents for this outcome. Viewing this matrix fromthe perspective of a
single agent, only his own valuations are shown: this is called thePayoff matrixfor
that agent. As an example we show a simple two player game. Thenormal form will
be a table and the agents will be referred to as Alice (therow player) and Bob (the
column player).2 The bottom-left entry in each cell corresponds to the valuation of the
row player for this outcome, the top-right entry to the valuation of the column player.
The valuation of outcomes can be used as a measure for the utility a player receives.

Heads Tails

Heads
1 -1

-1 1

Tails
-1 1

1 -1

(a) Matching Pennies

Left Right

Left
1 -1

1 -1

Right
-1 1

-1 1

(b) Driving Game

Table 2.1: Payoff tables for “Matching Pennies” and “The Driving Game”.

Tables 2.1a and 2.1b show the normal forms for the games “Matching Pennies” and
“The Driving Game”. In matching pennies, both players flip a coin. The column player
wins when both coins show the same face, otherwise the row player wins. Matching
pennies is an example of the original type of game studied by Von Neumann and
Morgenstern. It studies pure conflict: the gain of the row player equals the loss of the
column player and vice versa. This is called azero sum gameas the total gain and loss
equal zero.

The driving game is one most of us play every day. Two agents are driving towards
each other. Needless to say, both players win when both driveon the right side or both
on the left side of the road: it is a game of pure coordination.Because there are
outcomes in which both agents gain, this game is not zero sum.The tables illustrate
this by the valuations placed on the combinations of actions. Most games are not so
easily classified into pure conflict or pure coordination, they will contain elements of
both types. Some outcomes will be beneficial, i.e. provide a positive valuation, to
both agents, while others may be conflicting. One of the best known games with this
property is the Prisoner’s Dilemma, which shall be discussed in the next section.

2Refer tohttp://en.wikipedia.org/wiki/Alice_and_Bob for more information on Alice and
Bob.

6



Game Theory 2.2 Equilibria

2.2 Equilibria

The notion of asolution conceptis used to predict the way a game will be played. It
describes the actions to be taken by each of the players. Reasoning about solutions is
very important for an agent to determine which action to takenext. The most important
class of solution concepts is theequilibrium concept, or equilibrium. An equilibrium
is a set of strategies that takes into account the actions of other players and within this
set, it is irrational for an agent to change his action. This narrows the choice of action
for agents, but does not always provide a decisive answer to which action to take.

There are many different equilibrium concepts, most notably the Nash equilibrium
(NE). In an NE, no player has anything to gain byunilaterally changing its strategy:
each action is a best response to the set of opponent actions.

Definition 3 (Nash Equilibrium). A Nash equilibrium is a set of strategies s∗, one for
each player, where no single player can both deviate from this strategy and achieve a
higher utility. For each player i and all his strategies s′

i 6= s∗i :

ui( f ({s∗1, . . . ,s
∗
i , . . . ,s

∗
N})) ≥ ui( f ({s∗1, . . . ,s

′
i , . . . ,s

∗
N})).

A strict Nash equilibrium is a set of strategies s∗ with for each player i and all his
strategies s′i 6= s∗i

ui( f ({s∗1, . . . ,s
∗
i , . . . ,s

∗
N})) > ui( f ({s∗1, . . . ,s

′
i , . . . ,s

∗
N})).

John Nash proved in 1952 that every game has at least one Nash equilibrium. This
may sound good, but unfortunately there are two drawbacks: firstly, there may not be
one NE, but multiple. The driving game has two equilibria: left-left and right-right,
which to take remains unclear. Secondly, the action to take may not lead to an optimal
outcome. This fact is easily shown using a simple two person paradox: the “Prisoner’s
Dilemma”, shown in table 2.2.

In the prisoner’s dilemma, Alice and Bob have been apprehended by the police
and individually given a choice: cooperate with each other and not talk to the police or
defect and confess to the crimes both have committed. Since the police do not have a
good case, both players will get off with a very mild conviction if they both cooperate.
However, if one tells on the other (defects), (s)he will go free while the other gets a
large sentence. If both players talk, they both get half the large sentence. Table 2.2
shows utilities rather than payoffs, i.e. the higher the utility, the lower the sentence and
vice versa. The NE will be for both agents to defect, resulting in a utility for each
player of 1, while they could have had 5 each. But each agent could then improve its
outcome by unilaterally changing its cooperate action to defect, increasing payoff by
5. But when, say, Alice realizes Bob will do so, she knows her utility drops to 0 and
also defecting will then increase her utility form 0 to 1: both players end up getting 1.
This particular type of strategy is adominant strategy: regardless of what actions other
players are playing, this is the most rational strategy to use.

The equilibrium defect-defect consist of a clear directiveto the players: defect.
This is called apure strategy. It may not be possible to find a pure strategy to play,
e.g. in the game of matching pennies shown in table 2.1a. As there is no clue as to what
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2.2 Equilibria Game Theory

Cooperate Defect

Cooperate
5 10

5 0

Defect
0 1

10 1

Table 2.2: Payoff table for the “Prisoner’s dilemma”.

action the opponent will play, it makes sense to randomize over the possible actions.
In this case the (Nash equilibrium) strategy of both agents will be to play 1/2-Heads
and 1/2-Tails, i.e. choose arbitrarily between the available options, which yields an
expected utility of 1. The probability for selecting eitheraction can be derived from
the payoff it leads to. When a strategy involves randomization over possible actions, it
is called amixedstrategy, and is denotedσ to distinguish it from pure strategiess.

Definition 4 (Mixed Strategy). A mixed strategyσi for agent i is a function mapping
information to a probability distribution over the set of possible actionsσi : θi → ∆Ai.

Games may also be represented as a tree: each leaf representsan outcome and the
branches correspond to the possible actions. The paths to these leaves are the actions
taken by the agents. This representation is called theextensive formof the game. This
form is especially convenient for games with sequential behaviour, i.e. when agents
take turns in acting. Using backward induction, agents can reason from the leaves,
where the payoffs and utilities are known, back towards the root node, being the first
action to take. At each internal node, the action leading to the best outcome is re-
membered. This approach views a subgame at every internal node and selects the
best action to take. The solution to this game is called a subgame-perfect equilibrium:
in each subgame, the best course of action is literally known. The subgame-perfect
equilibrium is a refinement of the Nash equilibrium.

UnfairFair
Bob

Acc

5,5

Rej

0,0

Alice
Acc

(10− ε),ε

Rej

0,0

Alice

(a) Ultimatum game

UnfairFair
Bob

Acc

5,5

Alice
Acc

(10− ε),ε

Alice

(b) Reduced ultimatum game

Figure 2.1: The “Ultimatum game” in it’s extensive form. Theright tree shows the
situation where Alice has already made up her mind on what action to play.

The “Ultimatum Game” (c.f. figure 2.1a) has two players: Bob and Alice. Bob is
given a sum of money to share with Alice. He may propose how to divide it, however,
if Alice does not accept his deal, no-one will get any money. In this simplified version
Bob has two actions, make a fair or unfair offer. The fair thing to do, would be to
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Game Theory 2.3 Repeated Games

divide the money evenly; alternatively, Bob may offer Aliceonly an arbitrarily small
percentage of the total sum, leaving her with more than she started with, but with a
much smaller gain then Bob, i.e. an unfair offer. Alice may accept or reject this offer.
She plays two subgames in which she is the only player. In bothgames she will play
“accept”, as she will not get anything if she plays “reject”.One level up in the tree has
Bob as a player, but the game has now changed, as playing “accept” is the dominant
strategy for Alice, as shown in figure 2.1b. Clearly Bob will now play “unfair”.

2.3 Repeated Games

So far, all games have had a single play, i.e. after fully playing their strategies, the
agents get to an outcome, receive their utility and the game ends. This type of game is
a stage gameand several solution concepts have been presented. Things change dras-
tically however when the game under consideration is to be restarted after an outcome
is reached: a repeated game.

As with a stage game, agents in a repeated game will try to maximize the total
utility they get from playing the game. This time however, utility is the sum of several
utilities received from the outcomes of every iteration of the game. It was already
mentioned that we play the driving game every day and we want to get maximum
utility from it each time. This repetition also changes the way agents arrive at an
equilibrium.

To study the new possible solutions to a repeated game, we need to further divide
this class of games intofinite and infinite (time) horizon games. This merely states
whether the number of repetitions is limited. This may at first seem trivial, but it
has severe impact on the solution. With a finite time horizon we may use backward
induction over the individual iterations of the game. This induction is based on the
assumption that future play will be done rationally. Suppose the prisoners dilemma
(see payoff table 2.2) is repeated twice, as shown in the extensive form in figure 2.3.
This looks just like any other extensive form game and may be treated as such. The
subgame perfect equilibrium solution of this game is easilyfound, as is indicated by
the green edges in figure 2.3. These are the rational choices of the players, the irrational
choices have been colored red. The completely green path from root to leaf shows the
equilibrium for this repeated game: both players will always defect.

Thus far repeating the game has not proved any more difficult than just playing it
once: though the game tree may become too big to use in calculations, theoretically
nothing changes. If the horizon is expanded infinitely however, things change dramat-
ically [27, 18, 1], as backward induction is no longer possible as there are no leaves to
start reasoning.3

One of the advantages agents have in repeated games is retaliation. Using this,
agents may punish opponents that have deviated from some socially optimal strategy.
This gives rise to thetrigger strategy: an agent will initially conform to the social
optimum, but switch to a punishing action as soon as the opponent has played an
unwanted action too many times.

