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Abstract. Recently the Mathematical Programming community
showed a renewed interest in Hilbert’s Positivstellensatz. The reason for
this is that global optimization of polynomials in IR[x1 , . . . , xn ] is N Phard, while the question whether a polynomial can be written as a sum
of squares has tractable aspects. This is due to the fact that Semidefinite Programming can be used to decide in polynomial time (up to a
prescribed precision) whether a polynomial can be rewritten as a sum
of squares of linear combinations of monomials coming from a speciﬁed
set. We investigate this approach in the context of Satisﬁability. We examine the potential of the theory for providing tests for unsatisﬁability
and providing MAXSAT upper bounds. We compare the SOS (Sums Of
Squares) approach with existing upper bound and rounding techniques
for the MAX-2-SAT case of Goemans and Williamson [8] and Feige and
Goemans [6] and the MAX-3-SAT case of Karloﬀ and Zwick [9], which
are based on Semideﬁnite Programming as well. We show that the combination of the existing rounding techniques with the SOS based upper
bound techniques yields polynomial time algorithms with a performance
guarantee at least as good as the existing ones, but observably better in
particular cases.

1

Introduction

Hilbert’s Positivstellensatz states that a non-negative polynomial in
IR[x1 , . . . , xn ] is a SOS in case n = 1, or has degree d = 2, or n = 2 and
d = 4. Despite these restrictive constraints explicit counter examples for the
non-covered cases are rare although Blekherman [2] proved that there must be
many of them. On the other side [10] claims that for purposes of optimization,
the replacement of the fact that a polynomial is non-negative by the fact that
it is a SOS gives very good results in practice. This claim could imply that we
can develop an upper bound algorithm for MAXSAT using this SOS approach
which gives tighter bounds than the existing ones.
F. Bacchus and T. Walsh (Eds.): SAT 2005, LNCS 3569, pp. 294–308, 2005.
c Springer-Verlag Berlin Heidelberg 2005
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Let us go into more detail now. Suppose a given polynomial p(x1 , . . . , xn ) ∈
IR[x1 , . . . , xn ] has to be minimized over IRn . This minimization can be written
as the program:
max α
s.t. p(x1 , . . . , xn ) − α ≥ 0 on IRn

(1)

α ∈ IR
Clearly, the program:
max α
s.t. p(x1 , . . . , xn ) − α is a SOS

(2)

α ∈ IR
would result in a lower bound for problem (1).
There is a beneﬁt in the approach above using the theory of ‘Newton Polytopes’. The exponent of a monomial xa1 1 . . . xann is identiﬁed with a lattice point
ā = (a1 , . . . , an ). The Newton polytope associated with a polynomial is the
convex hull of all those lattice points associated with monomials appearing in
the polynomial involved. Monomials useful for ﬁnding a SOS decomposition are
those with an exponent ā for which 2ā is in the Newton polytope. Thus adding
more monomials would not enlarge the chance of success. This means that for
purposes of global optimization of a polynomial over IRn we have the advantage
to know which monomials are possibly involved in a SOS decomposition (if existing) while we face the disadvantage that non-negative polynomials need not
be decomposable as SOS.
Involving the Boolean constraints of the form x21 − 1 = 0, . . . , x2n − 1 = 0 the
situation turns. It can be proven that polynomials which are non-negative on
{−1, 1}n (please note that we use {−1, 1}- values for Boolean variables instead
of the more commonly used {0, 1}-values, which is much more attractive when
algebraic formalisms are involved) can always be written as a SOS modulo the
ideal IB generated by the polynomials x21 − 1, . . . , x2n − 1. However, in this case
the ’Newton Polytope Property’ is not valid, because higher degree monomials
may cancel ones with lower degree, when performing calculations modulo IB .
Hence, we have to consider possibly an exponential set of monomials in the
SOS decomposition. To see this consider a polynomial p(x1 , . . . , xn ) which is
non-negative on {−1, 1}n . The expression
SP (x) =


