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Abstract

We present a new method to break symmetry in graph coloring problems, which can be applied in
many classes of combinatorial problems. While most alternative techniques add symmetry breaking
predicates in a pre-processing step, we developed a learning scheme that translates each encountered
conflict into one conflict clause which covers equivalent conflicts arising from any permutation of the
colors.

Our technique combines Extended Resolution with domain specific knowledge. Although the
Extended Resolution proof system is powerful in theory, it is rarely used in practice because it is
hard to determine which variables to introduce defining useful predicates. In case of graph coloring,
the reason for each conflicting coloring can be expressed as a node in the Zykov-tree, that stems
from merging some vertices and adding some edges. So, we focus on variables that represent the
Boolean expression that two vertices can be merged (if set to true), or that an edge can be placed
between them (if set to false). Further, our algorithm reduces the number of introduced variables
by reusing them as much as possible.

We implemented our technique in the state-of-the-art solver MiniSat2. It is competitive with
alternative SAT based techniques for graph coloring problems. Moreover, our technique can be used
on top of other symmetry breaking techniques. In fact, combined with adding symmetry breaking
predicates, huge performance gains are realized.
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Chapter 1

Introduction

Satisfiability (SAT) solvers have become very powerful in recent years. Especially conflict-driven
clause learning SAT solvers can effective tackle huge problems. Crucial to strong performance is
learning conflict clauses that ensure that the same search space is not explored multiple times.
However, in the presence of symmetry the effectiveness of conflict clauses is highly reduced: search
spaces could be visited that are symmetric to already refuted areas. This decreased effectiveness
reduces the performance of conflict-driven solvers on many classes of combinatorial problems, such
as graph coloring which are known for their highly symmetric SAT encodings.

Fortunately, symmetry can be broken statically, as a preprocessing step, or dynamically, during
the search. A frequently used static technique for graph coloring is to assign a different color to all
vertices in a large clique [20]. Although quite effective and cheap (a large clique is easy to find), it
only breaks the symmetry partially [20]. Even state-of-the-art static symmetry calculating programs
can only break symmetries partially [16]. A dynamic symmetry breaking technique [10] adds, besides
the conflict clause expressing the conflict, all symmetric conflict clauses. Yet, in case of many colors,
the number of symmetric conflict clauses will increase dramatically. Here, we present an alternative
dynamic technique.

For each conflicting assignment of k colors in the DPLL-tree there exists k! symmetric conflicting
assignments that can be obtained by a permutation of the colors. At the core of our algorithm
is the observation that all these symmetric conflicting assignments correspond to the same node
in the Zykov-tree: a binary search tree that selects in each node two nonadjacent vertices. One
branch explores the search space by merging these vertices, while the other branch examines the
space created by placing an edge between them. We translate each conflicting DPLL-node to the
corresponding Zykov-node and translate the latter back to SAT.

Since the Zykov algorithm branches on merging two nonadjacent vertices or placing an edge
between, new variables are introduced — called merge variables: these variables represent that two
vertices must have the same color (a merge step) if set to true, while they must be colored differently
(adding an edge) if set to false. The proposed technique converts the original variables in conflict
clauses to merge variables.

Although the primary focus of the research presented in this thesis is improving the performance
of conflict-driven solvers on graph coloring instances, the underlying principles of the Zykov algo-
rithm can easily be abstracted and applied to many other classes of combinatorial problems such as
computing Van der Waerden numbers [29].

The outline of the rest this thesis is as follows: Chapter 2 introduces the satisfiability problem
and current solving techniques. Chapter 3 introduces the graph coloring problem and presents a
survey of non-satisfiability approaches presented in the literature to solve the problem. Chapter
4 discusses solving a graph coloring instance as a satisfiability instance. Extended Resolution and
it’s application to the graph coloring problem is discussed in Chapter 5. Embedding the proposed



conversion of conflict clauses is explained in Chapter 6. Chapter 7 introduces Van der Waerden
numbers as an example of how symmetry-free clauses can be used outside the scope of the graph
coloring problem. Chapter 8 describes the implementation of MiniMerge our Minisat2 implementation
which uses symmetry-free conflict clauses to store conflicts. Chapter 9 discusses MiniMerge2, which
uses an experimental method to reduce time spend propagating assignments. Chapter 10 offers
experimental results which compare the performance of MiniMerge to the performance of MiniSat2 on
graph coloring instances. Chapter 11 evaluates the performance between MiniMerge and MiniMerge2.
Finally, in Section 12 we draw some conclusions and provide suggestions for future research.



Chapter 2

The satisfiability problem

The satisfiability (SAT) problem asks whether there exists an assignment for a given Boolean formula
such that it evaluates to true. If such an assignment does exist, we call the problem satisfiable else
the problem is qualified as unsatisfiable. In a more formal setting a formula F = {C1 A ... A Cp,}
consists of the conjunction of clauses C;, where each clause C; = (I;1V. ..V, ;) consists of disjunction
of literals. A literal [ refers either to a Boolean variable z; or to its negation —x; . A clause is satisfied
when at least one of its literals evaluates to true. Finally, a satisfying assignment must satisfy all
clauses. The SAT problem has been shown to be N'P-complete [2].