In the infinitely repeated prisoners dilemma, this providesadditional equilibria, be-
sides defect-defect. All of these will have all agents cooperating, as this is the outcome

3The same situation occurs when none of the players know whichrepetition will be the last.
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Bob

Alice Alice

Bob

5,1510,10

Alice

6,615,5

Alice

Bob

0,205,15

Alice

1,1110,10

Alice

Bob

10,1015,5

Alice

11,120,0

Alice

Bob

1,116,6

Alice

2,211,1

Alice

Cooperate De f ect

Figure 2.2: Extensive form of the repeated Prisoners Dilemma.

socially, as opposed to individually, favored by both. These new equilibrium strategies
work through the fear of retaliation. As soon as Bob defects,thereby increasing his
payoff by 5, he will trigger Alice to also defect the next round, and rounds to follow.
Bob will have now received more utility than Alice, but less than he would have had if
he had cooperated, thus receiving less total utility. Consider the following sequence of
actions shown in table 2.3. Bobs total utility would have been 20 if he had not defected.

Action Total utility
Iteration Alice Bob Alice Bob

1 Cooperate Cooperate 5 5
2 Cooperate Defect 5 15
3 Defect Defect 6 16
4 Defect Defect 7 17

Table 2.3: Example sequence of the repeated prisoners dilemma with Alice playing a
trigger strategy.

As any rational player will always try to maximize his utility, the equilibrium strategy
to play here is cooperate, which differs from the stage game Nash equilibrium. There
is one more thing to keep in mind: the fear of retaliation mustbe valid. Two popular
punishing equilibrium strategies are thegrimm triggerandtit for tat. The grimm trig-
ger will punish an opponent by reverting to defect, and neverstop defecting, as soon as
the opponent stops cooperating. Tit for tat, or more generic: tit for n tats, will have the
punishing player defect until the opponent has resumed cooperating forn iterations.

The previous example shows that retaliation is a powerful force, and can make
agents move away from playing the stage game Nash equilibrium strategy and any
social optimum will dominate that Nash equilibrium. It may even dominate in a finitely
repeated game, if it is unknown which repetition will be the last. The social optimum
could quite possibly be the goal of the game. This optimum is also called a Pareto
optimum:

10



Game Theory 2.4 Bayesian Games

Definition 5 (Pareto optimal). An outcome of a game is called Pareto optimal, or
Pareto efficient, if no player can be better off without making another worse.

A trigger strategy is a solution to the repeated game, provided the punishment is
fierce enough. The equilibrium concept this strategy is a part of is calledEvolutionary
Stable State. An evolutionary stable state has the property that if all players use it, no
single player can use a different strategy and be better of inthe long run, i.e. no rational
alternative exists. If all agents in the prisoner’s dilemmaplay the trigger strategy and
one decides to defect, he will not be better off. Always-defect however, is also an
evolutionary stable state in this game. We will further investigate evolutionary stable
states in section 4.2.

2.4 Bayesian Games

The games discussed thus far were clear to all players. All agents had the same in-
formation and all the actions were known to each player. A game in which all actions
are known to all players is called a game withcompleteinformation, which refers to
the structure of the game. If all information is known, the game is called a game with
perfect information, referring to the game’s state. In the real world, most games are
either incomplete or imperfect or both.

Provisions for games with incomplete and imperfect information have already been
made in definition 1. Each playeri has private informationθi (imperfect information)
and a private action setAi (incomplete information). The prisoner’s dilemma (table
2.2) is a game of complete information as all possible actions are known to both play-
ers. It is also a game of imperfect information, since neither player knows what the
opponent’s action is when they play theirs.

In an extensive form game, where each node shows a state of a game, the un-
certainty about other player’s actions can be visualised using information sets. An
information set is a collection of nodes in an extensive formgame in which an agent
can be at any time. In which of these nodes the game really is, depends on the action
played by the opponent, and is unknown by the agent. Figure 2.4 shows Bob and Alice
playing the prisoner’s dilemma. When Alice decides which action to take, she cannot
tell whether Bob is cooperating or defecting, indicated by the dotted line. Her infor-
mation set contains two nodes, one for each possible situation. In this case, defecting
will still be the rational choice, as it is the dominant strategy. In a game of perfect
information each information set contains exactly one node.

Bob

0,105,5 1,110,0

Alice

Cooperate De f ect

Figure 2.3: The information set for Alice when playing the Prisoner’s Dilemma. Alice
does not know in which state the game is.
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Games with imperfect information form a class calledBayesian Games. Each
player i in a Bayesian game has atypeθi that fully describes his private information.
Though players do not know the true type of their opponents, they do have beliefs
about them. These beliefs form a type spaceΘi for playeri.

Definition 6 (Bayesian game). A Bayesian game extends the game defined in definition
1 by providing a type-profileθ = (θ1, . . . ,θn): an n-tuple of types, one for each player.
This type-profile comes from the joint type space of all typesbelieved to be in the game
Θ = Πn

i Θi . When focusing on a player i’s opponents, the type-profile ofthese oppo-
nents is called a deleted type-profile, denoted asθ−i = (θ1, . . . ,θi−1,θi+1, . . . ,θn) ∈
Θ−i . A strategy in a Bayesian game now becomes a function si : Θi → Ai.

As agents may find themselves in several nodes of the game treeat once, due to the
uncertainty of an opponent’s actions, subgame perfect equilibria may not be available.
To find a solution in a Bayesian game, John Harsanyi proposed introducing a new
player, often called “Nature” or “Chance” [10].4 Chance will be the first to move and
selects a type-profile fromΘ and reveals each player his type. Chance selects this
type-profile using a probability distribution overΘ, p∈ ∆Θ, when it makes its initial
move. This probability distribution is assumed common knowledge, i.e. all agents
know it, and each player may derive his beliefs about his opponents’ types form it.
The belief playeri has, may be seen as a conditional probability ˆpi(θ−i |θi) ∈ ∆Θ−i:
the probability that deleted type-profileθ−i is used in this game, given the player’s
own typeθi (which is obviously known).

The solution concept for this type of game is a generalization of the Nash equilib-
rium, a Bayesian-Nash equilibrium. Rather than using the utility for evaluating strate-
gies, agents use theexpectedutility they receive, distributed according to the common
knowledge distribution used by the chance player.

Definition 7 (Bayesian-Nash Equilibrium). A set of strategies s∗ = (s∗1(θ1), . . . ,s∗n(θn))
is a Bayesian-Nash equilibrium if for every agent i,θi ∈ Θi and si 6= s∗i :

E
[

ui(o(s∗i ,s
∗
−i),θi)

]

≥ E
[

ui(o(si ,s
∗
−i),θi)

]

.

Consider Alice has an item she wants to sell to Bob or Carol in an auction. Bob and
Carol have a private valuation for the item, taken uniformlyfrom Θi = [0,1], i.e.θi ∼
U(0,1). Alice’s rules are that both players make a private bid and the highest bidder
wins the item. It would seem reasonable for both players to bid low, but this way they
risk not getting the item even though they may value it more than the other. So they
will have to bid higher, until they reach some cutoff value. This value turns out to
depend on the payment scheme Alice has in mind.

Since neither player knows the opponents valuation, they have no idea what to bid.
Both players will try to maximize theirexpectedutility, which simply is the difference
between their valuationvi = θi and the price they pay; not winning yields a utility of
0:

ui(p) =

{

vi − p if player i wins
0 otherwise

.

4 Harsanyi was awarded the Nobel Memorial Prize in Economics for this work, together with John
Nash and Reinhard Selten.
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If Alice has the winning player pay his bid, Bob will bid the value maximizing his
expected utility:

E [uBob(bBob)|bBob] = p(bBob > bCarol)(vBob−bBob).

To get to the probability of winningp(bBob > bCarol), Bob guesses Carol will bid some
fraction 0< α≤ 1 of her valuation, yieldingp(bBob> αvCarol) = p(vCarol < bBob/α) =
bBob/α asvCarol ∼U(0,1). Now Bob can find the value to bid by differentiating with
respect tobBob:

E [uBob(bBob)|bBob] =
bBob

α
(vBob−bBob),

d
dbBob

(

bBob

α
(vBob−bBob)

)

= 0,

bBob =
vBob

2
.

As the same logic applies to Carol, both players will bid onlyhalf their valuation. Even
though this is not their true valuation of the item, the players receive a higher expected
utility.

If Alice will set the price at the second highest bid, both players will bid their
valuation: Bob notices that whenbCarol < vBob any bidbBob≥ bCarol is optimal (Bob
will pay Carol’s bid), and whenbCarol ≥ vBob any bidbBob < bCarol is optimal (Bob
will not win). Bidding bBob = vBob solves both inequalities. This approach will yield
better results for Alice.
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Chapter 3

Mechanism Design

Mechanism design is often called the inverse of game theory:where game theory
studies how to act in a way that is most beneficial to the agent given a set of rules,
mechanism design studies how to set the rules in order to haveagents act in a way
most beneficial to the designer. The previous chapter has shown games with clear
rules for every player. There was no greater agenda, each agent was solely interested
in its own utility. We will now focus on games that have been specifically designed
with a greater goal in mind.