σ∈{−1,1}n

p(σ)
(1 + σ1 x1 ) . . . (1 + σn xn )
2n

is easily seen to give the same outputs on {−1, 1}n as p(x1 , . . . , xn ). Each
is a square modulo IB because

2
1 + σj xj
1 + σj xj
modulo IB
≡
2
2

(3)
1+σj xj
2

(4)
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Hence, SP (x) is seen to be a SOS modulo IB . At the same time it becomes
evident that we might need an exponentially large basis of monomials in realizing this decomposition. We see that if we want to optimize a polynomial over
{−1, 1}n we have the advantage to know that a basis of monomials exists which
will give an exact answer, while we are facing the disadvantage that this basis
could be unacceptably large.
We now come to the point of explaining the SOS approach. Let M T =
(M1 , . . . , Mk ) be a row vector of monomials in variables x1 , . . . , xn and
p(x1 , . . . , xn ) a given polynomial in IR[x1 , . . . , xn ]. The equation M T LT LM = p
involving any matrix L of appropriate size would give an explicit decomposition
of p as a SOS over the monomials used. Conversely, any SOS decomposition of
p can be written in this way. This means that the Semideﬁnite Program
M T SM = p

(5)

S positive semideﬁnite (S  0)
gives a polynomial time decision method for the question whether p can be
written as a SOS using M1 , . . . , Mk as a basis of monomials (up to prescribed
precision: the method uses real numbers represented with a certain precision).
The constraint M T SM = p in fact results in a set of linear constraints in the
entries of the matrix S.
If we consider the Boolean side constraints we have a similar program. In this
case however the equation M T SM = p needs to be satisﬁed only modulo IB . Also
this constraint results in a set of linear constraints in the entries of the matrix S, but
diﬀerent from the ones above. This is caused by the above mentioned cancellation
eﬀects. First we shall associate polynomials to CNF formulae. With a literal Xi we
associate the polynomial 12 (1 − xi ) and with ¬Xj we associate 12 (1 + xj ). With
a clause we associate the products of the polynomials associated with its literals.
Note that for a given assignment σ ∈ {−1, 1}n the polynomial associated with
each clause outputs a zero or a one, depending of the fact whether σ satisﬁes the
clause or not. With a CNF formula φ we associate two polynomials Fφ and FφB . Fφ
is the sum of squares of the polynomials associated with the clauses from φ . FφB
is just the sum of those polynomials. Clearly, Fφ is non-negative on IRn and FφB is
non-negative on {−1, 1}n . Fφ (σ) and FφB (σ) give the number of clauses violated by
assignment σ. The following two examples illustrate the construction of Fφ and FφB
and the outcome of the corresponding SDP’s.
Example 1. Let φ be the CNF formula with the following three clauses
X ∨ Y,

X ∨ ¬Y, ¬X

2 
2 
2
1
1
1
1
1
(1 − x) (1 − y) +
(1 − x) (1 + y) +
(1 + x)
Fφ =
2
2
2
2
2
3
3 1
1
1
1
= + x + x2 + y 2 + xy 2 + x2 y 2
8 4
8
8
4
8


(6)
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In order to attempt to rewrite Fφ − α as a SOS it suﬃces to work with the
monomial basis M T = (1, x, y, xy). The program
max α
s.t. Fφ − α = M T SM

(7)

α ∈ IR, S  0
gives an output α = 13 , from which we may conclude that 2 23 is an upper bound

2
2
for the MAXSAT-solution of φ. Notice that Fφ = 13 + 38 x + 13 + 18 (xy − y) .
For this φ, FφB = 12 (1 − x) 12 (1 − y) + 12 (1 − x) 12 (1 + y) + 12 (1 + x) = 1. Clearly,
FφB = 1 means that any assignment will exactly violate one clause.
Example 2. Let φ be the following CNF formula
X ∨ Y ∨ Z, X ∨ Y ∨ ¬Z, ¬Y ∨ ¬T, ¬X,
FφB =

T

1
1
1
3 1
+ x − t + xy + yt
2 4
4
4
4

(8)

(9)