1. Formula simplification and iterative unit propagation

Consider the following example SAT instance Fexample :

fexample =Ci ANCoNC3NCy

Cl = (.1‘1)

Cy = (xl V —|$2)

C; = (“:L'l \Y _‘1'2)

04 = (_‘1'1 V 2 \/1'3 \/$4)

Obviously if Fexample is to be satisfied, 1 must be assigned true, since this is the only way to satisfy
the unit clause (a clause of size one) Cy. Once we have assigned x; = true (z; for short) we can
simplify Fexample: clauses C7 and Ca, can be removed from Fexample Since they are already satisfied,
the literal —z; can be removed from clauses C's and Cy, since these clauses can no longer be satisfied
by those literals. The simplification of F after an assignment is referred to as the propagation of
that assignment. Propagating z; results in:

]:example ) {wl} = (ﬁ$2) A ($2 Va3V $4)

Apparently, the propagation of x; caused the clause C's to become unit and propagate —~zs. A clause
that propagates a value, such as Cjs, is referred to as the reason clause of that assignment. After
propagating -2, Fexample becomes:

fexample U {561, _':CQ} = (IL'g V 564)

After this propagation there are no more unit clauses that force assignments. This process of
satisfying unit clauses, until there are no more unit clauses is known as iterative unit propagation.

Besides unit propagation, formula simplification can also be done by the the removal of tautolog-
ical and subsumed clauses. Clause C; is tautological when it contains both a positive and negative



literal x;. Since C; is always always satisfied it can be removed from F. Clause C; is subsumed by
clause Cj, if C; consists of a subset of literals contained in C;. Since any assignment which satisfies
C; also satisfies C;, C; can be removed from F.

2. The DPLL procedure

To prove that a given formula F is satisfiable requires a satisfying assignment, or model, of the
formula. Proving the unsatisfiability of a formula must be done through a refutation. In most
modern SAT solvers the search for either a refutation or a model is done by variations of the DPLL
procedure [6]. The ’pure’ DPLL procedure is a depth-first backtracking procedure, it first applies
iterative unit propagation, then it picks and assigns a free variable x; and propagates that assignment
(branching). This process is repeated until no clauses remain in F indicating that we have found
a solution, or when an empty clause is detected. When an empty clause, is detected it means that
F cannot be satisfied under the current assignment and the procedure backtracks and tries another
assignment of x;. The pseudo code of the DPLL procedure is presented in Algorithm 2.1.

Algorithm 2.1 DPLL(F)

1. F « propagate(F) [*apply iterative unit propagation™/
2: if F contains no more clauses then

3:  return SAT

4: else if F contains an empty clause then

5:  return UNSAT

6: end if

7. « « pickBranchVariable() /*choose the next variable to branch on*/
8 if DPLL(F Ux) = UNSAT then

9:  return DPLL(F U -xz)

10: end if

11: return SAT

3. Lookahead Solving

There are two main approaches used by SAT solvers these days. The first one, the lookahead
approach is an almost direct implementation of DPLL procedure. This approach aims to minimize
runtime by choosing the optimal branch variable in each step in the search tree. Obviously, the
effectiveness of this approach depends heavily on the implementation of the pickBranchVariable
procedure, which uses a procedure called lookahead to determine the most successful branch variable.

This lookahead procedure evaluates for every variable x; in F both propagate(F U {x;}) and
propagate(F U {—x;}). If the lookahead on either the positive or the negative literal results in a
conflict, this literal is called a failed literal. This literal needs to be fixed on complement of its current
assignment. When the lookahead on both z; and —z; results in a conflict, then F is unsatisfiable
under that assignment. When both lookaheads on a variable do not result in a conflict, the lookahead
will be evaluated and a value will be assigned to the literal, which indicates its potential. This value
can be based on a number of different heuristics, such as the number of created binary clauses by this
assignment. As the lookahead procedure is computationally heavy, lookahead is therefore usually
only performed on a subset of the literals in F. The lookahead aproach is used in successful solvers
such as March_dl [32].



4. Conflict-Driven Solving

The second main approach and currently the most popular variant of the DPLL procedure is known
as conflict-driven solving, first presented in [11] and currently used in successful solvers such as
MiniSat2 [8]. Instead of simply backtracking when a conflict is detected, this variant uses the
analyze procedure to determine the source and level -in the search tree- of the current conflict. After
determining this, a learnt conflict clause Ceonaict is added to F, which represents the state of the
solver when the conflict was encountered. Such a learnt clause Cionsiict is said to be implied by
F. The procedure then backtracks to the level of the current conflict, after which the learnt clause
becomes an unit clause and is propagated and the process of assigning variables continues. When a
conflict is detected at level 0 this means that every possible assignment of the variables in F results
in UNSAT and hence F is UNSAT. The pseudo code of this variant is presented in Algorithm 2.2.

Algorithm 2.2 ConflictDrivenDPLL(F)

1: while true do

2:  F « propagate(F) [/*apply iterative unit propagation*/

3:  if not conflict then

4: if all variables assigned then

5: return SAT

6: end if

7 decide() /*pick a new variable and assign it*/

8  else

9: Ceonfiict — analyze() /*analyze conflict and add a conflict clause*/
10: if top level conflict found then

11: return UNSAT

12: end if

13: F — backtrack(Ceonsiict) /*undo assignments until conflict clause is unit*/

14:  end if
15: end while

4.1 Conflict clause construction

Conflict clauses are constructed through the use of an implication graph, which reconstructs the
reason for the encountered conflict. An implication graph is a directed acyclic graph, in which
a vertex either corresponds to the current assignment of a variable or to the empty clause which
caused the current conflict. The incident edges of each vertex comprise the reason that lead to that
assignment or conflict. Vertices that have no incident edges are referred to as decision variables.