Leonid Hurwicz has been considered to be the founder of mechanism design the-
ory in the early 1960s.1 His view contained agents exchanging messages to a central
algorithm that combines them into an outcome. His mechanismwould define rules for
the exchange of messages and the goal was to implement desired outcomes as equilib-
ria. Interested readers should refer to Nisan et al. [21, 20]and Dash et al. [9].

In order to get a firm grasp of the theory, some mechanism design basics will
be discussed, together with a number of problems it was first applied to. After this,
concepts such as truthfulness and the revelation principleare presented, which will
lead to some important results in mechanism design.

3.1 Concepts of Mechanisms

For as long as economics has existed, studies into the efficient allocation of goods and
services have been conducted. With the introduction of gametheory many situations
could adequately be described and predicted. In a free market with a “sufficient” num-
ber of traders, the goods they trade will have a “fair” price;this price is an equilibrium
inherent in this type of market. Things change quickly however, when the number
of traders becomesinsufficient, or the goods are public goods, e.g. health care orthe
decision to build a road.

In situations where the equilibrium solution is not efficient, rules need to be set
to force the equilibria to be efficient, or rather: implementefficient outcomes to be
equilibria. As we have seen in the previous chapter, multiagent systems, modelled

1 Hurwicz was awarded the Nobel memorial award in economics in2007, together with Myerson
and Maskin, for laying the foundations of mechanism design.A thorough overview of his work as well
as the entire field of mechanism design can be found in the report accompanying the Nobel award. It is
available athttp://nobelprize.org/nobel_prizes/economics/laureates/2007/ecoadv07.pdf.

15



3.2 The Revelation Principle Mechanism Design

as games, may have multiple equilibria, and making all theseoutcomes efficient has
proved quite hard indeed. More generally speaking, designers of mechanisms will try
to implement outcomes as equilibria that maximize a very specific outcome function.
These functions can be measured in agent utility, such as a social optimum, or in
money, e.g. total revenue for a seller in an auction.

To aid in the implementation of efficient equilibria, mechanism designers use in-
centives. The mechanism will provide agents with somethingthey like if they act
according to the designer’s wishes. The most intuitive formof incentive is money.
Besides providing an outcome function, the social choice function, mechanisms with
money will also implement a separatepayment function.

Definition 8 (Mechanism). A mechanismM = 〈I ,O, f ,(Θi , pi ,ui)i∈I 〉 contains a set of
possible outcomes O, a set of agents I of size N and a social choice function f: Θ→O.
Each of these agents i has a type spaceΘi , with Θ = ΠN

i=1Θi the joint type space of the
agent population I, and a payment rule pi : Θ → R. The agent’s utility ui depends on
his typeθi ∈ Θi , the outcome o∈ O and the payment rule pi .

The use of payment as an incentive leads to a desirable property for mechanisms:
budget balance. This property states that a mechanism does not require any payments
coming into and flowing out of the mechanism, i.e.∑i pi(θ) = 0. The weaker notion of
budget balance will only constrain the payment entering themechanism:∑i pi(θ) ≥ 0.
Furthermore, agents should not be forced to enter a mechanism. This is known as
individual rationality or the participation constraint. Intuitively, this means agents
expecta higher utility by participating in the mechanism than without participating:

Definition 9 (Individual rationality). A mechanism is individual-rational if for each
typeθi , its social choice function f(θ) has

E [ui( f (θi ,θ−i))] ≥ E [ūi(θi)] ,

where ui( f (θi ,θ−i)) is distributed according to pi ∈ ∆Θ−i, which is derived from the
commonly known distribution, and̄ui(θi) is the utility the agent would receive if he did
not participate.

As illustrated by the auction example in section 2.4, it may benefit an agent in a
mechanism to report a typeθ′i that is different from its true typeθi . This will, in most
cases, result in a less than efficient outcome. Mechanism designers will try to make
agents report their true type by setting rules and incentives. This leads to the notion
of truthfulness in the mechanism. An agent is truthful when he reports his true type,
i.e. for everyθi ∈ Θi : s(θi) = θi . Closely related to truthfulness isincentive compati-
bility: A mechanism is incentive compatible when truthfulness is the equilibrium solu-
tion, more specifically: truthfulness is the dominant strategy, i.e.s∗(θ) = {θ1, . . . ,θn}.

3.2 The Revelation Principle

In many situations it is useful to have agents report their type in a single step, rather
than spread out over several steps, like in an English (ascending price) auction. Mecha-
nisms that have this property are calleddirect-revelation mechanisms. Direct-revelation
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mechanisms are a simple mathematical abstraction and not all may have a real world
application. They are however relatively easy to study. Once an optimal direct-
revelation mechanism has been identified, designers can “easily” translate it back to
a specific mechanism. It has been shown that any equilibrium that may be achieved
by any mechanism can also be implemented in a direct-revelation incentive compat-
ible mechanism, i.e. agents report their true type in a single step. This is called the
revelation principle. Note that this does not influence the value of the outcome, the
same result will be attained, only in the direct-revelationincentive compatible mecha-
nism true types are reported and all these are received in a single step. The revelation
principle has been applied to a wide range of mechanisms, including mechanisms with
multiple stages and agents having hidden actions. It turns out that the class of direct-
revelation mechanisms is broad enough to have a truthful version of each mechanism,
while being a relatively small set [37].

Proposition 10 (Revelation Principle). Given a mechanism that implements a so-
cial choice function f in dominant strategies, there also exists an incentive compat-
ible direct-revelation mechanism implementing f in dominant strategies. Payments of
agents are equal to the payments in the original mechanism.

The revelation principle in this form, implementingf in dominant strategies, is
the strongest form. Mechanism designers prefer to implement equilibria in dominant
strategies, because it enables agents to select a strategy without knowledge of other
agents or any other outside information. Weaker versions also hold, e.g. any mecha-
nism implementingf in a Bayesian-Nash equilibrium also has an incentive compatible
version. A proof for the above proposition is given in [20].

Auctions are a perfect example of a mechanism used to solve anallocation prob-
lem. Several formats exist: English (ascending price), Dutch (descending price) and
more exotic types, but none of these will motivate agents to bid their true valuation.
In an English auction format bidders will keep raising the current bid until it matches
their private valuation or they win. There is no incentive toprovide the private infor-
mation. The winning price will, at least theoretically, be equal to the second highest
bid, as at that point the winning bidder is the only bidder left who is willing to pay that
price and will certainly not bid more.

The direct mechanism for this auction is the Vickrey auction: each bidder provides
a sealed bid to the auctioneer, who proceeds to award the itemto the highest bidder.
The winner will pay the second highest bid, which is the same result as the (theoreti-
cal) price of the original English auction. In this mechanism there is no need to hide
private information. Though there is no obligation to be truthful, providing false in-
formation may result in either paying too much, not getting the item at all or has no
effect: truthfulness is the dominant strategy. The Vickreyauction is a classic exam-
ple implementing the outcome of (e.g.) an English auction inan incentive compatible
mechanism.

For agents with quasilinear utility functions, i.e. havingutility functions of the
form u(·) = v(·)− p, the Vickrey-Clarke-Groves (VCG) family of mechanisms is the
class of mechanisms that are both incentive compatible and are (weakly) budget bal-
anced. We have already seen the Vickrey auction as a member ofthis family [25].
When an agenti reports typeθ′i , which may or may not be his true type, the VCG
mechanism will computeo∗ = argmaxo∈O ∑i vi(o,θ′i), the (global) optimal outcome
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given the reported types. The payment rule ispi = hi(θ′−i)−∑ j 6=i v j(o∗,θ′j), where
hi : Θ−i → R is an arbitrary function. By choosing some function independent of
agenti’s valuation, the designer makes it impossible for an agent to directly influence
his payment. The utility function for agenti, as it is quasilinear, will now be:

ui(o
∗, pi ,θ′i) = vi(o

∗,θi)+ ∑
j 6=i

v j(o
∗,θ′j)−hi(θ′−i),

which maximizes forθ∗i = argmaxθi∈Θi vi(o(θi ,θ′−i),θi) = θi , i.e. at a truthful revela-
tion. Two things are important here: 1) the agent should realize that truth-revelation
will lead to the outcome he favors most (given other players’type revelations), and 2)
his revealed type has no influence on the payment he will have to make.

Having a direct-revelation incentive compatible mechanism according to the rev-
elation principle is very useful. However, as incentive compatibility is only one of
the desired properties of a mechanism, it should also facilitate others, such as bud-
get balance and individual rationality. Unfortunately it has been shown that for many
situations, combinations of these properties are not possible [25].

The most important impossibility result is by Gibbard and Satterthwaite, who
showed that a mechanism with a social choice function implemented in dominant
strategies with|O| ≥ 3, is adictatorship. When a mechanism is a dictatorship, there
is one agenti with the property that the social choice functionf strictly preferso over
o′ wheneveri strictly preferso overo′. The most intuitive example of a dictatorship,
with agenti the dictator, iso = argmaxo∈Ovi(o,θi). This implies that there exists no
incentive compatible mechanism with more than two outcomes, implemented in domi-
nant strategies, where the agents can have any type of utility function, that has a Pareto
efficient outcome. Other impossibility results have been added for more specific set-
tings, e.g. by Hurwicz, and by Myerson and Satterthwaite. Hurwicz’ theorem states
that there is no direct mechanism implemented in dominant strategies and whose out-
comes are both efficient and individually rational. Myersonand Satterthwaite showed
the non-existence of direct mechanisms achieving efficientoutcomes having budget
balance and individual rationality implemented in Bayesian-Nash equilibria (which is
a much weaker equilibrium than dominant strategies).