The Semideﬁnite Program (SDP)
max α
s.t.FφB

(10)
T

− α ≡ (1, x, y, t)S(1, x, y, t)
α ∈ IR, S  0

modulo IB

gives output α = 0.793, from which we may conclude that 4.207 is an upper
bound for the MAXSAT-solution of φ. The SDP
max α
s.t.FφB

(11)
T

− α ≡ (1, x, y, t, xy, xt, yt)S(1, x, y, t, xy, xt, yt)
α ∈ IR, S  0

modulo IB

gives output α = 1. Note that the second SDP gives a tighter upper bound,
because more monomials are contained in the basis.
Next, we formulate some useful properties on the polynomials Fφ and FφB .
Let m be the number of clauses and n the number of variables in φ.
Theorem 1. 1. For any assignment σ ∈ {−1, 1}n , Fφ (σ) = FφB (σ). Both give
the number of clauses violated by σ.
2. minσ∈{−1,1}n Fφ (σ) and minσ∈{−1,1}n FφB (σ) give rise to an exact
MAXSAT-solution of φ: respectively m − minσ∈{−1,1}n Fφ (σ) and m −
minσ∈{−1,1}n FφB (σ).
3. FφB ≡ Fφ modulo IB .
4. Fφ attains its minimum over IRn somewhere in the hypercube [−1, 1]n (a
compact set), while it can be zero only in a partial satisfying assignment.
5. φ is unsatisfiable if and only if there exists an  > 0 such that Fφ −  ≥ 0 on
IRn .
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6. If there exists an  > 0 such that Fφ −  is a SOS, then φ is unsatisfiable.
7. If there exists a monomial basis M and an  > 0 such that FφB −  is a SOS
based on M , modulo IB , then φ is unsatisfiable.
8. Let M be a monomial basis, then
m − max α
s.t. Fφ − α is a SOS

(12)

α ∈ IR
and
m − max α
s.t. FφB − α ≡ M T SM modulo IB

(13)

α ∈ IR, S  0
give upper bounds for the MAXSAT-solution of φ.
Proof. Except for part 1.4 the reasonings behind the other parts are already
discussed before or they are direct consequences of earlier statements. Here we
prove Theorem 1.4: suppose Fφ takes its minimum in x and assume x1 = 1+δ for
some δ > 0. This gives rise to contributions ( 12 (1+(1+δ)))2 and ( 12 (1−(1+δ)))2 .
Both contributions are smaller with δ = 0 than with δ > 0. The same argument
can be applied for x1 = −1 − δ. Thus x ∈ [−1, 1]n . Furthermore, Fφ = 0 only
if in each polynomial associated to a clause at least one of the factors equals
zero because Fφ is a sum of squares and hence non-negative. This can only be
realized if in each polynomial associated to a clause at least one of the variables
takes value 1 or -1 resulting in a partial satisfying assignment for φ.
Program (13) is the basis for the search for MAXSAT-upper bounds in this
paper.

2

Upper Bounds for MAX-2-SAT

Although the SOS approach provides upper bounds for general MAXSATsolutions, we restrict ourselves in this section to MAX-2-SAT. The reason is
that we want to present a comparison with the results of the famous methods of
Goemans and Williamson [8] and Feige and Goemans [6].
The ﬁrst monomial basis we consider in the SOS approach (13) is M GW =
(1, x1 , . . . , xn ), where the xi ’s come from the variables in φ.
Semideﬁnite Programming formulations come in pairs: the so-called primal
and dual formulations, see for example [5] and [4]. Here we present a generic
formulation of a primal semideﬁnite problem P , and its dual program D. In our
context, D and P give the same optimal value.
Consider the program P
min Tr(CX)

(14)

s.t. diag(X) = e

(15)
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(16)

X0
In the above formulation, C and X are symmetric square matrices of size,
say p × p. Tr means the trace of the matrix, i.e. the sum of the entries on the
diagonal.
p
p 

cij xij
T r(CX) =
i=1 j=1

diag(X) = e means that the entries on the diagonal of matrix X are all ones.
The Aj ’s are square symmetric matrices.
The program P has the following dual program D
max

p


γi +

k


i=1

yj

(17)

j=1

s.t.Diag(γ) +

k


yj Aj + U = C

j=1

U  0, yj ≥ 0
in which the yj ’s are the dual variables corresponding to constraints (16) and
the γi ’s the dual variables corresponding to constraints (15). U is a symmetric
square matrix and Diag(γ) is the square matrix with the γi ’s on the diagonal
and all oﬀ-diagonal entries equal to zero.
2.1

