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Reliability Analysis of Hierarchical Systems Using
Statistical Moments

Gerard L. Reijns and Arjan J. C. van Gemund, Member, IEEE

Abstract—In many practical engineering circumstances, systems
reliability analysis is complicated by the fact that the failure time
distributions of the constituent subsystems cannot be accurately
modeled by standard distributions. In this paper, we present a low-
cost, compositional approach based on the use of the first four sta-
tistical moments to characterize the failure time distributions of
the constituent components, subsystems, and top-level system. The
approach is based on the use of Pearson distributions as an inter-
mediate analytical vehicle, in terms of which the constituent failure
time distributions are approximated. The analysis technique is pre-
sented for k-out-of-n systems with identical subsystems, series sys-
tems with different subsystems, and systems exploiting standby re-
dundancy. The moment-in-moment-out approach allows for the
analysis of systems with arbitrary hierarchy, and arbitrary (uni-
modal) failure time distributions, provided the subsystems are in-
dependent such that the resulting failure time can be expressed in
terms of sums or order statistics. The technique consistently ex-
hibits very good accuracy (on average, much less than 1 percent
error) at very modest computing cost.

Index Terms—Failure time analysis, hierarchical systems, order
statistics, Pearson approximation, redundant systems.

NOTATIONS
T failure time of composite system
f(z)  failure time pdf of composite system
F(z) failure time cdf of composite system
n number of units (subsystems)
T; failure time of unit ¢
fi(z)  failure time pdf of unit %
F;(z) failure time cdf of unit ¢
gi(z)  Pearson approximation of f;(z)
ACRONYMS!
BDD Binary Decision Diagram

MTBF Mean Time Between Failures

1. INTRODUCTION

YSTEM reliability analysis often concerns analysing
Ssystem compositions, such as series and parallel systems
with either active (hot) redundancy or standby (cold) redun-
dancy. Let T;, ¢+ = 1,...,n denote the failure time of the
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I'The singular and plural of an acronym are always spelled the same.

constituent subsystems (units). Let 7' denote the failure time
of the composite system, such that T = 11, ..., ®T;,, where
for the above-mentioned, basic system compositions, the &
operator equals min, max, and+, respectively. Let f;(x) denote
the probability distribution function (pdf) of the failure time
of unit 7, and let f(z) denote the pdf of the failure time of the
composite system. Let F;(z), and F(z) denote the cumulative
distribution functions (cdf), respectively. For active redun-
dancy, and identical units the above series & parallel system
composites generalize into k-out-of-n systems. A k-out-of-n
system is operational when at least k£ out of the n units work,
where for series systems k& = mn while for parallel systems
k = 1. For independent units, it holds [22]

o= 3 (I5) (e-m) o

IT|>k \i€T igT

where T is a set of indices ranging over all choices {71, .. .4, }
suchthat k < m < mn,and i; < 19 < ... < ip,.

Although one frequently encounters different types of units
in a series system (k = n), this is quite unusual in a k-out-of-n
system with redundant units (k¥ < n). Hence, the system space
we consider are k-out-of-n systems for identical units (from
now on referred to as “k-out-of-n systems”), and series systems
for different units (from now on referred to as “series systems”,
as series systems for identical units fall in the former class).

For k-out-of-n systems (identical units), (1) reduces to

n

Fo)=1-3 (1) i- Al BE @

which yields [19]
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For series systems (different units), (1) reduces to
n

Fz)=1-JJ0-F) 4

=1

which yields
f@) =3 fi@) [ (- F@) )
i=1 j=1,ji
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Many reliability characterizations have been studied for
k-out-of-n systems, such as the general reliability function
R(z) = 1— F(x), the actively parallel redundancy function, se-
ries reliability function, and the mean residual lifetime function
[1], [10], in combination with exponential, geometric, Weibull,
and hyper-exponential distributions of the constituent units
[13], [22]. In many cases, the functions are expressed in terms
of the pdf or cdf of the individual subsystems. For practical
application, this requires knowledge of the distribution func-
tions, which are typically standard distributions. For tractability
reasons, it is, for instance, often assumed that the components
have a negative exponential pdf. While this assumption enables
a simple analysis, and use of Markov models [17], [18], the
resulting failure time errors of the composite system can be
significant when the components have indeed different types of
distributions, in particular, when n is large.