If, however, additional constraints are used, e.g. on the type of utility function or
the solution concept, the Gibbard Satterthwaite result mayno longer hold. The VGA
class of mechanisms needs quasilinear utility functions toescape from the dictator-
ship. Using these, the mechanism is able to achieve an efficient outcome implemented
in dominant strategies, while also providing individual rationality and weak budget
balance.

When a designer has sufficiently constrained the scope of themechanism to be
able to find a direct mechanism having the right properties, he may find it to be NP-
complete: it may have exponential cost in communication or in computation of the
social choice function, or both. A combinatorial auction, where several goods are
to be sold in an unknown partition, has no tractable mechanism. One solution to this
problem is to find a mechanism according to the revelation principle thatapproximates
the original social choice function. Lavi and Swamy [15] provide an approximation
technique using linear programming that yields mechanismsthat are truthful in expec-
tation, i.e. truthfulness is the Bayesian-Nash equilibrium. This approximation mecha-
nism for a combinatorial auction achieves an approximationguarantee ofO(

√
m), with
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m the number of items. The subfield of finding incentive compatible approximation
mechanisms is called algorithmic mechanism design [21, 20].2

Alternatively, designers can let go of truthfulness as an equilibrium strategy. Conitzer
and Sandholm show in [6], that for a mechanism that tries to optimize social welfare,
without the use of payments, even with only two agents, thereexists a family of mech-
anisms that performs only polynomial computations, and makes finding a beneficial,
non-truthful revelation by the agent NP-complete. If the agent does succeed in finding
such a beneficial, non-truthful revelation, the social welfare will be equal to the social
welfare in any optimal truthful mechanism. If he does not, the welfare produced will
be strictly better than that produced by any optimal truthful mechanism. They show a
similar result for communicationally intractable truthful mechanisms.

2Interested readers should refer to the tech talk Noam Nisan gave entitled “Algorithmic Mechanism
Design”, c.f. Appendix A.
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Chapter 4

Learning

Multiagent learning has recently become very popular among(algorithmic) game the-
orists. As computing (Nash) equilibria is often intractable, agents inferring the best
action to play based on some heuristic may provide a good approximation, see Shoham
et al. [30].

Repeated mechanisms have the opportunity to adapt their rules and incentives be-
tween iterations. This way, a changing agent population maybe countered and the
mechanism’s total outcome will improve. For this to happen,a way to find a best re-
sponse to play in the next iteration must be found. This property is available in many
algorithms in the field of machine learning and artificial intelligence, c.f. [28]. Many
depend on past experiences and select a best action based on this history.

This chapter will discuss two methods of using observed datato choose an action
that will most likely lead to the best result: ReinforcementLearning and Evolution-
ary Game Theory. For each of these learning algorithms, we will look at both their
workings as well as their application to multiagent systems.

4.1 Reinforcement Learning

Reinforcement Learning is a very simple and intuitive concept: reward good behaviour
and punish bad. The subject of learning will eventually realize which behaviour ends
in reward and more often take these “good” actions. Animals are trained in this fash-
ion, rewarding them after successfully completing a trick and punishing them when
failing. Reinforcement learning is a well researched subject in the fields of artifi-
cial intelligence and machine learning and is making its wayinto a multiagent setting
([35, 13, 16, 17]). A thorough introduction is given by [32].

Learning by interacting with the environment is central to reinforcement learning:
focusing onsensation, action and goal, reinforcement learning will teach an agent
which action to take in order to maximize his goal using sensation. By learning from
experience the agent will register consequences of his actions. This will allow him
to map situations to actions to take when he finds himself in that situation. What
action to take will need to be discovered by trial and error. Each action taken will lead
to a reward or punishment (low or negative reward), depending on the situation the
agent is in. Note that the agent is not told whether his actionwas the “right” action
to play, he only receives a reward. Learning agents will try to maximize the total
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reward they receive when acting in different situations. However, actions may affect
not only immediate rewards, but also future rewards. Trial and error and the possibility
of delayed rewards are very important in reinforcement learning.

To have agents learn, reinforcement learning uses four tools: 1) apolicy, 2) a
reward function, 3) avalue functionand 4) optionally amodel. A policy provides a
mapping from (perceived) states to actions. Each time an agent acts, new rewards are
received and this policy may need updating. The reward function maps the (perceived)
state to a reward, usually a number. This can be compared to the utility an agent
receives at the end of each iteration of a repeated mechanism. Maximizing this total
reward is the goal of the learning agent. The value function shows the total expected
future reward when an agent is in a state. Whereas the reward function shows the
immediate desirability of a state, this function indicatesthe long-term desirability of a
state. The value function will also need constant updating as new actions lead to new
rewards. Finally, the model will provide the agent with an idea of how the environment
works.

The value function is the most important tool for a learning agent. Actions are
selected based on these values: actions that lead to states with a high value yield more
total reward in the long run. Acting based on the reward function would only bring im-
mediate reward and ignores any delayed rewards that the action may lead to. Without
the reward function however, the value function could not becalculated.

A learning agent must find out which action would be best in a given situation: the
agent must try different actions to determine to what rewardthey lead. This process
is calledexploration. By exploring actions in different states, the policy that maps
states to actions, i.e. the policy tells the agent how to act in the given state, will be
refined. Ideally, when a policy is sufficiently refined, the agent will exclusively use
this mapping and will no longer investigate potential better actions. The agent has
changed switched toexploitation. As it is very hard to determine this moment, both
exploration and exploitation are used alternately.

Exploitation of experience can be illustrated using a simple example. Each action
has a valueQ(a), which is the reward for playing actiona. As this can only be an
expected value, we denote the true valueQ∗(a). The law of large numbers allows us to
construct an unbiased estimator ofQ∗(a) at timet, usingQt(a) = (r1 + . . .+ r#a)/#a,
with #a the number of times actiona has been selected andr i the reward received.
Exploitation (greedyselection) would selecta∗ = argmaxaQt(a) at timet, exploration
would select any other action. Greedy selection will only exploit and introducing a
parameter 0< ε < 1 will have the selection algorithm explore with probability ε. This
method is calledε-greedy action selection and easily outperforms greedy algorithms.

More sophisticated methods for action selection exist. Rather than just selecting
the action having maximal expected value,softmaxaction selection can be used. The
selection rule assigns a probabilityπt(a) (at timet) of selection to the action based on
the value it has:

πt(a) =
eQt(a)/τ

∑a′∈AeQt (a′)/τ .

The parameterτ > 0 is thetemperature: higher temperatures favor exploration. The
action selection methods discussed do not take the current state into account, such as
was prescribed in the description.

22



Learning 4.1 Reinforcement Learning

The policy, reward function and value function all use the current state to calculate
their value. This current states is used to form a probability of the next states′ when
playing actiona and for the reward that is to be expected. Both the probability of next
states′ P a

ss′ and expected rewardR a
ss′ are conditioned on the current state:

P a
ss′ = Pr

[

st+1 = s′|st = s,at = a
]

R a
ss′ = E

[

rt+1|st = s,st+1 = s′,at = a
]

.
(4.1)

Conditioning only on the current state, as opposed to the entire history of states,
actions and rewards that have been observed, is only possible if the environment has
theMarkov property. In this case, the Markov property states, roughly speaking, that
all information encountered in the entire history, is also available in the current state.
Each statesk is seen as a realizationXk of a random variableX and afterk realizations,
the probability of thetth next realization beingXk+t = j, depends entirely on the value
of current statesk:

Definition 11 (Markov property). The Markov property states that no knowledge of the
history is needed to make expectations about the future, i.e. all information needed for
prediction is available in the current state: For a Markov process Xt and{0, . . .k}, t ≥
0 and i1, . . . , ik, j ∈ X as realizations of X, we havePr[Xk+t = j|Xk = ik, . . . ,X1 = i1]=
Pr[Xk+t = j|Xk = ik].

Systems that have the Markov property (or in short: are Markov), are called a
Markov decision process (MDP). In most practical applications, the environment does
not have the Markov property: the true state may not be fully observable (a partially
observable Markov decision process), or more of the historyis needed (the system is
not Markov at all). However, reinforcement learning will still provide good results,
even if the environment only approximately has the Markov property. The better this
approximation, the better the results.

Using the assumption that the environment is (approximately) Markov and equa-
tions 4.1, value functions for learning can be constructed.Two types of value functions
exist: taking only the state or both the state and an action. These functions indicate
how good it is to be in a state and how good it is to perform a specific action in a
state respectively. The notion of “goodness” is expressed in terms of expected reward.
The probability distribution used by the value functions tocompute this expectation
is provided by the policyπ, whereπ(s,a) denotes the probability of playing actiona
while in states. The value functions shown are known as theBellman equations:

Vπ(s) = E[R(t)|st = s]

= ∑
a∈A(s)

π(s,a) ∑
s′∈S

P a
ss′

[

R a
ss′ + γVπ(s′)

]

,

Qπ(s,a) = E[R(t)|st = s,at = a]

= ∑
s′∈S

P a
ss′

[

R a
ss′ + γQπ(s′,a)

]

.