Comparison of SOS Approach and Goemans-Williamson
Approach

The original Goemans-Williamson approach for obtaining an upper bound for a
MAX-2-SAT problem starts with FφB too. The problem
min FφB (x)

(18)
n

x ∈ {−1, 1}

is relaxed by relaxing the Boolean arguments xi . With each xi , a vector vi ∈
IRn+1 is associated, with norm 1, and products xi xj are interpreted as inproducts
vi • vj . In this way, they turn (18) into a Semideﬁnite Program, after making FφB
homogenous by adding a dummy vector vn+1 in order to make the linear terms
in FφB quadratic as well. For example, 3xi is replaced by 3(vi • vn+1 ). Let F̂φB
be the polynomial constructed from FφB in this way. The problem Goemans and
Williamson solve is
min F̂φB (v1 , . . . , vn , vn+1 )
n+1

s.t. vi  = 1, vi ∈ IR

(19)
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To transform (19) to a semideﬁnite program, vi • vj is replaced by tij . Let bij
be the coeﬃcient of MiGW MjGW in the polynomial FφB . Let fij = fji = 12 bij and
fii = 0 for each i. Let M (F ) be the symmetric matrix with entries fij and T is
a symmetric matrix of the same size. Furthermore, let c0 be the constant term
in FφB . To be precise, c0 equals 12 times the number of 1-literal clauses plus 14
times the number of 2-literal clauses in φ.
Consequently, (19) is equivalent to the following semideﬁnite program
c0 + min

n+1
 n+1


fij tij

(20)

i=1 j=1

s.t. tii = 1, T  0
or in matrix notation,
c0 + min Tr(M (F )T )
s.t. diag(T ) = e, T  0

(21)

While Goemans and Williamson relax the input arguments of FφB , the SOSmethod is a relaxation by replacing non-negativity by being a SOS. The next
theorem proves that the SOS-approach with monomial basis M GW gives the
same upper bound for MAX-2-SAT as program (21).
Theorem 2. The SOS-approach with monomial basis M GW gives the same
upper bound as the upper bound obtained by the algorithm by Goemans and
Williamson.
Proof. In the Goemans-Williamson SDP (21) we only have the constraints of
type (15), and not of type (16). This implies that we have to deal only with the
γj -variables. The size of the variable matrix T is n + 1, with n the number of
variables in the CNF formula.
The dual problem of the GW -semideﬁnite program (21) is
c0 + max

n+1


γi

(22)

i=1

s.t. Diag(γ) + U = M (F )
U  0, γi free
We start with the program
max α
s.t. FφB − α ≡ M T SM modulo IB
S  0, α ∈ IR

(23)

GW
with monomial basis M = M GW = (M1GW , . . . , Mn+1
) = (1, x1 , . . . , xn ) and
prove that it is equal to (22). Let sij be the (i, j)-th element of matrix S.
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We can reformulate program (23) as
max α
s.t.

n+1
 n+1


(24)
sij MiGW MjGW ≡ FφB − α modulo IB

i=1 j=1

S  0, α ∈ IR
Consider the constraint in program (24) for the coeﬃcient of the constant. On
n+1
the left hand side we have i=1 sii , on the right hand side we have c0 − α. This
results in the equality
α = c0 −

n+1


sii

(25)

i=1

We transform (24) to matrix notation. In the matrix formulation (26), on both
left and right hand sides we have a matrix with on position (i, j), i = j, the
coeﬃcient of MiGW MjGW using symmetry. Substituting (25) and using matrix
notation we can reformulate (24) as
c0 + max

n+1


−sii

(26)