In an implication graph, vertex v is said to dominate vertex w iff any path from the decision
variables of the level of v to w needs to go through v. An Unique Implication Point(UIP) is a vertex
at the current decision level that dominates the vertex corresponding to the conflict [24]. A reason
for the current conflict is defined as a bipartite cut in the implication graph which has all decision
variables and one UIP on one side (called reason side), and the conflict in the other side (the conflict
side). The vertices on the reason side that have at least one edge to the conflict side, the reason set,
comprise the assignments which led to current the conflict [24]. The corresponding conflict clause is
the negation of that assignment.

Since an implication graph may contain multiple UIPs there are multiple cuts possible, each
resulting in a different conflict clause. Currently the strategy of choosing the UIP closest to the
conflict, known as the 1-UIP strategy, is considered on average to be the most robust strategy for
choosing UIPs, but other strategies, such as choosing the last ITUP (LAST-UIP), can have better
results in specific cases [24].



Figure 2.1 provides an example of a conflict, which occurred while solving Fi,, and the corre-
sponding implication graph.

Current assignments: —xg level:1; -z level:3; —x11 level:3; x1 level:6

fuip — Ol AN 09 P .\ ................
Cl = (—\.231 V 332) 1 T2 1:6

Reason side.,
—x1 VazV 139) C
1

i) V X3 V J;4) a
T 1.6 -
04 = (x4 V Is V .7)10) g COHﬂiCt

—x5 V ﬁl’6)
1V 7V T12) Z26 1:6  Conflict side
Cg =(x1 V $8)
Cg_ _|x7\/_‘x8\/_‘x13) Ly TR R R R T
X111 1:3

= (
(
(
(ﬁ.%‘4 V xg V £C11)
(
=
(
(

- Last-UIP cut @ Last-UIP 1-UIP cut © 1-UIP

Figure 2.1. Animplication graph example.

In this example, if the solver uses the 1-UIP cut, the analyze procedure would return the clause:
(_‘1'4 V Z10 V 5611)
On the other hand if the LAST-UIP cut would be used the procedure would return:

(ﬁl‘g VaxigVaerV .Tg)

4.2 The VSIDS activity heuristic

Unlike the lookahead approach which spends considerable time on calculating the optimal branch
variable, most conflict-driven solvers use a very simple heuristic, known as the Variable State Inde-
pendent Decaying Sum (VSIDS) heuristic [12]. In the VSIDS heuristic an activity counter is kept for
each variable x;. This counter is increased each time z; is present in the implication graph during
the conflict analysis. Periodically all counters are multiplied with a constant between 0 and 1, thus
decaying the activity of variables over time. When a new branch variable is needed the variable with
the highest counter is selected.

4.3 Assignment propagation

The majority of time during solving is spend propagating assignments, therefore a good propagate
implementation is key to an efficient SAT Solver [12]. In most modern conflict-driven solvers assign-
ment propagation is done through a lazy algorithm known as the 'two watched literals’ algorithm
[12]. For each clause C; we have two pointers left and right that point to two literals xje and Tright
which either evaluate to true or are unassigned. When either ies or Zrignt becomes falsified a new
literal which is either satisfied or still free must be found to point to. If such a literal cannot be
found we know that C; can only be satisfied by the other watched literal and thus that assignment
must be propagated. Another important property of this algorithm is that no pointers need to be
updated during backtracking, making backtracking relatively cheap. A detailed example of the two



watched literals algorithm is depicted in Figure 2.2, which shows how the watched literal algorithm
behaves with respect to a single clause (-1 V 4 V —27 V 212 V 215) under a number of assignments.

T
T Ty X7 I12 T15 ———————- . g X7 12 Z15

. 15
Clause becomes unit and propegates x12 1

—1I4

Backtracking due to conflict,
freeing 15, x7, T4

| | s

—x7
. Ty i T2 Ii5 —————- 15

Figure 2.2. Two watched literals example, black arrows indicate successive assignments of vari-
ables, watched literals are represented by blue arrows, which turn red when propagating an as-
signment. Falsified literals are colored red, satisfied literals are colored green and free literals are
colored white.

4.4 Optimizing techniques used in conflict-driven solving

o Conflict clause minimization. It is possible that a learnt clause contains redundant literals,
which can be removed. A literal z; in clause Cconfiict is redundant, when —x; is implied by the
negation of the other literals in Ceongiict, @5 Ceonflict can never be satisfied solely by x;. The
removal of redundant literals has been shown to significantly shorten conflict clauses which in
turn reduces the time spend looking for new watch literals when a literal is falsified. Improving
the performance of the propagate procedure.

e Conflict clause deletion. Obviously, conflict clauses are essential in the conflict-driven ap-
proach, but each added clause slows the propagating of assignments, while the clause may
never become unit again. Therefore all state-of-the-art conflict-driven solvers periodically
delete conflict clauses. Criteria for deleting such clauses vary from solver to solver, but usually
the heuristic is based on the "relevance” of the clause (i.e. how often it became unit in a given
time span).

e Solver restarts. It is a well established principle that while a SAT problem maybe easy, a
solver can get stuck in a difficult part of the problem, which may have no bearing on a simple
refutation which exists for the problem or is solved quickly when the simpler part of the
solution has been found. To counter this problem conflict-driven solvers employ a restart
strategy. After a preset number of conflicts, the solver unassigns all variables and starts in
another part of the problem. Learnt clauses are kept to ensure that excluded search space is
not visited. Completeness (the guarantee that it will return an answer) of the algorithm is
ensured by iteratively increasing the the restart threshold after a restart. Like clause deletion
the actual strategies for restarting vary from solver to solver.