(4.2)

In equation 4.2R(t) = ∑t
i=1 r i is used to denote the total reward. When the expected

future reward is needed, the individual rewards are discounted, in order to make a
(potentially) infinite sum yield a value:R(k) = R(t) + ∑k

i=t+1γi−t−1r i . A discount
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factor γ = 0 has the agent act myopically, i.e. only maximize immediatereward, and
asγ → 1, the agent will be more interested in the long-term returns.

Policiesπ can be compared using their respective value functions, i.e. π ≥ π′ if
Vπ ≥ Vπ′

. As there may be more then one optimal policy, the value functions they
represent are the same:V∗. The optimal value function is given byV∗(s) = maxπVπ(s)
for all s∈ Sand the optimal action-value function byQ∗(s,a) = maxπ Qπ(s,a) for all
s∈ S,a∈ A. Using these optimal policies,Q∗ can be written in terms ofV∗:

Q∗(s,a) = E [rt+1 + γV∗(st+1)|st = s,at = a] .

These optimal functions lead to theBellman optimality equations:

V∗(s) = max
a

Q∗(s,a)

= max
a

E [rt+1 + γV∗(st+1)|st = s,at = a]

= max
a ∑

s′∈S

P a
ss′

[

R a
ss′ + γV∗(s′)

]

,

(4.3)

Q∗(s,a) = max
a

E

[

rt+1 + γmax
a′

Q∗(st+1,a
′)|st = s,at = a

]

= max
a

∑
s′∈S

P a
ss′

[

R a
ss′ + γmax

a′
Q∗(st+1,a

′)

]

.

(4.4)

Both the value function and the action-value function have now taken a form that
is independent of the policy used. WhenP a

ss′ andR a
ss′ are known, there is a unique

solution to these equations for finite MPDs.

4.1.1 Function Approximation

Learning using the (optimal) Bellman equations has one limitation: the number of
states in the system must not be too big. As all states have to be explored in order to
decide what action is optimal in any situation, it will take an agent longer to learn as
the number of states increases. To increase the learning rate, function approximation
may be used.

Function approximation allows a learning agent to update beliefs about multiple
states at once. This means that only a relatively small fraction of the state space needs
to be explored to have the agent decide on his actions. The agent will replace the true
function, e.g. the value functionVπ, with a parametrized function using a vector of
parameters̄θt . After each action, the environment’s response will lead toa change in
this vectorθ̄t → θ̄t+1. This way, a small change in the parameters, induced by a single
encountered state, will update the value function for many other states. The size of̄θt

is much smaller then the number of states in the system, improving the learning rate
of the agent.

Many different methods may be used for approximating functions. The field of
machine learning offers many examples of supervised function approximation tech-
niques.1 As reinforcement learning is a non-supervised and online learning scheme,

1Supervised learning involves a “teacher” telling the learning method whether the right choice has
been made and if not, what the right choice would have been. Learning this way uses a static training set
which is used several times to have the agent learn.
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each interaction with the environment is used as a training example for the supervised
method.

To measure how well the parametrized function approximatesthe true function,
the mean squared error is used:

MSE(θ̄t) = ∑
s∈S

Pr(s)
[

Vπ(s)−Vθ̄t
(st)

]

,

whereVπ is the true value function and Pr(s) is the probability that a states is en-
countered, which may be bootstrapped. The true valueVπ(st) is in many situations
unknown and the agent may keep a backed up value, e.g. the sample mean, as an
unbiased estimator of this true value. As encountered states are used as training ex-
amples for the supervised learning method, it is natural to select training examples
using the same distribution. The goal of the approximation is to find theθ̄∗ such that
MSE(θ̄∗) ≤ MSE(θ̄) holds for allθ̄.

Using the mean squared error leads to a local optimum when using complex ap-
proximation such as Artificial Neural Networks. In some situations, theMSE may
diverge and no suitable vector is found. The most widely usedmethod for function ap-
proximation that guarantees both a global optimum and a convergingMSE is Gradient
Descent. It uses a straightforward update rule.

θ̄t+1 = θ̄t −
1
2

α∇θ̄t
[Vπ(st)−Vt(st)]

= θ̄t + α [Vπ(st)−Vt(st)]∇θ̄t
Vt(st),

where∇θ̄t
is the vector of partial derivatives ofVt . The factorα is a positive step

size parameter and should conform to two constraints in order to converge to a local
optimum:

∞

∑
i=0

αi = ∞

∞

∑
i=0

α2
i < ∞.

(4.5)

When each parameterθ(i) is linear, each corresponding partial derivative∇(i)
θ̄t

contains
a single term, and the approximation will lead to a global optimum.

4.2 Evolutionary Game Theory

In 1973 John Maynard Smith and George Price were looking to model biological evo-
lution. In their work [19] the authors used the concepts of rational agents and the
theory of games to achieve this. What became known as evolutionary game theory
(EGT) enabled biologists to model different inheritable characteristics of a species of
animal and determine why some would prevail over time while others would perish.

Using game theory, biologists would model inheritable characteristics, such as skin
coloration or the size of antlers, as strategies for agents:individual animals in a popu-
lation. The goal of these agents is to have the most descendants, so payoff is provided
by Darwinian fitness. For a short introduction in EGT from a biological perspective,
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refer to [31]. The models invented using evolutionary game theory even explain why
some characteristics could periodically nearly be lost, only to return to become almost
dominant. Game theorists have then taken EGT back from biologists to study how
the distribution of strategies in a population of agents evolves as a game is repeated;
Recently, EGT has found its way to mechanism design [4, 26].

EGT approaches can roughly be placed into two groups: a) using evolutionary sta-
ble statesand b) creating a model of the evolutionary dynamics. The former method,
the approach taken by Maynard Smith and Price, aims to identify states, i.e. distri-
butions of strategies in the population, that are stable. Stability indicates that small
perturbations in the distribution will have no lasting effect: in time the population will
return to the stable state.

Using evolutionary stable states, biologists are able to model evolutionary pro-
cesses like genetic drift. To model the other major process,mutation, the concept of
evolutionary stable strategy(ESS) was introduced. A mutation is seen as a new, exter-
nal strategy entering the system. Both concepts are related, as both indicate a strategy
distribution in the population. However, evolutionary stable states need not coincide
with evolutionary stable strategies. Whereas an evolutionary stable state describes sta-
bility againstinternal strategies, an ESS captures stability againstexternalstrategies.

Nature allows successful genetic variations to prosper using survival of the fittest.
Evolutionary game theory attempts to incorporate the same scheme to increase suc-
cessful strategies and decrease others. Agents are modelled to have pair-wise interac-
tion; agents play a stage game against a random opponent, using a strategy selected
randomly according to the strategy distribution. After each interaction, this distri-
bution is updated, favoring the successful, using some dynamics. Several models of
these dynamics have been proposed, differing in assumptions on the population, such
as availability of information and intelligence.

The theoretical framework for modeling evolutionary dynamics assumes an infinite
sized population. This allows the individual fractions of strategies in the population to
be differentiable with respect to time. The model consists of a system of differential
equations, one for each strategyi available. Theith differential equation indicates the
increase or decrease of the fraction of the population usingstrategyi.

To form an intuition about modelling the evolutionary dynamics, we will show
an example model using the prisoners dilemma, c.f. table 2.2for the payoffs. Each
strategy, Cooperate (C) and Defect (D), has an initial fitness(FC,FD) and fraction
(pC, pD, with pC+ pD = 1), the initial distribution of the strategies over the population.
Strategy fitness is denotedWC andWD (recall that fitness is the payoff for a strategy),
the average fitness of the entire population is denotedW̄ = pCWC + pDWD. The fitness
of each strategy can now be calculated using:

WC = FC + pCF(C,C)+ pDF(C,D)

WD = FD + pCF(D,C)+ pDF(D,D),

with F(a,b) the fitness (payoff) received when playing strategya againstb. This
system simply defines fitness as the sum of the expected fitnessand the initial fitness.
It is then assumed that the new proportions are related to thecurrent proportions and
the payoffs received, according to:

p′i =
piWi

W̄
,
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Rock Paper Scissors

Rock
0 1 0

0 0 1

Paper
0 0 1

1 0 0

Scissors
1 0 0

0 1 0

Table 4.1: Payoff matrix for the Rock Paper Scissors game.

from which a differential equation can be derived:

dpi

dt
= p′i − pi

=
piWi

W̄
− pi

=
pi(Wi −W̄)

W̄
.

These equations show how each strategy increases and decreases over time, i.e. be-
tween iterations.

We have now defined enough tools to analyse this game. AsF(D,C) > F(C,C)
andF(D,D) > F(C,D), it follows thatWD > W̄ > WC and, more importantly,dpD

dt > 0

anddpC
dt < 0. This indicates that no matter what distribution of strategies the population

starts with, eventually each agent will end up only playing Defect: (Defect, Defect) is
an evolutionary stable state. Only the initial distribution with every agent playing Co-
operate would not lead to this result. In this case however, Defect could be interpreted
as an unavailable strategy, an external invader. As an invader, Defect would quickly
gain popularity and the population would again move towardsonly defecting agents,
making Defect (in this case) both an evolutionary stable state and an ESS.