i=1

s.t. S − diag(S) = M (F )
S0
Identifying γi with matrix entries −sii and U with S, it is immediate that (26)
is equivalent to (22).
Hence, we proved that (23) with monomial basis M GW equals (22). It can be
concluded that the Goemans-Williamson SDP and the SDP of the SOS-approach
with monomial basis M GW are dual problems providing the same upper bound
to the MAX-2-SAT solution.
Still, there is something more to say about these two diﬀerent approaches.
(20) has 12 (n + 1)(n + 2) variables tij (not (n + 1)2 because T is symmetric). In
the SOS approach (13) with monomial basis M GW , it is not hard to see that in
fact only the diagonal elements are essentially variable, because the oﬀ-diagonal
elements are ﬁxed. This means that the actual dimension of the SOS-program
with monomial basis M GW is linear in the number of variables, while in the
Goemans-Williamson formulation (20) the dimension grows quadratically.
In our experiments we tried several semideﬁnite programming solvers like Sedumi [11], DSDP [1], CSDP [3] and SDPA [7], but none of them could fully beneﬁt
fromthis fact.However,wefoundthatCSDPperformedbestonSDP’s oftheform(13).
2.2

Adding Valid Inequalities vs Adding Monomials

Feige and Goemans [6] propose to add so-called valid inequalities to (21) in order to improve the quality of the relaxation. A valid inequality is an inequality
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that is satisﬁed by any optimal solution os the original (unrelaxed) problem but
may be violated by the optimal solution of the relaxation. Valid inequalities
improve the quality of the relaxation because they exclude a part of its feasible
region that cannot contain the optimal solution of the original problem. Triangle
inequalities are among the most frequently used valid inequalities. Two types of
these ’triangle inequalities’ are considered. The ﬁrst is the inequality
1 + xi + xj + xi xj ≥ 0

(27)

Note that in (21) tij has replaced xi xj and ti,n+1 replaces xi from FφB . In fact,
they consider the homogeneous form 1 + ti,n+1 + tj,n+1 + ti,j ≥ 0 which is added
to (21). One might add all these inequalities, also the ones obtained by replacing
xi and/or xj by −xi or −xj . Another possibility is to add only those inequalities
where Xi and Xj appear together in the same clause. In this section, we examine
how this compares with the SOS approach. It can be shown that 1+xi +xj +xi xj
cannot be recognized as a SOS based on M = (1, xi , xj ). However, if we add xi xj
to the monomial basis we have
1 + xi + xj + xi xj ≡

1
2
(1 + xi + xj + xi xj ) modulo IB
4

A similar argument can be given for the three inequalities with xi and/or xj
replaced by −xi and/or −xj . Hence, the eﬀect of adding the valid inequality
(27) and the three similar inequalities is captured in the SOS approach by adding
the monomial xi xj to the basis. Below we prove a theorem from which follows
that adding the monomial xi xj results in upper bounds that are at least as
tight as the upper bound of the Feige-Goemans program with the four triangle
inequalities of the form (27). The experiments in section 2.4 support this fact.
Feige and Goemans [6] further showed that adding for each triple of variables
Xi , Xj and Xk to (21) the valid inequalities
1 + tij + tik + tjk ≥ 0,
1 + tij − tik − tjk ≥ 0,

1 − tij + tik − tjk ≥ 0
1 − tij − tik + tjk ≥ 0

(28)

improves the tightness of the relaxation. Note that
1 + xi xj + xi xk + xj xk ≡

1
2
(1 + xi xj + xi xk + xj xk ) modulo IB
4

Hence, the eﬀect of adding the four inequalities (28) is captured by adding xi xj ,
xi xk and xj xk to the monomial basis. Also in this case, the eﬀect of adding
the monomials to the monomial basis results in upper bounds at least as tight
compared to adding valid inequalities to the Goemans-Williamson SDP as shown
in Theorem 3.
Finally, note that adding all inequalities of the form (28) amounts to adding
O(n3 ) inequalities, while in the SOS approach O(n2 ) monomials of degree 2 need
to be added. For the moment it is too early to decide whether existing SDPsolvers are suitable, or can be modiﬁed, to turn this eﬀect into a computational
beneﬁt as well.
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Theorem 3. Adding monomials xi xj , xi xk and xj xk to the monomial basis in
the SOS approach gives an upper bound at least as tight as the upper bound obtained by adding triangle inequalities of the type (28) to the Goemans-Williamson
SDP.
Proof. Without loss of generality we consider the triangle inequality
1 + x1 x2 − x1 x3 − x2 x3 ≥ 0