Apart from analysis accuracy, from a system engineering
point of view, a reliability analysis should also be applicable to
a hierarchical system, such as a k-out-of-n system of which the
constituent subsystems are k-out-of-n systems themselves, and
so on. Such a compositional approach to reliability analysis is
impossible when based on standard distribution functions, as
for anything but Coxian phase type distributions, the resulting
distribution function will not anymore be standard. In [2], an
analysis is presented of a hierarchical (weighted) k-out-of-n
system, which, however, is limited to a 2-stage system.

Another consideration in system engineering is analysis cost.
Many studies have been performed in system optimization
where the reliability of k-out-of-n systems is computed within
a system cost/reliability optimization loop [21]. To allow prac-
tical application, the analysis method should pair accuracy with
low cost, in particular with respect to a derived optimization
metric such as the MTBF.

In this paper, we present a low-cost, compositional method
to study systems composed of independent k-out-of-n sys-
tems, series systems, and systems with standby redundancy,
of arbitrary hierarchy, and failure time distributions, provided
the subsystems (units) are independent such that the resulting
failure time can be expressed in terms of sums or order statis-
tics. The method is based on the use of the first four statistical
moments to characterize the failure time distributions of both
the constituent components, subsystems, and resulting top-level
system. The approach provides very accurate statistical mo-
ments of the composite system, even when dealing with many
independent, identical units. Our method also enables the anal-
ysis of a system of which its components can have a mixture
of different types of failure time distributions. The approach
is based on the use of the Pearson approximation as an inter-
mediate distribution vehicle to compute the (n — k + 1)-th
order statistic by simple, numerical integration in terms of its
associated statistical moments.

The motivation for this approach can be summed up as fol-
lows. First, the characterization of failure time distributions in
terms of moments allows for arbitrary distributions, provided
the first four moments give a necessary and sufficient set to cap-
ture standard distributions such as the Gaussian, and negative-
exponential distributions with very high accuracy. Second, the
moments provide a compact way of deriving related properties
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such as the 95th percentile of the R(x) = 1— F(x) function, the
time at which the system operates with 95 percent probability.
Third, the Pearson distributions provide an appropriate means
to compute the resulting (four) moments of the composition
given the (four) moments of the constituent parts with high ac-
curacy, and very modest cost. This moment-in-moment-out in-
terface allows computing arbitrary hierarchies of systems based
on k-out-of-n systems, and series systems. Fourth, the moment
framework allows a trivial inclusion of the analysis for standby
redundancy, next to standard active redundancy, as this trans-
lates to merely computing the moments of the sum of variates in
terms of their individual moments. Finally, the moment method,
combined with the Pearson distributions, offers a low-cost anal-
ysis complexity. In spite of the use of numerical integration at
the core of the derivation procedure, our analysis method has
modest computing cost (0.040 CPU seconds on a 750 MHz
AMD processor), independent of subsystem replication 7.

Other authors have also studied reliability in terms of statis-
tical moments, often in the context of system performance anal-
ysis, where, e.g., the parallel systems reliability problem trans-
lates to the execution time analysis of a composition of tasks
running in parallel. For general, symmetric distributions, ap-
proximate analytical first and/or second moment solutions for
parallel systems execution time have been reported [8], [9], [12].
However, most of the failure time pdf are found to be asym-
metric in practice, which is not a requirement to our approach.
Our approach also extends the number of moments that are in-
volved in the analysis, which is essential to accuracy (as ex-
plained in Section II). In the case of parallel systems, the au-
thors of [8], [11], [16] discuss analytic solutions, but restrict the
analysis to either specific distributions, or assume distributions
to be symmetric. In [7], the authors succeeded in solving par-
allel systems by first solving the binary instance, but the com-
puting cost can become excessive. A solution for parallel and
series systems is presented in [5], [6], and does not introduce
unrealistic restrictions on f;(x). It approximates a component
failure time distribution by a lambda distribution having four
parameters, which can be determined if the input moments are
known. An extension of the method is given in [4]. Unfortu-
nately, the lambda distribution method turns out to be less ac-
curate, and less stable in computing than the method presented
in the current paper. In addition, the four Pearson characteriza-
tion parameters can directly be expressed in the four given or
measured moments, quite different from the method presented
in [5], [6] where a table look-up or linear programming method
is required to obtain these parameters. Moreover, our method
enables the calculation of the failure time pdf of the composite
of components of different type, unlike [5].