With the system of differential equations, we can plot a direction field in the unit-
simplex. Each point in the simplex corresponds to a distribution of strategiesx. N
available strategies requireN differential equations that lead to a direction field in the
unit N-simplexSN. Table 4.2 shows the payoff matrix of the “Rock Paper Scissors”
game. This game has three strategies and no pure strategy Nash Equilibrium. Fig-
ure 4.1 shows the corresponding unit 3-simplex containing the direction field of the
dynamics.

Rest points are evolutionary stable pointsx ∈ SN. The corners of the simplex
are always rest points and there may be an additional rest point in the interior ofSN.
Finding the latter rest point depends on the model of the dynamics used. The interior
rest point in figure 4.1 is the limit of an orbit at(1/3,1/3,1/3). Rest points in the
simplex are useful indicators for the analysis of the game [12]:

1. if x is a Nash equilibrium, it is a rest point

2. if x is astrict Nash equilibrium, it is asymptotically stable2

2Asymptotic stability means that not only do initial conditions close to the pointx stay close tox
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Figure 4.1: Unit 3-simplexS3 with evolutionary trajectories of strategies.

3. if x is the limit of an orbit, then fort → ∞, it is a Nash equilibrium

4. if rest pointx is stable, it is a Nash equilibrium

It is easily verified that these properties hold for Rock Paper Scissors in figure 4.1;
indeed,(1/3,1/3,1/3) is the single (mixed strategy) Nash equilibrium of the game.
The inverse of any of the four properties donot hold in general.

Replicator Dynamics The most intuitive and most widely used model of evolution-
ary dynamics is known as theReplicator Dynamics. As before,x ∈ SN denotes the
distribution of strategies (the replicators) over the population: eachxi signifies the rel-
ative frequency of strategyi. It is assumed that thexi are differentiable with respect
to time (which requires an infinite population). Now the dynamics can be modeled as
motion in time:x(t). Using the payoff matrixA, the success of each strategy against
another is measured, the expected payoff for any agent playing strategyi is given by
(Ax)i , the average population payoff isx ·Ax. Finally, it is assumed that the per capita
rate of growth is given by the difference between the expected payoff when playingi
and the population average payoff [12] and [3, section 2.5]

ẋi = xi ((Ax)i −x ·Ax) ,

with ẋi the derivative ofxi with respect to time. The interior rest point for this systemis
x for which each(Ax)i = x ·Ax, so each ˙xi = 0. x is found as a solution(Ax)1 = . . . =
(Ax)n, which generically has at most one solution. Under certain conditions, these
replicator dynamics reduce to the reinforcement learning discussed in section 4.1 [34].

Using the replicator dynamics the conditions for an ESS can be derived. A strategy
profile p ∈ SN is evolutionary stable if it is more successful then any other strategy

(stable), they also approachx asymptotically (in the limit ast →∞). It imposes restrictions on trajectories,
making it stronger than stability.
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profile p′ 6= p, provided that the frequency forp′ is sufficiently small, below some
“invasion barrier”. Withx the frequency of the invader and

ẋ = x(1−x)
(

x(p′ ·Ap′−p ·Ap′)− (1−x)(p ·Ap−p′ ·Ap)
)

,

the rest point withx = 0, i.e. the invader looses and dies out, is asymptotically stable
if two conditions are met:

equilibrium condition p ′ ·Ap ≤ p ·Ap, or: the ESS must performat leastas well as
the invader against the ESS.

stability condition If p′ ·Ap = p ·Ap thenp′ ·Ap′ < p ·Ap′, or: If an invader performs
as well against an ESS, it must perform worse against itself then an ESS.

Other models of evolutionary dynamics also exist. The replicator dynamics require
a discrete set of payoffs, so a payoff matrixA can be used. A more general variation
also allows for non-linear payoff functions to be used:

ẋi = xi (ai(x)−a(x)) .

Again,ai(x) denotes the expected payoff for strategyi when playing a population with
distributionx anda(x) = ∑i xiai(x) denotes the average population payoff.

Imitation Dynamics Both models mentioned assume information is available to the
entire population. This includes the expected payoff for playing a strategyi and the
average population payoff. In many situations this information is not available. A
different approach is taken by theImitation Dynamics, c.f. [11, section 8.1] and [38].
Imitation dynamics focuses on the success of strategies played by an agent’s neigh-
bours. The assumptions on the availability of general information about the entire
population are now reduced to the assumption of visibility of a neighbour’s strategy
and associated success.

At discrete times, an agent compares his information with that of his neighbours.
Based on these observations, the agent may update his strategy. These dynamics will
favor strategies that have provided a higher utility for theneighbours, not necessarily
with a higher utility for the population as a whole. Withfi j denoting the likelihood of
replacing strategyi with j, the general imitation dynamics are

ẋi = xi ∑
j

( fi j (x)− f ji (x))x j .

Often fi j is taken to be a function depending on the current payoffs, i.e. fi j (x) =
f (ai(x),a j(x)). This function f (u,v) is the imitation rule. The simplest imitation rule
would be

f (u,v) =

{

1 if u≥ v
0 if u < v.

This scheme has the value ofxi increased if its payoff exceeds themedianrather than
themean.

Unfortunately this leads to a discontinuous right hand side. Assuming the imitation
rule is an increasing, and continuous, functionf (u,v) = φ(u−v) of the payoff is also
plausible and leads to

ẋi = xi ∑
j

φ(ai(x)−a j(x))x j .
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Multiple Populations Many games involve agents from different, distinct popula-
tions interacting. Opposing agents may have different strategy sets and different utility
functions, e.g. bidders and sellers in auctions. Both populations influence the effec-
tiveness of each others strategies, see [12, 29]. As such, the dynamics that are used to
model these systems are coupled. Equation (4.6) shows an example system with two
populations: sellers and bidders. The populations have payoffs AsellerandAbidder, nseller

andnbidder strategies with distributionsxseller andxbidder. Matrix Ai for agent typei is
ann j ×ni matrix.

ẋi,bidder= xi,bidder((Abidderxseller)i −xbidder·Abidderxseller)

ẋi,seller= xi,seller((Asellerxbidder)i −xseller·Asellerxbidder)
(4.6)

Mixed Strategies All dynamics discussed have implicitly assumed that the strategies
used werepure strategies, rather thanmixedstrategies, c.f. definition 4. The mixed
strategyp(i) ∈ Sn may be seen as a probability distribution over the strategies for the
agent, not the population.3 The expected payoff for an agent playing typei (which has
probability vectorp(i)) against an agent playingj is ui j = p(i) ·Ap( j).

As before,x ∈ Sn denotes the relative frequency of each strategy in the population.
The expected strategy used by the population can now be calculated by

p(x) = ∑
i

xipi(i).

With the payoff matrixAas before, the dynamics for a population with mixed strategies
are

ẋi = xi ((p(i)−p(x)) ·Ap(x)) .

Finite Populations As stated before, in order to get a smooth (differentiable) dy-
namics, the population size should be infinite. In most practical cases, however, this
assumption is not valid. Implications for the dynamics are significant: changes in the
distribution of a strategy can no longer occur in arbitrarily small fractions, but as one
agent changes his strategy, the corresponding distribution changes by an amount 1/N,
with N the number of agents. Using the dynamics in the way describedwill show what
strategy is favorable given the current distribution, but changing this distribution with
a relatively big value may cause it to no longer be favorable,and may even make it
perform worse than before in the new distribution.

Different models have been proposed to modify the evolutionary game dynamics,
see [12, section 4.6] for a brief overview. Most of these modifications involve the use
of stochastics, e.g. the introduction of noise to the replicator equations or modeling
the entire system as a Markov process, with each stochastic variable describing the
number of agents using the strategy.

3Because the probability distributionp(i)∈Sn is seen at the agent,n= N, with N the number of pure
strategies in the population, is not required to hold. Therefore the simplexSn for p(i) may also differ
from the simplexSN.
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Chapter 5

Adaptive Mechanisms

A mechanism has a well defined goal, e.g. revenue maximization in an auction, max-
imizing employee participation in a company or maximizing total utility in a soci-
ety. Each set of actions from the agents will lead to an outcome and possibly a pay-
ment to the agents, computed by the mechanism. The mechanismdesigners will pre-
fer some outcome over others, which can be quantified using a utility function just
like individual agents have (for some outcomeo∗ ∈ O and some paymentp∗ ∈ P :
u(o∗, p∗) ≥ u(o, p) for all o∈ O, p∈ P).

As mechanisms are designed to fit a target population, the expected actions of
this population will provide the highest utility to the mechanism. However, when the
mechanism is to be repeated over time, evolutionary stable states, providing there are
any, may differ from single shot equilibrium. Also the agents may find ways “around
the system”: they may think of new, invading, strategies or change their behaviour
in another way. This will result in a situation in which the mechanism will provide
suboptimal results. To counter an adapting agent population, the mechanism itself
must be able to adapt.

In searching for ways to create an adaptive mechanism, we shall first introduce a
meta-game. As the mechanism itself will adapt the strategies it has to the encountered
agents, it will be showing strategic behaviour and may be studied as a player in a game
itself: the meta-game. When the general setting of this gameis known, the players
shall be discussed: their goals and their possible strategies. Finally, the learning tech-
niques described in chapter 4 are used to have the mechanism learn to find the best
strategy.