(29)

In the notation of (20) this equation is 1 + t12 − t13 − t23 ≥ 0. In matrix notation
this inequality is T r(AT ) ≥ 1 with
⎛
⎞
1 1 −1
A = ⎝ 1 1 −1 ⎠
−1 −1 1
We consider the program
min Tr(M (F )T )
s.t. diag(T ) = e

(30)

Tr(AT ) ≥ 1
T 0
Assume that F is an homogenous polynomial of degree 2 in three variables
x1 , x2 , x3 only. This does not harm the general validity of this proof but makes
the key steps more transparent. M (F ) is the coeﬃcient matrix associated with
the polynomial F . Let F (x1 , x2 , x3 ) = 2ax1 x2 + 2bx1 x3 + 2cx2 x3 . Then,
⎛
⎞
0ab
M (F ) = ⎝ a 0 c ⎠
bc0
The dual program of (30) is the following
max γ1 + γ2 + γ3 + y

(31)

s.t. yA + Diag(γ) + U = M (F )
U  0, y ≥ 0
with Diag(γ) the 3 × 3-matrix with on its diagonal γ1 , γ2 , γ3 .
Program (31) can be reformulated as
max γ1 + γ2 + γ3 + y
s.t. M (F ) − Diag(γ) − yA  0

(32)

y≥0
Now suppose that (γˆ1 , γˆ2 , γˆ3 , ŷ) is an optimal solution for (32). We will show
that from this optimal solution a feasible solution for (33) can be constructed
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with M = (1, x1 , x2 , x3 , x1 x2 , x1 x3 , x2 x3 ). In fact, we will even show that the
monomial basis M1 = (1, x1 x2 , x1 x3 , x2 x3 ) is already suﬃcient in this respect.
max α

(33)

s.t. M SM T ≡ F − α modulo IB
Program (33) with monomial basis M1 can be reformulated as
max −

4


(34)

sii

i=1

s12 + s21 + s34 + s43 = 2a
s13 + s31 + s24 + s42 = 2b
s23 + s32 + s14 + s41 = 2c
S0
1 + x1 x2 − x1 x3 − x2 x3 is a SOS modulo IB , because the following holds
1 + x1 x2 − x1 x3 − x2 x3 =

1
M1 ∆M1T
4

(35)

with ∆ the positive semideﬁnite matrix
⎛
⎞
1 1 −1 −1
⎜ 1 1 −1 −1 ⎟
⎟
∆=⎜
⎝ −1 −1 1 1 ⎠
−1 −1 1 1
Let Z be the 4 × 4 matrix with the 3 × 3 matrix M (F ) − Diag(γ̂) − ŷA starting
in the upper left corner and having zeros in fourth row and column. We can
conclude that Z + 12 ŷ∆  0 because Z  0, ∆  0 and ŷ ≥ 0. The matrix
4
Z + 12 ŷ∆ satisﬁes the constraints in (34) and − i=1 sii = γˆ1 + γˆ2 + γˆ3 + ŷ.
Because the optimal solution of Feige-Goemans SDP with valid inequalities
equals a feasible solution of the SDP approach with monomials of degree 2 in
the monomial basis, it can be concluded that the SOS approach gives at least
as tight upper bounds.
2.3

SOS-Approach on Feige-Goemans Example

In general the CNF formula of dF Gn in n variables is deﬁned as
x1 ∨ x2 , x2 ∨ x3 , x3 ∨ x4 , . . . , xn ∨ x1
¬x1 ∨ ¬x2 , ¬x2 ∨ ¬x3 , ¬x3 ∨ ¬x4 , . . . , ¬xn ∨ ¬x1