An alternative, probabilistic approach to computing the reli-
ability of systems comprising independent units with arbitrary
failure time distributions is based on the use of binary decision
diagrams (BDD) [20], [23], which allow an efficient reliability
analysis for arbitrary system compositions (fault trees). How-
ever, the approach is currently limited to the computation of the
first moment only (also see Section VI).

An application of the Pearson distribution has been presented
in [15] for the execution time analysis of parallel task composi-
tions, where a very good accuracy was demonstrated (generally
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better than 1 percent for various distributions, including negative
exponential, Gaussian, and uniform distributions). In contrast,
the current paper introduces the approach into the system relia-
bility field. It includes an extension of the mathematics to handle
k-out-of-n redundancy, series systems of different units, as well
as standby redundancy. Furthermore, the paper presents appli-
cation examples from the aerospace domain including hierar-
chical systems analysis, and also describes analytic and pseudo-
analytic solutions for particular combinations of negative expo-
nential and/or Gaussian distributions, which are used as com-
parison to evaluate the accuracy of our technique.

The remainder of the paper is organized as follows. In the
next section we provide a rationale for our choice of using the
first four statistical moments. In Section III, we present our anal-
ysis technique for standby redundant systems, active redundant
k-out-of-n systems, and series systems (of different units). In
Section IV, we discuss numeric implementation issues. In Sec-
tion V, we show applications of our technique to hierarchical
example systems from the aerospace domain, including an eval-
uation of its numeric accuracy. We conclude the paper in Sec-
tion VI.

II. MOMENTS CHARACTERIZATION

As mentioned in the Introduction, our moment approach can
also be seen as a generalization of the use of mean & variance
in distribution characterization. Like mean & variance, the as-
sociated benefit is a low analysis complexity. Unlike mean &
variance, however, our extended approach captures essential in-
formation on the pdf (as will be shown later on), at negligible
cost penalty. The reason to limit our approach to the first four
moments is motivated by the following. First, and foremost, the
four-parameter Pearson distribution is determined by the first
four moments. Furthermore, it has been shown [14] that the
first four moments allows us to reconstruct the original distri-
bution while introducing an acceptable error, and to distinguish
between well-known standard distributions. Finally, in measure-
ments, lower moments are also more robust than higher mo-
ments. As the measured values of higher moments are sensitive
to sampling fluctuations, including higher moments does not al-
ways imply that precision will be improved.

Before presenting our analysis method, we provide two ex-
amples to illustrate that one needs to approximate an arbitrary
failure time pdf of a component in terms of its first four moments
in order to significantly increase accuracy when compared to,
e.g., mean & variance only. In the first example, we consider
two different series systems, each comprised of 64 non-redun-
dant components, each component having a pdf with a mean of
4, variance of 1, and kurtosis of 6; but with a skewness of 1.70 in
one set, and —1.70 in the other set. When the skewness is posi-
tive, reliability analysis (using our high-accuracy technique) re-
sults in a mean of the set’s failure time of 3.13 with a variance of
0.02, while the other set exhibits a mean of 0.53 with a variance
of 0.64. Thus, the third moment cannot be ignored.

The second example illustrates that also the fourth moment is
not to be neglected. Consider again two different series systems,
each comprised of 64 components, each component having a pdf

with a mean of 3, variance of one, and skewness of —0.18; but
with a kurtosis of 1.9 in the first set, and 5.00 in the other set.
This results in a mean of the first composite set’s failure time
of 1.11 with a variance of 0.02, while the second set measures
a mean of 0.25 with a variance of 0.80. Due to its accuracy, we
have chosen to characterize an arbitrary failure time distribution
of a basic component using the Pearson approximation, which
is determined in terms of the first four moments.