Chapter 3

The graph coloring problem

The graph coloring problem (GCP) deals with the question, given a graph G what is the lowest
number of colors such that the vertices of G can be colored sp that two connected vertices are
differently colored. For instance the graph presented in Figure 3.1 can be colored using 3 colors, but
not using 2 colors.

(5)

Figure 3.1. A graph that is 3-colorable but not 2-colorable. The numbers in the vertices refer to
their index v;.

More formally , a graph G = (V, E) is k-colorable, when there exists a mapping ¢color from each
vertex v € V onto an integer {1 .. k} such that for every (v,w) € E, @eolor(V) # @eolor(w). When
Yeolor does not map each v € V', then we refer to oo as a partial coloring of G.

The smallest k for which G is still k-colorable is known as the chromatic number of G or X(G).
Like the SAT problem, the GCP has been shown to be N'P-complete [2].

Although this thesis focuses on solving GCP instances through a SAT approach, there exist
many other possible approaches, such as contraction algorithms, sequential algorithms and Integer
Programming which we will discuss in this chapter. First however, we will discusses how to efficiently
obtain a lower bound for the chromatic number of G through finding a clique in G.

1. Cliques as Lower Bounds

A fully connected subgraph of G containing n vertices is referred to as a clique of size n. Since each
vertex in a clique must be colored differently, cliques of size n provides a solid proof of a lower bound
of n for the chromatic number of G and a good starting point in a search for a n-coloring of G.

As useful as cliques are, it should be noted that there exists no relation between the largest clique
in G and the chromatic number of G. For example, k-Mycielski graphs have a chromatic number of
k + 1, while only having cliques of size 2 [40].



Although the problem whether a graph contains a clique of size n has been proven to be N'P-
complete [2], there still exists effective algorithms to find reasonably large cliques in graphs. In our
experiments we used, unless stated otherwise, a recursive clique finding algorithm implemented by
Trick and available at [22]. The pseudo code of this algorithm is presented in Algorithm 3.1 and 3.2.

This algorithm uses a basic greedy algorithm to find a clique in G, it then tries to improve on this
clique by choosing a vertex with maximum degree (the number of connected vertices to this vertex)
not included in the returned clique and tries to find a clique that contains that vertex, which is bigger
than the previously found clique. This process is repeated until the largest clique has been found or
the number of tries exceeds a stated number of maximum allowable tries. The first procedure call of
this algorithm is made as mazimum_weighted_clique(G, 1, size(G)), the global variables tries and
mazximum-number_of _tries are set to 0 and 10000 respectively.

In our experience the performance of this algorithm is moderate to good, execution of the al-
gorithms takes only one or two seconds. We have done no extensive experiments on the quality of
the cliques it returns, but we believe it is reasonable. For example, for one random graph with 125
nodes and 6961 edges it returned a clique of 27 vertices, while the largest clique in the graph has
size 33 vertices.

Algorithm 3.1 GreedyClique(G)

add the vertex with the largest degree to the chosen clique.

while G contains vertices that are connected to every vertex in the chosen clique do
add the vertex with the largest degree to the clique.

end while

return chosen clique.

Algorithm 3.2 maximum_weighted_clique(G, lower, target)

1. if (size(G) < target) OR (tries > maximum number_of_tries) then

2:  return ) /* return the empty graph */

3: end if

4: tries «— tries + 1

5: Gfound_clique — GTeedyCllque(G)

6: if size(Gound.clique) > target then

T return CYVfoulﬂd_clique

& end if

9: sort all v; € G by vertex degree

10: for all v; € G and ¢ Gfound_clique dO

11: G’ « the subgraph of G which contains v; and all vertices connected to v;
120 Geandidate_clique < mazimum_weighted_clique(G’, size(Giound_clique); target - 1)
13: if Size(Gcandidate_clique) + 1) > (Size(Gfound_Clique)) then

14: Gfound_clique — Gcandidate_clique U,
15:  end if
16: end for

17: return Geound_clique




2. Contraction algorithms

The concept of contraction algorithms is based on a theorem due to Zykov [21], which states:

X(G) = min(X(G/(v,w)), X(G + (v,w))) (3.1)

In this theorem, G/ (v, w) denotes the graph with vertex v and w contracted, meaning that vertex
w is deleted and all its edges are transferred to v. G + (v, w) means that an edge is added between
vertex v and w, as shown in Figure 3.2.

G+(v3,y O (®) X/(vg,%)

© Q) ©
e
/

Figure 3.2. A Zykov-tree example. The numbers in the vertices refer to their index v;. The added
edge is shown as a dashed line.