(36)

Feige and Goemans [6] present dF G5 as worst-known case example with respect
to the performance guarantee of their approach.
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Note that we can satisfy 2n − 1 of the clauses if n is odd by setting the
odd-numbered variables to true and the even-number variables to false. It is not
possible to satisfy all clauses for odd n. In this section, we show that the SOSapproach with a monomial basis 1, all variables and all possible monomials of
degree 2 solves (36) to optimality.
Theorem 4. Let n be an odd number. The polynomial FφBn − 1 with
FφBn =

1
(n + x1 x2 + x2 x3 + . . . + xn−1 xn + xn x1 )
2

(37)

is a sum of squares if we choose as monomial basis M = {1, x1 , . . . , xn } extended
with the set of all possible monomials of degree 2.
Proof. As initial step we start with dF G3. The polynomial FφB3 is
FφB3 =

1
(3 + x1 x2 + x2 x3 + x3 x1 )
2

(38)

Notice that FφB3 − 1 is a sum of squares modulo IB , because
1
2



2
1
1
(1 + x1 x2 + x2 x3 + x3 x1 ) ≡ (1 + x1 x2 + x2 x3 + x3 x1 )
2
2

We use this fact to prove by induction that FφBn −1 is also a sum of squares relative
to the monomial basis considered. Assume that the polynomial FφBn−2 − 1 related
to dF G(n − 2) is a sum of squares modulo IB .
The polynomial FφBn equals
1
FφBn = FφBn−2 + (2 + xn−2 xn−1 + xn−1 xn + xn x1 − xn−2 x1 )
2

(39)

We assumed that FφBn−2 − 1 is a sum of squares. Let T1 (x) = 1 − x1 xn−2 +
xn−2 xn−1 + x1 xn−1 and T2 (x) = 1 − x1 xn−1 + xn−1 xn + xn x1 . Note that FφBn =
FφBn−2 + 12 (T1 (x) + T2 (x)) and for i = 1 and i = 2
1
2



2
1
1
Ti (x) ≡ Ti (x) modulo IB
2
2

This proves that FφBn − 1 is also a sum of squares.
From this theorem we can conclude that the SOS-approach with monomial
basis 1, the variables and all possible monomials of degree 2 identiﬁes FφBn − 1
as a sum of squares. Hence, the minimum of FφBn is at least 1. We conclude that
our SOS approach solves (36) to optimality.
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2.4

Experimental Results

In this section we consider besides the Goemans-Williamson upper bound the
next four variants of the Feige-Goemans method.
Variant F Gm : The valid inequalities added in this variant are only those coming
directly from the clauses. For instance, if X ∨ ¬Y is a clause, we add the valid
inequality 1 − x + y − xy ≥ 0.
Variant F G4p : For each pair of variables Xi and Xj occurring in a same clause,
the four inequalities of the type (27) are added.
Variant F Gap : For each pair of variables the four inequalities of the type (27)
are added.
Variant F Gpt : All inequalities of variant F Gap are added and additionally for
each triple of variables the four inequalities of type (28) added.
We compare the upper bounds resulting from these variants with the upper
bound obtained from the semideﬁnite program (13) with monomial basis Mp
consisting of the set {1, x1 , . . . , xn } extended with all xi xj for variables Xi and
Xj appearing in a same clause. We call the corresponding upper bound SOSp .
SOSap is the variant with monomial basis {1, x1 , . . . , xn } extended with all xi xj
for each pair of variables Xi and Xj . We will restrict ourselves to small-scale
problems in this section, because solving the SDP’s of SOSp takes a lot of time
with the SDP-solvers currently available.
In our initial experiments we used a set of 900 randomly generated instances
with 10 variables and diﬀerent densities. For each of the densities 1.0, 1.5, 2.0, . . .,
5.0, 100 instances are considered. The ’bound ratio’ R is deﬁned as the optimal
MAXSAT solution divided by the upper bound found. In Table 1 we give for each
method the average R over the set of unsatisﬁable instances out of the 100 generated
instances for each density. In Table 1, the ﬁrst column indicates the density, the
second the upper bounds by SOSp , the third column gives the results of SOSap ,
the fourth gives the Goemans-Williamson upper bound, the ﬁfth gives the upper
bound of variant F Gm , the next the upper bound by variant F G4p , then the upper
bound of F Gap and the last column gives upper bound of variant F Gpt .
From Table 1 we see that the upper bounds obtained by SOSap are at least
as tight as the other ones. This is not only true on average but in fact for each
Table 1. 10 variables, MAX-2-SAT
d
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