III. MOMENTS ANALYSIS

As standby redundancy is associated with addition, the mo-
ments of the composite’s failure time pdf can be analytically
expressed in terms of the constituent moments. For active re-
dundant k-out-of-n systems (identical units), and series sys-
tems with different units, the derivation of the resulting mo-
ments is based on the use of the Pearson distribution as an inter-
mediate vehicle. We convert the constituent moments into the
Pearson distributions f;(z) (and F;(z)). Next, we compute the
failure time pdf f(z) according to (3) (k-out-of-n systems), or
(5) (series system). Subsequently, we compute the four statis-
tical moments

—+oo
E[X"] = /wa(w)dw (6)
forr = 1,...,4. In practice, the application of the Pearson

distribution involves a translation of E[X] to zero, as well as a
number of additional calculations for numerical stability, all of
which will be outlined in the sequel. We start with the derivation
for standby redundancy, and then proceed with the derivation for
k-out-of-n systems (identical units), and series systems (non-
identical units).

A. Standby Redundancy

In terms of the failure time moments, standby redundancy
corresponds to computing the sum of the individual moments,
in general given by [5]

r

ey =3 () e e

=0

Usually, the new units are identical to the failed one when it was
new. In the case of an n-fold standby redundancy, the statistical
moments are given by [5]

E[T] =nE[T3],
E[T%] =n(n — 1)E[T1]? + nE[T?],
E[T% =n(n —1)(n — 2)E[T}]?
+ 3n(n — V)E[T1)E[T?] + nE[T})
E[T* =n(n — 1)(n — 2)(n — 3)E[T1]*
+ 6n(n — 1)(n — 2)E[T1]*E[T}]
+ 4n(n — 1)E[T{]E[T?]
+ 3n(n — 1)E[T?)? + nE[T}] (7)

?
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B. k-out-of-n Systems and Series Systems

With its four parameters, the Pearson method can model a
wide range of distribution shapes, including standard distribu-
tions, such as the negative exponential, Gaussian, and uniform
distribution, but also failure time distributions of real compo-
nents/units. As the Pearson method, and its mathematics have
been described in [3], [19], only the most salient features of its
application are reported here. Specific issues arising in the nu-
merical implementation are detailed in [15]. In the following,
we shall use g(z) to denote the Pearson distribution, to distin-
guish between this approximate pdf, and the actual failure time
pdf of a constituent unit.

Pearson [3], [19] shows that the derivative of any pdf g(z)
can be approximated by

dg(x) __(z+a)g() -

de do + diz + dyx?

For a centralized pdf (with zero first moment), the parameters
a, dg, di, do of the Pearson approximation can be easily com-

puted from the second to fourth moments s, . .., us of fi(z)
according to
a= (3udus + uzus) /q
do = (—4udus + 3usu3) /q
dy = (—3u§u3 — uguy) /q
dy = (3u3 + 6u3 — 2usuy) /q )

where ¢ = —18u3+10ugus —12u3. Using a centralized pdf sig-
nificantly improves on numerical accuracy. Hence, to approxi-
mate a unit failure time pdf with arbitrary moments my, . . . , my,
we approximate a centralized version of the failure time pdf.
Consequently, the moments u1, . . . , u4 on which the centralized
Pearson approximation g(x) is based, is computed according to
the translation

ul =0
_ 2
U2 =Mz — My

u3 =ms — 3mimso + 2mi’

Uy =myg — dmimsg + 6m%m2 — 3mi1 (10)
Depending on the roots of the equation
do + dix + daz® = 0 (11)

the analytical integration of (8) results in various analytical ex-
pressions for g(x) [3], [19]. In the following, we present the
derivation of g(x) when the roots of (11) are real, and have
different signs (coined Pearson pdf of type I [3], the other two
cases, and associated Pearson types II & III are detailed in [15]).
For Pearson type I, (8) is integrated to

g'(x) = K(ay + z)*(ay — 2)° (12)
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where the superscript I denotes the Pearson type, and K is a
normalization constant such that

/ K(ay +z)*ay —2)Bdz =1

ay

When used as approximation of f1 () in composite (3), or f; ()
in composite (5), g'(') must be retranslated by a value m1. For
the centralized g} () the parameters a1, az, A, B are given by

_di+ \/d% — 4dyds B
N 2ds
—di + \/d% — 4dyds
= —|—m1
2ds
. ay —a
ds(ai + as)
. a2 + a
B da(a1 + (12)7

ay mi

a2

13)

and (12) is only valid for —a; < < as, outside this domain
g}(x) = 0. Further implementation details are presented in Sec-
tion IV.