Repeated steps of applying this theorem to a graph G result in a binary tree, known as the Zykov-
tree. The leaves of this tree are fully connected graphs, which each have a chromatic number equal
to their number of vertices. For example we can prove that the chromatic number of the graph in
Figure 3.2 is at most 4 by exploring the follow branch of the Zykov-tree:

@

®
& | o-o—@ =5 )e}@ ® =3 )e}@ ®
®

G/(v1, vs) ®)@ o G/(vss, 116)
(=) ()

Figure 3.3. A branch of the Zykov-tree, which proves that the chromatic number of the graph
presented in Figure 3.2 is at most 4.

2.1 Approximation contraction algorithms

Approximation contraction algorithms explore a single branch on the Zykov-tree, as shown in Figure
3.3 and return the number of vertices in the resulting leaf as an approximation of X(G). The choices

10



for the vertices to be merged are made on the observation that the number of vertices left in G is
the upper bound of their approximation of X(G) and each merge reduces the number of vertices
in G with one, therefore each merge should result in a graph containing as few edges as possible,
which is the graph most likely to allow for the largest number of merges. The difference between
the number of edges in G and the number of edges in G/(v,w) is known as the common neighbors
of v and w or en(v,w). For example in Figure 3.2, cn(v1,v2) = 0, en(ve,v4) = 1 and en(vs, vq) = 2

In the algorithm of Brigham and Dutton [27] en(v, w) is calculated for every pair of vertices v, w €
V , then iteratively two vertices v, w, with max cn(v, w) are merged and the affected neighborhood
scores updated, until the graph is fully connected.

In the better performing RLF (Recursive-Largest-First) algorithm of Leighton [28], after calcu-
lating en(v,w) for every pair of vertices v,w € V a vertex v with maximum degree is chosen and
recursively merged with a vertex w with max cn(v, w) and the affected neighborhood scores updated,
until every vertex in G is connected with v at which point a new v is chosen, until the graph is fully
connected.

2.2 Exact contraction algorithms

Exact contraction algorithms explore the entire Zykov-tree and return the exact chromatic number
of G [31]. Obviously such algorithms cannot explore the entire tree as it is of super-exponential size.
The search space is kept manageable by using a technique known as branch & bound. In the branch
& bound method the search space is recursively divided into smaller subproblems (Branching).
Subproblems for which we know that they will not yield an optimal solution are not considered
(Bounding).

As stated, branching in the Zykov-tree is done by selecting, two vertices v, w and creating two
new subproblems, one in which v and w are merged and one in which an edge is placed between v
and w. For example Figure 3.2 shows the two resulting subproblems from a branch on the pair of
vertices (vs,vy)

Bounding in the Zykov-tree is achieved by keeping track of an established upper bound k and
discarding subproblems, which have a lower bound < k. A value of k for this upper bound represents
a found leaf containing a fully connected graph containing k vertices. Thus the chromatic number
of G is at most k and subproblems which contain a clique of size k+ 1 can be ignored. For example,
the Zykov-tree branch explored in Figure 3.3 established an upper bound of 4 which means that
branches which contain a clique of size 5 can be ignored. Detecting such cliques is non-trival and
complicates the effectiveness of this algorithm.

2.3 Contraction algorithm performance

To our best knowledge, the family of contraction algorithms is currently considered to be the poorest
performing family of coloring algorithms.

3. Sequential algorithms
3.1 The DSATUR algorithm

The DSATUR (Degree of Saturation) algorithm [26] is a sequential approximation algorithm which
uses a dynamically established list of vertices. Given a partial coloring p¢o1or, the degree of saturation
of vertex v, degs(v), is equal to the number of differently colored neighbors of v. The DSATUR
algorithm starts by assigning color 1 to vertex v with maximum degree. The vertex v to be colored
next is the vertex with max degs(v). If two vertices v, w have an equal degree of saturation, we
chose the vertex with maximum degree. If v and w still have equal values, we choose randomly. The
color used for v is the color with the lowest index that is available.
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3.2 An exact backtracking algorithm

In [26] Brélaz proposed an exact sequential backtracking algorithm for the GCP. In this algorithm
the vertices of G are stored in an array A. The order of the vertices in A is dynamically determined
by the saturation degree of the vertices, vertices with equal saturation degree are ordered by vertex
degree. When the vertices stored in A[1] .. A[n] have been colored by the partial coloring ¢color, the
number of colors used in @eolor is defined as color(n) = ¢, the set of candidate colors U[A[n + 1]]
for the vertex stored in A[n + 1] is then the subset of the colors {1,2,..,¢, + 1} which are not used
to color vertices neighboring A[n]. At each iteration of the algorithm, an uncolored vertex with
the largest saturation is colored. When an upperbound k for the chromatic number of G has been
established, by a found coloring @¢olor, all colors with an index > k are removed from each U. If
any U becomes empty, a backtrack must be performed. The pseudo code of this algorithm is shown
in 3.3. M. Trick has a ready implementation of this algorithm available at [22]. Although currently
considered to be sub-standard this algorithm is still often used to benchmark new algorithms.