5.1 Meta Games

The field of adaptive mechanism design is relatively young. Recent work by Pardoe
et al. [23, 24], as well as our own [14], has shown that even with simple learning
heuristics, adaptation to a changing agent population outperforms a static mechanism.
The scenario used in each of the works mentioned involves an iterated auction in which
identical goods were sold in rounds to a bidder population. The mechanism could use
the heuristics to determine the number of rounds per auctionthat would yield the most
revenue.

These ideas may be generalizable to any repeated mechanism.By not just facili-
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tating the adaptation of a single parameter of the mechanism, many could be changed
between iterations. Using learning techniques such as those discussed in chapter 4,
the mechanism can learn the optimal configuration of each of these parameters. This
possibility of changing the way the mechanism behaves leadsto strategic behaviour by
the mechanism. To study this behaviour, the notion of ameta-gameis introduced.

In a meta-game, the mechanism itself is a rational agent. Theopponent of the
mechanism player is thepopulationof agents that play the mechanism, i.e. a single
opponent. The difference between the mechanism as a player and the mechanism itself
will often be evident from the context. However, to remove any potential ambiguity,
the mechanism as a player will be referred to as themechanism player. Similarly, the
population of agents as an single individual player will be referred to as thepopulation
player.

5.1.1 Analysis of the Meta-Game

The meta-game is a sequential game that prescribes a rather straightforward sequence
of moves. Both the mechanism player and the population player receive a type: a con-
figurationc∈ C andθ ∈ Θ respectively. In traditional mechanism design, the mech-
anism player would receive its type from the mechanism’s designer. The population
player is handed a type by Harsanyi’s Chance player.

The mechanism player moves first by announcing a social choice function and a
payment rule, of which only one is needed as there is just one opponent. This corre-
sponds to the situation were individual agents know the gamethey are about to play.
The mechanism player uses a strategy that takes the mechanism’s configuration (its
type) and outputs the social choice function and a payment rule.

The population player replies by revealing its type, depending on the announced
social choice function and payment rule. This type is the result of its mixed strategy
and may not be truthful. The strategy set and the corresponding distribution are hidden
from the mechanism player. Also there may be additional (hidden) information that
the population player uses to form a revelation.

Finally, the meta-game will reward both the mechanism and population players
according to the revelations they have made, i.e. evaluate the social choice function for
the population player’s type. The extensive form of this game is shown in figure 5.1.
The role of the mechanism designer is shown, although he is not an active participant
of this game, to visualize how the configuration of the mechanism is done. This act is
to be taken over by a learning algorithm in order to adapt the mechanism online.

c∈ C

Mechanism Designer

〈 fn, pm〉〈 f1, p1〉
Mechanism Player

θkθ1

Population Player

θkθ1

Population Player

Figure 5.1: Extensive form of the meta-game.
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To define the structure of the meta-game, three things are important: 1) the out-
come spaceΦ, 2) the social choice functionf and payment rulep and 3) whether the
meta-game should be incentive-compatible. To find the answers, we will rephrase our
intentions.

We are creating a mechanism that is to be repeated, and duringthis repetition it
may adapt to the behaviour displayed by the agents within it by artificial learning.
This learning allows us to study the mechanism as a rational agent through the meta-
game. This is an abstraction of a real-world application andthe outcome must therefore
correspond to the outcome of the underlying mechanism. The meta-game should thus
provide the same outcomes as would the underlying mechanism, i.e.Φ = O.

The population player bases its type revelation on the type〈 f , p〉 reported by the
mechanism player, and not on the social choice function of the meta-game. As the
outcome of the meta-game should be equal to that of the underlying mechanism for the
same population type, it makes sense to use the type reportedby the mechanism player.
Using the social choice function and payment scheme provided by the mechanism
player will make truthfulness the dominant strategy for themechanism player. This
also implies that the meta-game has no influence on the truthfulness of the population
player, or any other design constraint of the mechanism, such as budget balance. If the
population player is to be truthful, it needs to get its incentives from the mechanism
player rather than from the meta-game.

Definition 12 (Meta-Game). A meta-game for a mechanism M

GM = 〈(M ,P ),O,((C ,uM );(Θ,uP ))〉

constists of a mechanism playerM and a population playerP , a set of outcomes
O equal to the set of outcomes for M.M has a set of configurations containing an
outcome function and a payment scheme〈 f , p〉 ∈ C and a utility function indicating
the desirability of the outcome induced by theP ’s actions. P has a typeθ ∈ Θ and
a utility function. The meta game uses the outcome function and payment scheme
provided by theM .

5.1.2 Example Meta Game: (N+1)th-price auction

To make the reader a little more familiar to the correspondence between the mechanism
being played by agents and the mechanism as a rational playeritself, a simple example
is introduced: a repeated (N+1)th-price auction. In this (simplified) setting the auction
has N identical items to sell to a population of agents. Each iteration the number
of items for sale (N) may differ.1 Individual agents have a single strategy they use
when bidding for one of the items. They are interested in obtaining only one item,
preferably at the lowest price, but no higher than the their private valuationvi . This
leads to a quasilinear utility function for agenti.

ui(oi , pi) =

{

vi − pi if agenti wins
0 otherwise

.

1Obviously, this is a ridiculous setting when there is no timehorizon. Rational agents would simply
all bid 0, knowing that they will almost surely win an item. Knowing this, the example is exactly that: an
example.
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Game play is as follows: the agent places a bid (his revealed typebi) according to
his strategy and private valuation (his true typevi), the mechanism orders all received
bids and awards the N agents with the highest bids an item. Allthese “winning” agents
pay the value of the (N+1)th bid. Agents leave the auction, a new iteration starts and
other agents may join.

The meta game is only slightly different, as it is merely a change of perspective.
The outcomes in the meta-game consist of a revenue (for the mechanism player), a
vectoro showing the allocation of the items and a pricep to pay (for the mechanism
player). The mechanisms player’s utility is simply the revenue it gets; the population
player’s utility is the sum of its agents utility:∑i Ii(vi − p), whereIi ∈ {0,1} is an
indicator variable stating whether bidi was successful.

First, the mechanism player announces the output function and the payment rule,
which depends on (and reflects) the number of items N for sale.It is now clear when
an agent will win and what he has to pay, in this example the (N+1)th-price. Now
the population replies with its type: a vector of bidsbi . The meta-game uses these
bids as input for the social choice function and payment rulerevealed by the mech-
anism player, resulting in an outcome: an allocation vectora ∈ I

n, and a payment,
the (N+1)th-bid, are provided to the population player, and a revenue ispassed to the
mechanism player.

5.2 Properties of the Players

In order to study the meta-game, an analysis of the properties of the players is in order.
These properties consist of the type space, the strategies and the utility functions a
player can have.

5.2.1 The Mechanism Player

The repeated mechanism plays an outcome function and a payment scheme from the
possible functionsF and payment schemesP. Which of these are available depends
on the constraints the mechanism must fulfil. This yields a space of configurations
C = F ×P. In the auction example, the available functions and schemes all have the
same form, differing only in a parameterN. The mechanism player first converts the
revealed type, a bid-vectorb, to an ordered vectoro. The outcome function played is

fN(b) =

{

1 if bi ≥ oN

0 otherwise

}|b|
,

leading to the vector of indicator values and the payment scheme ispN(b) = oN+1.
The utility of the mechanism player depends on the goal function of the underlying

mechanism. The mechanism player wants to maximize this utility over time. In the
auction example the utility for the mechanism player is the revenue it receives and the
goal is maximizing the sum of revenues obtained in all iterations.

The size of the familiesF and p of social choice functions and payment schemes
makes finding the right type to play very hard. Additional constraints on the (un-
derlying) mechanism, e.g. incentive compatibility or budget balance, will narrow the
search, but may also make it impossible to find any combination at all that satisfies
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the constraints and optimizes the goal function, recall theimpossibility results for the
revelation principle in section 3.2.

To find a suitable type, the adaptive mechanism will need to learn from past ex-
periences. The learning method should be able to find fitting functions for both the
social choice function and the payment rule. In the arms racethat results from a learn-
ing mechanism and an evolving population, the goal is to havethe mechanism adapt
faster than the population. The best way of fast online adaptation of a function is the
use of function approximation. One way of function approximation has already been
discussed in section 4.1.

The learning algorithm the mechanism player uses to adapt itself requires a “score”
to quantify the success of the latest action, for which the utility of the previous iteration
may be used. This function should also be extended however, when specific features
are required in the underlying mechanism, e.g. incentive compatibility or budget bal-
ance. Without penalizing the loss of (one of) these features, the mechanism player may
maximize its goal function but not be, for instance, budget balance. This can be done
by setting the utility to 0 when this requirement was violated. Although this violation
can easily be detected in the case of budget balance, other requirements may be more
difficult, e.g. incentive compatibility.

5.2.2 The Population Player

The population player is made up of a, possibly large, numberof agents. These agents
are individual, independent and rational, implying that they make decisions individu-
ally and strategically. The agents are not required to remain playing in the mechanism
indefinitely, but the population of these agent will be, at least in expectation: agents
leaving the mechanism will be replaced by new agents entering. The properties of the
population as a rational player, e.g. the utility function and the strategy set, will remain
constant in expectation over time, even though the agents that make up the population
are constantly changing. As the population player is a rational player, he may change
his (mixed) strategy.