In the case of a series system where (12) is used as an ap-
proximation of each f;(x) in the composite (5), each Pearson
approximation g;(x) may represent a different mean value, and
different computational bounds. Care must be taken to assure
that in the numerical analysis the computation interval will in-
clude all g;(z). A different mean value will be accommodated
by a change in the value of x in the functions concerned (for
more details see Section IV-A-1).

1) Special Cases: In the Pearson approximation, we distin-
guish the following special cases.

* Gaussian pdf.

In case we know beforehand that the pdf of f;(x) is of
Gaussian type, the first four moments of the centralized
density function g;() are known to be u; = 0, uy = o2,
us = 0, ug = 30?, where o2 is the variance. In this
case, the Pearson distribution type I must be applied. How-
ever, we must add an extremely small offset of 10~%u, to
u4 to have the Pearson approximation function correctly.
The Pearson approximation of the exact Gaussian distribu-
tion does not work correctly, as its representation by point
By = 0, By = 3 in Table 1 of [15] lies on the border
of the region type II. By adding the mentioned offset, the
Gaussian distribution is drawn into region II. However, the
offset is so small that it does not affect the accuracy.

¢ Negative exponential pdf.

When we know beforehand that the pdf of f;(x) is of the
negative exponential type, the first four moments of the
centralized density function g;(z) are known to be u; = 0,
Uy = m%, uz = Zmi”, Uy = 9m‘11, where m is the first
moment of f;(z). In this case, the Type III Pearson ap-
proximation must be applied. Similar to the Gaussian case,
we must add an extremely small offset of 10™%uy to uy
in order to have the Pearson approximation function cor-
rectly. The negative exponential pdf lies on the border of
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Pearson type III, and is represented by point By = 4,
Bs = 9 in Table 1 of [15]. Note, of course, that for nega-
tive exponential distributions, it is possible to analytically
derive exact solutions for k-out-of-n systems.

IV. NUMERICAL IMPLEMENTATION

In this section, we describe the implementation of (3)
(k-out-of-n systems), and (5) (series systems), which involve
the use of Pearson distributions. Following Section III-B, we
mainly present implementation details for Pearson type I pdf
only, as the implementation details for the other Pearson types
are similar, except for the expressions for g;(z), and their
domains [15].

Regarding a practical implementation of (12), it turns out that
for certain d; solutions to (11) the factors A, and B in (12) can
become rather large, which means that (a; + x)#, and (as +
7)P can become extremely large, or extremely small. To avoid
numerical precision errors, we have normalized both terms of
(12) to

1 [2(a1 + ) A 2(as — x) B_ 1
E|:a1+a2:| |:a1+a2 _Eg(x) (14)
where
c= [ gz (1s)

For completeness, we also provide the equations corresponding
to our implementation for the Pearson type II:

1 ; 21 " s v 1
- |:1 + (i _ E) :| e—'uarctan(?—;) P gH(m)7 (16)
c c r c
and type III:
1 aq + xr A 2(0,2 + l) P _ 1 HI(JZ’) (17)
c \ai—as as + 15/ us T e g

where c is the corresponding normalization constant.

A. k-out-of-n Systems

To illustrate the computation process for k-out-of-n systems,
Fig. 1 shows a simple algorithm to compute the resulting four
moments of the composite pdf f(z) (E[T"], denoted M,. in the
algorithm) from the moments of the constituent units (E[T7],
denoted m,. in the algorithm). In the algorithm, the variables
f1, F1 reflect the fact that all units 7 are identical to unit ¢ = 1.
The computation of the resulting moments (algorithm lines 13
through 15) includes the translation from the centralized pdf
domain back to the original domain.

To simplify the presentation, the algorithm is not optimized,
and uses simple Euler integration (using integration step
variable h). The complexity of the entire procedure is deter-
mined by the integration loop which involves approximately

Algorithm 1:

function KOUTOFN(my,...,my4) returns Mq,..., My
1: a1,a2, A, B — Eq. (13) d'(z)

2: c—0

3: for h=1,...,10* do

4: & — —ay + h(ay + az)/10*

5: c—c+g'(x) Eq. (15)
6: end for

7. Fi,My,...,Mqy <0

8: for h=1,...,10* do

9: & — —ay + h(ay + ag)/10*

10: fi —d'(@)/er Eq. (14)
11: L —F1+fi Fi(z)
12: fe % Eq. (3)
13: M — M+ (z+m1)f E[T]

14:

15: My — Mg+ (z +m1)f E[T4)
16: end for

Fig. 1. Algorithm for k-out-of-n systems with Pearson type I pdf.