Algorithm 3.3 ExactBacktrack(G)

1: find and color a clique of size r

2: Qreturn < & coloring found using the DSATUR algorithm

3: k — colors(|V])

4: start «—r+1

5: v «— A[r+1]

6: Ulv] < the non decreasing set of free colors for vertex v, which are < k
7. while (start > r) do

8  for (i = start; i <|V|;i+—i+1) do

9: v — Ali]
10: if (i > start) then
11: Ulv] < the non decreasing set of free colors for v, which are < k
12: end if
13: if (JU[v]| > 0) then
14 Geotor () = U[1][0]
15: remove U [v][0] from Uv];
16: else
17: start «— 11— 1
18: ©Oeolor (Alstart]) «— 0

19: end if

20: end for

21: k< colors(|V])

22: Preturn <= Pcolor

23: i« least ¢ with peolor(Afi]) = k

24:  start «—1—1

25:  for (i =start +1; i <|V]; i—i+1) do
26: Sﬁcolor(A[i]) — 0

27:  end for

28:  for (i =0; i < start; i —i+1) do
29: remove from U[A[i]] all colors > k
30: end for

31: end while

32: return Yreturn
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4. Solving graph coloring instances through Integer Programming

Like many other combinatorial problems, the GCP can be formulated as an Integer Programming
(IP) problem. IP is a special case of Linear Programming (LP). LP problems are optimization
problems which consists of an objective function and linear constraints. The objective function is
defined as acquiring the maximum or the minimum of a specific function. The objective only holds
under certain circumstances, which are represented in the problem constraints. Next to that, the
variables are in most cases also bounded to non-negative values. In Linear Programming variables
may be given any real value, in IP all variables must be given an integer value. The general problem
LP has been proven to be in P, while IP has been proven to be N'P-Complete.

Although a general discussion about the solving techniques for IP problems falls outside the
scope of this thesis, we will discuss a number of IP encodings for the GCP as IP encodings and SAT
encodings of the GCP are very similar and suffer from similar drawbacks. For a detailed discussion
on IP solving techniques we refer the reader to [37].

Let z,; be a binary variable for which z,; = 1 > @color(v) = ¢ holds, w; be a binary variable
for which w; < @color(v) = j for some v holds, then the traditional IP encoding of the GCP is:

Vi
Minimize » w; (3.2)
j=1
VI
Subject to va,j =1 vevV (3.3)
j=1
Toj+aTw; Swi  (vw) €E,  1<j<|V| (3.4)
z,; €{0,1} weV, 1<j<|V|] w;€{0,1} 1<j<|V]| (3.5)

Where (3.2) is the objective function to be minimized, (3.3) are constraints which encode that
every vertex of G must be given at least one color and (3.4) are constraints which encode that no
two neighboring vertices are given the same coloring and that vertices may only use colors which
corresponding variable has been set to one.

Since colors in the GCP are interchangeable, (k!) symmetrical colorings exist for k given number
of colors. Since also feasible solutions of an IP graph coloring formulation suffer from that symmetry
drawback, TP algorithms, based on the above formulation, tends to behave poorly (even for small
instances of graph coloring). The main reason for that is the fact that many subproblems in the
search tree have the same optimal value. [33].

In the literature we have found two solution to the above mentioned problem: The first solution
is to extend the above representation with constraints which (partly) break these symmetries, for
example in [34] it was proposed that the the sets of equally colored vertices should be sorted by the
minimum index of the vertices belonging to each set and only colorings are considered that assigns
color j to the j** independent set. All other permutations that define the same coloring do not lead
to a feasible solution. This can be achieved by adding the following constraints:

Tp; =0 j>uv+1 (3.6)

i—1
Ty,j < Z T j—1 v € V\vy, 2<j<wv-1 (3.7)
w=j—1
Here constraint (3.7) encodes that vertex v;, with ¢ > 1 can only be colored j if a vertex v, with
x < 7 has already be colored j — 1.

There exists a fine line between the number of broken symmetries and the actual effectiveness
of the symmetry breaking constraints. The above constraints are too computational heavy and are
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not used in [34]. Instead they use constraints which specify that the number of vertices colored by j
must be greater or equal than the number of vertices colored by j + 1, which is enforced by adding
the following constraints :

w; <Y @y 1<V (3.8)
veV

V] V]

> w; <Y w1V -1 (3.9)

v=1 v=1

These constraints only partially break the symmetries that arise form color permutations, permuta-
tion between vertex sets that have the same size are still possible, but enough symmetries are broken
to make these constraints effective while not being to computationally heavy.

A second approach is to use an encoding which does not exhibit the symmetries present in the
traditional encoding. An interesting example of such an approach is presented in [25], where an
encoding is used based on the notion of maximum independent sets.

An independent set of G is a set of vertices such that there is no edge in F connecting any of
these vertices. A maximal independent set is an independent set that is not strictly included in any
other indepent set. Any coloring of G is comprised of a set of independent sets, thus the chromatic
number of G is equal to the minimum number of maximal independent sets which include every
vertex in G. For example we need 3 maximum independent sets to completely cover the graph
presented in Figure 3.4.

Figure 3.4. A complete coverage of G using three maximum independent sets. The numbers in
the vertices refer to their index v;.

A coverage of G by independent sets can be translated into a coloring of G by assigning a different
color to each independent set, for vertices which are contained in multiple sets, such as vz in Figure
3.4, it suffices to chooses a color which corresponds to one of the sets they belong to.