SOSp SOSap
1
1
1
1
0.99984
1
1
1
1
1
1
1
0.999995
1
0.999973 0.999973
0.999979 0.999979

GW
0.933480
0.953544
0.969460
0.979549
0.981904
0.985519
0.987250
0.986327
0.987015

F Gm
0.984195
0.989779
0.994136
0.996760
0.996485
0.997435
0.997538
0.997120
0.997779

F G4p
0.993151
0.993869
0.997043
0.998317
0.998044
0.998904
0.998873
0.998692
0.998764

F Gap
F Gpt
0.993151
1
0.993869
1
0.997242
1
0.998420
1
0.998188
1
0.998975
1
0.998930 0.999964
0.998776 0.999936
0.998841 0.999971

Sums of Squares, Satisﬁability and Maximum Satisﬁability
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Table 2. 25 variables, MAX-2-SAT
d
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

SOSp
0.999403
0.999607
0.999577
0.999906
0.999691
0.999908
0.999882
0.999989

GW
0.955241
0.968157
0.976133
0.979769
0.981444
0.982812
0.983297
0.984816

F Gap
0.995686
0.997279
0.997639
0.998238
0.997520
0.997890
0.997721
0.998196

individual instance. SOSp is almost always, except for one instance, at least
as good as the best Feige-Goemans variant F Gpt . In these experiments with
MAX-2-SAT instances with 10 variables, the SDP’s of each variant are solved by
Sedumi [11]. Table 2 gives the same type of results for instances with 25 variables
but only for the upper bounds that are most relevant and computationally not
too expensive to obtain. For the instances with 25 variables GW and F Gap are
solved by Sedumi. The SDP’s of SOSp are solved by CSDP [3], because this
solver is faster, more accurate and uses less memory when solving these SDP’s.
2.5

Note on the Complexity of Diﬀerent Approaches

The complexity of short step
√ semideﬁnite optimization algorithms (like for example Sedumi) is O((2V 2 +C) V ) if V is the size of the semideﬁnite variable-matrix
in the SDP and C the number of constraints. We will compare the computational
complexity of the diﬀerent upper bound variants in this section. Let φ be a CNF
formula with n variables and m clauses.
For each of the variants considered the V ’s and C’s involved lead to the
following complexities
√
(40)
CPGW = O(n2 n)
√
2
CPF Gm = O((n + m) n)
(41)
√
2
CPF G4p = O((n + m) n)
(42)
 2√ 
CPF Gap = O n n
(43)
√
3
CPF Gpt = O(n n)
(44)


√
2
(45)
CPSOSp = O (n + m) n + m
CPSOSap = O(n5 )

3

(46)

Conclusions and Future Research

In this paper, we presented a new approach for computing upper bounds for MAXSAT. We show theoretically and experimentally that it gives for MAX-2-SAT at
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least as tight upper bounds as the approaches by Goemans and Williamson [8] and
Feige and Goemans [6].
In a next paper, we conclude that a combination of the original rounding procedures of Goemans and Williamson and of Feige and Goemans, which provide
the lower bounds they use to obtain the performance ratio guarantee of their
methods, with the SOS based upper bound techniques we proposed, leads to
polynomial time algorithms for MAX-2-SAT having performance ratio guarantee
at least as good, but observably better in particular cases. A similar conclusion
can be drawn with respect to the Karloﬀ and Zwick results for MAX 3-SAT.
Future research should mainly concentrate on developing SDP software which
is speciﬁcally designed for dealing with the type of problems emerging from the
SOS approach. They possess a very special structure which could be explored.
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