50 floating point operations per integration step, independent
of the system size n. For the accuracy needed (less than 1
percent approximation error), only 10* (Euler) integration steps
are required (the loop bounds in algorithm lines 3, and 8),
resulting in approximately 500,000 floating point operations
for the computation of the four moments. This number can
even be substantially reduced when more advanced integration
methods are used. Thus, the algorithm pairs excellent accuracy
at minimum computing cost. A C-implementation of the above
(unoptimized) algorithm, compiled with gcc 2.95 (default
optimization), only takes 0.040 CPU seconds on a (slow)
750 MHz AMD Duron processor running Linux Debian 2.2.
The algorithm also applies to the other Pearson pdf types, in
which case the computations in algorithm lines 1, 5, and 10,
and the integration bounds on x are altered accordingly [15].

1) Series Systems: Essentially the same approach is used for
series systems with different units. In that case however, the
computations on algorithm lines 1, 2, 5, 10, and 11 need to be
performed for each subsystem (unit) 7, involving variables such
as ¢;, f;, F;. In addition, the computation on algorithm line 12 is
altered according to (5). To cope with different mean values of
fi(x), all pdf are collectively shifted along the x-axis such that
the mean of the pdf with the smallest mean, f;(x) say, reaches
zero. In the numerical analysis, the shifted functions must all
be covered by one & the same computational (integration) in-
terval, i.e., the lowest bound, and the highest bound of all pdf
will be taken as the computational bounds. Suppose that after
the shift to centralize gs(z) the other functions g;(z), ¢ # s ob-
tain mean values ¢;, ¢ # s. As usual, the Pearson parameters
of the functions ¢;(z), ¢ # s are derived from rheir centralized
versions, but, in addition, and before applying (5) to derive the
composite density function f(z), 2 must now be replaced by
x — ¢; (ps = 0) in the functions g;(x). Finally, the moments of
f(z) are obtained in the same manner as given in lines 13-15
of Algorithm 1.



530

V. EXAMPLE APPLICATIONS

In this section, we apply our analysis approach to a number
of systems from the aerospace domain, which involves compo-
sitions of non-identical units, standby redundancy, and active
redundant k-out-of-n compositions of identical subsystems (hi-
erarchical composition). While in [15] we have provided ample
proof of the basic accuracy of our method, in the following
we also provide error values, which also show the high accu-
racy for hierarchical composition. To evaluate the accuracy of
our approach, we compare our approximations with analytic,
and pseudo-analytic solutions, the procedure of which is also
described.

A. Series System of Different Units

As an example, we present the failure time calculation of a
satellite transponder, which relays signals received from Earth
back to Earth. Such a transponder has a number of semi-con-
ductor components, and (in older versions) an output traveling
wave tube (TWT). The set of all semi-conductor elements to-
gether is assumed to have a negative exponential failure time
pdf with an assumed mean of 7 years. The TWT is assumed to
have a Gaussian failure time pdf with a mean of 7 years, and
a variance of 2 year?. The centralized Gaussian pdf is approx-
imated by a Pearson type II pdf with zero mean, second mo-
ment of 2 yearz, zero third moment, and a fourth moment of
12.00000005 year* (see also Section ITII-B-1). The centralized,
negative exponential pdf is approximated using a Pearson type
III pdf with a zero mean, second moment of 49 yearQ, third mo-
ment of 686 year?, and a fourth moment of 21609.00001 year*
(see also Section III-B-1).

Applying our approximation method for the binary series
system with different units (i.e., (5) with n = 2 with g;(z)
according to Pearson type II, and III, respectively), we obtain
the following four failure time moments: E[T] = 4.3716
years (error: 0.01 percent), E[T?] = 25.91 year? (error: 0.01
percent), E[T?] = 172.8 year® (error: 0.01 percent), and
E[T%] = 1,235.3 year* (error: 0.01 percent).