Let S be the set of of all maximal independent sets in G, x5 be a binary variable with z;, =1 <
all vertices in the maximum independent set s are equally colored, then the Independent Set (IS)
formulation of the GCP for G is:

Minimize »  x, (3.10)

Subject to Z x5 > 1 ieV (3.11)
s:€S

zs €{0,1} seS (3.12)

As any graph G can have an exponential number of maximum independent set, the number
of variables in an IS formulation are far to great to add them all explicitly. Instead [25] uses a
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technique known as column generation. In this technique variables are added at the point when
they are required. To quote [25] as to how this is done with respect to (IS):

Begin with a subset S’ of independent sets. Solve the linear relaxation (replace the integrality of
constraints on x; with nonnegativity) of (IS) restricted to s € S’. This gives a feasible solution to
the linear relaxation of (IS) and a dual value of m; for each constraint in (IS). Now, determine if it
would be useful to expand S’. This is done by solving the following maximum weighted independent
set problem:

Mazimize Z T 20 (3.13)
veV

Subject to zy + zp < 1 (v,w) € E (3.14)

wel0l} wveV (3.15)

If the optimal solution to this problem is more than 1, then the z; with value 1 correspond to
an independent set that should be added to S’. If the optimal value is less than or equal to 1, then
there exist no improving independent sets: solving the linear relaxation of (IS) over the current S’ is
the same as solving it over S. Since the maximum weighted set problem itself is a difficult problem
to solve the authors note that any set with size > 2 could be added if necessary.

4.1 Integer Programming algorithm performance

As far as we know IP algorithms are currently seen as the superior class of graph coloring algorithms
[33]. However, the superiority of IP algorithms is not unchallenged.

For many benchmarks in the DIMACS benchmark set a SAT approach provides a better upper
bound than the one presented in [33]. In [20] better upper bounds were presented for the benchmarks:
DSJC125.5, DSJC125_9 and abb313GPIA. Furthermore, in our own preliminary experiments we found
that MiniSat2 provided better upper bounds for the benchmarks: queen9 9, ash958GPIA and any
1e450 benchmark.

Establishing good lower bounds for a GCP instance using a SAT approach is more difficult
as currently such an approach only supports partial symmetry breaking. However, by using our
approach full symmetry breaking can be achieved, therefore we expected to find improved lower
bounds for difficult DIMACS instances. In fact using our approach, we were able to calculate better
lower bounds than presented in [33] for numerous benchmarks. Among these benchmarks are the
Mycielski and the DSJC125_5 benchmarks, for more details on the exact results we refer the reader
to Chapter 10.

Furthermore the results presented in [33] indicate that the exact backtracking algorithm pre-
sented in Section 3.2 outperforms IP algorithms for graphs with small chromatic numbers. In our
preliminary experiments MiniSat2 outperformed this backtracking algorithm on 3-coloring instances
with 400 vertices. Extrapolating from the data presented in [33] it stands to reason that a SAT
approach would outperform the IP approach for 3-coloring problems. This conclusion is further sup-
ported by the fact that during our literature surveys we did not find any detailed studies involving
exact IP algorithms for 3-coloring instances with 400 or more vertices.
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Chapter 4

Solving the graph coloring problem
as SAT instances

The question whether a graph is k-colorable can be encoded as a SAT problem, therefore a GCP
instance can be expressed as a series of SAT problems. Encoding the question whether a graph is
k-colorable can be done through many different encodings. In the next section we will consider the
most commonly used encodings discussed in [14, 20]. To illustrate these encodings we will use them
to encode a graph containing two adjacent edges v and w and the colors {1, 2, 3}.

1. A survey of SAT encodings for the graph coloring problem

THE DIRECT ENCODING

In the direct encoding of a k-coloring problem a color variable x,; < @color(v) = 4. The direct
encoding has three types of clauses. The property that each vertex must be colored with at least
one color, is encoded by the at-least-one clauses, which are of the form:

(p1 Vaya V- Vyg) veV (4.1)
Further, for each (v,w) € E, k conflicting clauses encode @color(V) # @eolor (W):
("% V owwi)  (vw) €E, 1<i<k (4.2)
The at-most-one clauses encode that each vertex can only be colored with one color:
(i V Ty 5) veV, 1<i<j<k (4.3)

Encoding our example graph with the direct encoding results in:

(xv,l \ xv,2 \ xv,B) (:L'w,l \ xw,Q vV xw,B)
(ﬁxv,l \ ﬁ55'11,2) (ﬁxv,l \ ﬁ-rU,B) (ﬁxU,Q \ ﬁ-rv,fi) (4 4)
(ﬁww,l vV ﬁ55117,2) (ﬁxw,l \ ﬁ-1/’111,3) (ﬁxw,Q \ ﬁ-1/’111,3) '
(_‘xv,l V _‘xw,l) (_‘zv,Q V _‘zw,2) (_‘zv,B V _‘zw,B)

THE MULTIVALUED ENCODING

The at-most-one clauses from the direct encoding are optional, in the multivalued encoding the
at-most-one clause are omitted allowing each encoded vertex to be assigned more than one color
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simultaneously. A coloring ¢color can be derived from a SAT solution by selecting any one x, ;
assigned true for each vertex v. Encoding our example graph with the multivalued encoding results
in:

(zv,l \ Ty,2 \ zv,B) (xw,l \ Taw,2 \ zw,S)
(4.5)
(mZp1 V Ty 1) (mZy,2 V Ty 2) (mZy,3 V Ty 3)

THE LOG ENCODING

The log encoding aims to encode a graph coloring instance with as few SAT variables (logarithmic
instead of linear) as possible. For each vertex v € V we add [logy(k)] variables of the form z
where 1! = 1 < bit i of the integer representation of @color(v) is 1. For example in a 3-coloring
instance assigning —zl, 22 encodes that @color(v) = 2. In the log encoding there are no at-least-
one or at-most-one clauses, instead for each edge (v,w) € E k conflicting clauses are added that
forbid combination of variables that encode that weolor(v) = @eolor(w). If k is not a power of
two, prohibited-value clauses are added that prevent vertices being colored with an illegal coloring.