Between iterations, agents entering the mechanism may select a strategy based on
results they have observed in earlier repetitions. This way, successful strategies will
be favored over the less successful. As a single player, the population player can be
modelled to act in much the same way as was described in section 4.2 on evolutionary
game theory. The population has a mixed strategy which represents the distribution of
(pure) strategies among the agents in the population. This mixed strategy will change
over time as some pure strategies will be favored by the agents within the population.

The type spaceΘ is the collection of all possible types that the population player
may reply with. This depends highly on the mechanism the agents are participating in.
In the example this is a vector of positive bids of size equal to the number of bidders:
Θ = R

+|b|. The revealed typeθ′ ∈ Θ does not have to be truthful and is based on the
typec∈ C reported by the mechanism.

The utility received by the population player can be taken tobe the sum of all
individual utilities; in the auction example this would be∑i vi − pi for all winning
agents. This population utility can also be used as a measurefor the success of the
mixed strategy used by learning player.

Thus far, it is assumed the population player learns throughevolutionary dynamics
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5.2 Properties of the Players Adaptive Mechanisms

as this model fits applications involving populations of human agents best. The re-
peated mechanism may also be used on other types of agents, such as artificial agents.
Examples of these are file-sharing agents (e.g. in peer-to-peer systems) and nodes in a
computer network (e.g. the internet). Each of these may require a different model for
a population player. If most, or all, artificial agents use the same means of learning,
e.g. reinforcement learning, the entire population may also be seen as learning through
reinforcement learning, rather than through evolutionarydynamics. In the worst case,
the population player may even become an adversarial opponent, with all agents work-
ing together to beat the underlying mechanism. Modelling the way an agent adapts is
useful for simulation and testing the adaptive mechanism.
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Chapter 6

Future Work

To further investigate the design of repeated mechanisms, anumber of topics will
require additional research. The reason for not including this research in the current
work is that either the results are yet to be found or relevantliterature was beyond the
scope of the current research.

Repeated Games Repeated games offer new equilibria and their solution concept is
a specialization of the Nash Equilibrium, introducing sequential rationality: any choice
must not only be rational in this round, but also in rounds to come. The analysis of
repeated games offers the one-shot-deviation principle, which allows the determina-
tion of (sequentially rational) subgame-perfect equilibria even in infinitely repeated
mechanisms [18]. Investigation into a connection to evolutionary game theory may
yield a useful correspondence between evolutionary stablestates and these subgame-
perfect equilibria. However, the utilities for finding subgame-perfect equilibria assume
a static component game, i.e. the game that is repeated does not change. What happens
to these concepts when the mechanism will learn and adapt.

Revelation Principle for ESS Although this may circumvent the use for an adaptive
mechanism, it is interesting to know: Is there a revelation principle for evolutionary
stable strategies (c.f. proposition 10). What are the (im)possibility results for this
version of the principle? It would look like this:

Proposition 13 (Evolutionary Stable Revelation Principle). Given a mechanism that
implements a social choice function f in evolutionary stable strategies, then there
also exists an incentive compatible mechanism implementing f in evolutionary stable
strategies. Payments to agents are equal to the payments in the original mechanism.

NP-complete outcome functions An interesting approach by Conitzer and Sand-
holm as discussed in section 3.2 (and [6]) features an NP-complete outcome function.
This would make incentive compatibility no longer a requirement as finding a fruit-
ful, non-truthful type to reveal NP-complete for the agents: finding a non-truthful type
θi = argmaxθ′i∈Θ f (θ′i ,θ−i) is an intractable problem. Is there a generic way to find
such an outcome function and how does this relate this to a repeated mechanism.
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Future Work

Rationality of the Population Player A thorough justification of all players in the
meta-game is needed, especially the population player. Is this player actuallyrational
and if so, is itstrategic? Both properties will need to be present to allow the meta-game
to be analyzed as a proper game using game theoretic concepts. A truly strategic player
may learn from past play by the mechanism and form a strategy that will provoke the
mechanism player into playing more favorable actions in future repetitions, possibly
at the cost of a lower present utility.1

Learning Function shape Artificial learning focuses on selecting actions or on de-
termining parameter values for a parametrizes representation of the goal function.
However, this requires theshapeof this goal function to be known. Unfortunately,
the mechanism player plays from a collection of functions, of which the shape is not
necessarily known. Is there a way to still learn under these conditions?

Optimization Metric for Mechanism Player In order to measure of the effective-
ness of a chosen outcome function and payment scheme pair, some metric needs to be
found. One candidate is the Price of Anarchy , c.f. [33]. Can the potential function
method be used for repeated mechanisms?

1Thank you Adriaan for bringing this to my attention.
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Appendix A

Referenced Videos

• Avrim Blum, available at
http://videolectures.net/mlss08au_blum_org/

“The first part of this tutorial will discuss adaptive algorithms for making deci-
sions in uncertain environments (e.g., what route should I take to work if I have
to decide before I know what traffic will like today?) and connections to cen-
tral concepts in game theory (e.g. what can we say about how traffic will behave
overall if everyone is adapting their behavior in such a way?). He will discuss the
notions of external and internal regret, algorithms for ”combining expert advice”
and ”sleeping experts” problems, algorithms for implicitly specified problems,
and connections to game-theoretic notions of Nash and correlated equilibria.
The second part of tha tutorial will be about some recent workon learning with
similarity functions that are not necessarily legal kernels. The high-level ques-
tion here is: if you have a measure of similarity between datapoints, how closely
related does it have to be to your classification problem in order to be useful for
learning?”

• Ariel Rubinstrein, talk at NYU on John Nash, November 2003, available at
http://gametheory.tau.ac.il/nashLecture/Ariel_Rubinstein.wmv

“The lecture includes critical comments on the meaning of Game Theory as well
as personal reflections on Game Theory, the story of John Nash, and the recent
film ’A Beautiful Mind’. In preparation for the lecture, teh audience is asked
to spend a few minutes responding to some ”problems” presented at a specially
designed page. Some statistics on the results of this exercise are presented in the
lecture (though individual answers will remain confidential).”

• Nicole Immortica, Google Tech Talks, April 13 2007: “Challenges in the Design
of Sponsored Search Auctions”, available at
http://youtube.com/watch?v=JzRHiJdE0mk

“Since its inception in the 1980s, the popularity of the Internet has been grow-
ing exponentially, resulting in a mass of shared knowledge and fast, cheap com-
munication. Hand-in-hand with these developments, we haveseen the birth of
a plethora of new valuable systems and services ranging fromweb search and
email to blogging and social networking sites. Perhaps the most essential system
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Referenced Videos

for monetizing such web services is online advertising. In this talk, I will first
present an overview of the most common market mechanism for online adver-
tising, namely pay-per-click auctions. I will then discusssome of the challenges
in the design of these auctions...”

• Noam Nisan, Google Tech Talks, August 15 2007: “AlgorithmicMechanism
Design”, available at
http://video.google.com/videoplay?docid=6121409064231775355

“One of the challenges that the Internet raises is the necessity of designing dis-
tributed ... alle protocols for settings where the participating computers are
owned and operated by different owners with different goals. Over the last
decade or so there has been much research that aims to addressthese issues
using ideas taken from the micro-economic field of mechanismdesign. In this
talk I will survey the current state of the field: how mechanism design is ap-
plied in computational settings, how far can classical ideas go, and what are
the challenges for further research. Among the applications discussed will be
combinatorial auctions, cost sharing, scheduling, and routing in networks.”

• S.V.N. Vishwanathan, Google Tech Talks, March 25 2008: “Optimization for
Machine Learning”, available at
http://youtube.com/watch?v=_U2Sn67Yrf0

“Regularized risk minimization is at the heart of many machine learning algo-
rithms. The underlying objective function to be minimized is convex, and often
non-smooth. Classical optimization algorithms cannot handle this efficiently. In
this talk we present two algorithms for dealing with convex non-smooth objec-
tive functions. First, we extend the well known BFGS quasi-Newton algorithm
to handle non-smooth functions. Second, we show how bundle methods can be
applied in a machine learning context. We present both theoretical and experi-
mental justification of our algorithms.”

• Seshadhri Comandur, Google Tech Talks, March 14 2008: “Adaptive Algo-
rithms for Online Optimization”, available at
http://www.youtube.com/watch?v=kioqKenKkgE

“The online learning framework captures a wide variety of learning problems.
The setting is as follows - in each round, we have to choose a point from some
fixed convex domain. Then, we are presented a convex loss function, accord-
ing to which we incur a loss. The loss over T rounds is simply the sum of all
the losses. The aim of most online learning algorithm is to minimize *regret*
: the difference of the algorithm’s loss and the loss of the best fixed decision in
hindsight. Unfortunately, in situations where the loss function may vary a lot,
the regret is not a good measure of performance. We define *adaptive regret*,
a notion that is a much better measure of how well our algorithm is adapting to
the changing loss functions. We provide a procedure that converts any standard
low-regret algorithm to one that provides low adaptive regret. We use an interest-
ing mix of techniques, and use streaming ideas to make our algorithm efficient.
This technique can be applied in many scenarios, such as portfolio management,
online shortest paths, and the tree update problem, to name afew.”
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