To obtain the error values of the above four moments, we
have derived two additional solutions to (5) for n = 2, i.e., an
analytic solution, and a pseudo-analytic one. The derivation of
the first moment of the analytic solution is shown in the Ap-
pendix. Like the analytic solution, the pseudo-analytic solution
is based on the use of the negative exponential pdf (f(z)), and
the Gaussian pdf ( f2(z)) instead of the Pearson approximations.
Unlike the analytic solution, however, the Gaussian cdf is nu-
merically determined. The computation is similar to the version
of Algorithm 1 described in Section IV-A-1. Within the integra-
tion loop (algorithm lines 8 to 16), the variables f (negative ex-
ponential pdf), fo (Gaussian pdf), F} (negative exponential cdf,
equals 1 — f1 /M), and f (composite pdf) are computed analyti-
cally in each step, while F, (Gaussian cdf) is computed through
Euler integration.

The results of the first moment for the analytic, pseudo-ana-
lytic, and our Pearson approximation are 4.3722, 4.3713, and
4.3716, respectively. We conclude that the pseudo-analytic
method provides results which are extremely close to those of
the analytical method, and for that reason can be considered
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to provide the true moment values. Hence, this numerical
integration method will also be used as error reference in the
following sections.

B. Hierarchy of k-out-of-n Systems

To improve the mission time of the transponder of Sec-
tion V-A, we consider the addition of one redundant, identical
transponder. To give this redundant switched-on transponder
some useful task during the period that the primary transponder
functions correctly, the redundant transponder is assigned a
secondary mission for this time period. To avoid the use of
high frequency switches on-board, the secondary mission is
proposed to operate in a slightly higher frequency band than
the primary mission. Each of the two transponders should then
be equipped with a filter; the primary one with a low-frequency
pass filter, and the redundant one with a high-frequency pass
filter. When the primary transponder fails, the secondary mis-
sion will be terminated by stopping the related ground station
transmissions, and the primary mission continues on the redun-
dant transponder using the frequency band of the secondary
mission. When the redundant transponder fails, the secondary
mission is terminated as well. Two failure time distributions can
be considered. The first one deals with the failure time of the
primary mission, and the second one with that of the secondary
mission.

Applying our approximation method for 1-out-of-2 systems
using the moments obtained in Section V-A (i.e., a hierarchical
system composition, using Algorithm 1 with g(x) according to
Pearson type I, and (3) on algorithm line 12 with k = 1, n =
2), the following failure time moments of the primary mission
are found: E[T] = 5.876 year (error: 0.05 percent), E[T?] =
39.09 year? (error: 0.14 percent), E[13] = 278.6 year? (error:
0.26 percent), and E[T*] = 2, 076.0 year* (error: 0.10 percent).

Applying our approximation method for 2-out-of-2 systems
on the moments obtained for the series system in Section V-A
(again, a hierarchical system composition, using Algorithm 1
with g;(x) according to Pearson type I, and (3) on algorithm
line 12 with & = 2, n = 2), the following failure time mo-
ments of the secondary mission are obtained: E[T] = 2.867
year (error: 0.09 percent), E[T?] = 12.72 year? (error: 0.41 per-
cent), E[1®] = 67.16 year® (error: 1.08 percent), and E[1] =
394.38 year* (error: 0.57 percent).

To derive the above errors in the moments of both the primary,
and secondary mission, we use a pseudo-analytical approach.
The approach is based on reusing Algorithm 1, which has previ-
ously been used for the computation of the results of the series
subsystem in Section V-A. These results are now input to the
current computation. Instead of separating the computations of
Sections V-A, and V-B, which would require a Pearson approx-
imation for the resulting moments of Section V-A, we simply
merge the computations of Sections V-A, and V-B within a
single integration loop in terms of Algorithm 1. The results of
the integration loop for f (series) (using (5)) in terms of the se-
ries subsystem of Section V-A, are directly input to the com-
putation for f (k—out—of—n) (using (3)). An additional variable
Feries) s ysed to hold the cdf of the series subsystem. By
avoiding the Pearson approximation entirely, combined with the
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high accuracy of the integration loop (as previously shown), the
pseudo-analytical solution has negligible error. The latter has
been verified through a fully analytical solution for E[T] using
a series expansion for f(z) (not presented).

C. Standby Redundancy

With standby redundancy, it is assumed that the failing
unit is replaced by an identical, new spare. Then the four
moments of the composite system can directly be ex-
pressed in the four moments of the first unit according to
(7). When applying standby redundancy on the example of
Section V-A, one obtains the following results: E[T] = 8.74
year (error: 0.01 percent), E[T?] = 90.04 year? (error: 0.01
percent), E[T3] = 1025.30 year® (error: 0.01 percent), and
E[T%] = 12,541.87 year* (error: 0.02 percent). As expected,
standby redundancy provides a better mean time reliability
than active redundancy. When having standby redundancy, a
secondary mission is not possible (like in Section V-B). On the
other hand, we save power for the satellite.

D. Hierarchy With Triple Modular Redundancy

A triple modular redundancy (TMR) system is operational
as long as 2 or all 3 units function correctly. In real life, and
for commercial reasons, it is not realistic to apply TMR to the
satellite transponder unit of Section V-A. Nevertheless we have
taken the derived transponder moments of Section V-A as input
to a higher, hierarchical TMR system, again to demonstrate
its proper functioning when non-standard pdf are used as
input. Clearly, however, we could have taken a more realistic
example such as a gyro system, which would also be modeled
as a series system, comprised of electronics, and a mechanical
unit. Using the derived moments in Section V-A as input to
the k-out-of-n system with & = 2, and n = 3, one obtains
the following failure time moments: E[X] = 4.3692 year
(error: 0.0735 percent), E[X?] = 22.9767 year? (error: 0.705
percent), E[X?] = 134.3904 year? (error: 0.649 percent), and
E[X%] = 844.648 year* (error: 0.337 percent). Again, the
approximation errors are quite small. These error values have
been obtained in the same way as described in Section V-B
using a very similar peudo-analytic method.

VI. CONCLUSION

In this paper, we present a low-cost, compositional approach
based on the use of the first four statistical moments to charac-
terize the (unimodal) failure time distributions of the constituent
subsystems, and the composite system. The approach is based
on the use of Pearson distributions as an intermediate analyt-
ical vehicle, in terms of which the constituent failure time dis-
tributions are approximated. The analysis technique has been
presented for k-out-of-n systems with identical subsystems, se-
ries systems with different subsystems, and systems exploiting
standby redundancy. In addition, numeric implementation de-
tails have been outlined, and a number of example applications
from the aerospace domain have been presented. The technique
consistently exhibits very good accuracy (on average, much less
than 1 percent error) at very modest computing cost, indepen-
dent of system size.

Future work is aimed at extending the analysis for dependent
subsystems, based on results from order statistics when vari-
ates exhibit a non-zero covariance. Typically, accurate analysis
results are available for Gaussian distributions only. However,
using Johnson distributions, one can transform arbitrary pdf into
Gaussian pdf, subsequently applying our approach. Another di-
rection of future research is the use of BDD, extending the anal-
ysis to higher moments. Possibly the work presented in [4] can
be combined with our method to approximate a pdf by means
of the Pearson method. After a Boolean evaluation of the failure
time function as illustrated in [16], the remaining distribution
functions can be approximated using the Pearson method. This
would extend the work in [16], which is still limited to expo-
nential polynomial distributions.

APPENDIX
ANALYTICAL SOLUTION FOR SECTION V-A

We analytically derive the first moment E[T] of the failure
time pdf of a series system with a Gaussian, and a negative ex-
ponential pdf. For n = 2, (5) reduces to

flx) = (1= Fi(z)) fa(x) + (1 = Fa(2)) f1(2)

where fi(z), and fo(z) represent a negative exponential pdf
(1/X = 7), and a Gaussian pdf (u = 7), respectively.

By translating f; () to a zero first moment (a backward shift
of 1/\ = 7), we obtain

—Ax
filz) = )\ee , Fi(z)=1- @
and (for o = V/2)
fa(z) = ﬁe‘%7 Fo(z) = _% f2i$)

The associated domains of fi(z), and fo(z) are —1/A < z <
00, and —o0o0 < x < 00, respectively. The derivation proceeds
as shown at the top of the next page. Using a series expansion
for f1(x), it follows that
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as 1/ is sufficiently larger than o. For 1/\ = 7, it follows that
E[T] = —2.6278. Retranslating the result by a forward shift of
the first moment (1/A = 7) yields E[T] = 4.3722.
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