Encoding our example graph with the multivalued encoding results in:

(elva?val val) (mxlva?v-zl val) (zlv-22val v-a?)
(4.6)

(~ay V ) (g, V 1y,

THE BINARY ENCODING

The log encoding without prohibited-value clauses is known as the binary encoding, Instead all bit
combinations are allowed, each value encoded value > k is interpreted as a value < k. For example
Il > k can be mapped onto [ — k. Obviously in the binary encoding contains no prohibited-value
clauses, however the binary encoding may generate exponentially more clauses than the log encoding.
Encoding our example graph wit the binary encoding results in:

(xlva?val va?) (mxl v =22 v -zl v -zl
(maxlvaiv-zl va2) (zlva?v-ozlv-z?) (4.7)
(whv-z2val v-a2) (-alv-az2valva?)

THE SUPPORT ENCODING

Like the direct encoding, the support encoding consists of the at-least-one and at-most-one clauses,
however instead of conflicting conflicting clauses it uses supporting clauses. Which encode for each
(v,w) € E that the value —x,, ; must be propagated if z, ; would be propagated by an at-least-one
clause. Encoding our example graph with the support encoding results in:

(x'u,l vV Ty,2 \ :E'U,3) (-Tw,l \ Tw,2 \ xw,S)
(_‘zv,l V _'337172) (_‘xv,l V _‘xv,B) (_‘zv,Q V _‘zv,S)
(_‘xw,l \ _‘xw,Z) (_‘xw,l \ _‘xw,S) (_‘zw,2 \ _‘zw,S) (4 8)
(xv,l \ Toy,2 \ ﬁZCw,S) (-rw,l \ LTaw,2 \ Ty,3
(xv,l \ Ty,3 \ ﬁZCw,Q) (-rw,l vV Tw,3 \ ﬁ55'11,2)
(33712 \ Ty,3 \ _‘zw,l) (xw,Q \ Lw,3 \ _‘zv,l)

In our experiments we focused on the direct encoding, as this encoding produces the best results
for conflict-driven solvers [14, 20], yet our proposed technique can theoretically be extended to any
presented encoding.
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2. Symmetry breaking predicates in SAT encodings

Like the classic IP encoding, all colors are interchangeable in the direct encoding, making this
encoding highly symmetric, thus greatly reducing the effectiveness of standard solving techniques
on GCP instances. As far as we know, there is no SAT encoding for the GCP, like the Independent
Set IP encoding, that does not contain such inherit symmetries. In the presence of such symmetry,
it is good practice to add symmetry breaking predicates [16], which are additional clauses that break
such symmetries, while not effecting the satisfiability of F.

2.1 Clique forcing

In case of the GCP, a common technique for symmetry breaking is to search for a large clique and
force all vertices in that clique to a different color — by adding unit clauses to the formula [20]. As
stated, cliques in a graph can be easily detected thus making this a cheap and reasonable effective
method. Unfortunately in most cases, this technique breaks the color symmetries only partially
since:

1. The chromatic number of G may be higher than the largest clique in G, thus symmetries
involving permutations of colors not present in the forced clique are not broken.

2. Symmetries involving color permutations over sets of vertices that don’t contain vertices from
the forced clique are not broken. This causes the technique to become less powerful as G
contains more vertices and conflicts occur away from the forced clique.

It should be noted that clique forcing is good practice even if it only partially breaks symmetries
or the symmetries are already broken some other way and should always be practiced. Rember, each
vertex in a clique must be colored differently, thus adding unit clauses for a single clique does not
change the satisfiability of F, while it may significantly simplify F.

2.2 Shatter

In the more general context of CNF formulae, the program Shatter [1] can be used to compute
symmetry breaking predicates. Shatter is a CNF preprocessor based on the work of Crawford
[35, 36], it computes the symmetries in F by reducing the calculation of symmetries in F to the
graph automorphism problem.

Given two graphs, an isomorphism is a 1-to-1 mapping between the vertex sets of the two graphs
that maps edges to edges. Given a graph, an automorphism is an isomorphism onto it self. The
graph automorphism problem, is the problem given a graph G what are all automorphisms of G in
terms of group generators [1]. Group generators are an important part of the mathematical field
of Group Theory, which complex as it is falls outside the scope of this thesis, for more information
about this field we refer the reader to [39].

Although the graph automorphism problem is in NP and currently no general polynomial al-
gorithm has been found for this problem, it is not believed to be AN'P-Complete and has many
polynomial algorithms for bounded cases [38]. Therefore computing the symmetries of a CNF by
mapping it onto a graph is computationally feasible in many cases. For na overview of possible
mappings of a CNF to a graph, we refer the reader to [1, 16].

Since a CNF, such as our graph coloring instances, may have an exponential number of symme-
tries, full symmetry breaking using this approach is impractical [1]. In practice only breaking the
symmetries encoded by the generators returned by the procedure which solves the graph automor-
phism problem achieves good results [16]. For an overview of possible translations from symmetry
group generators to symmetry breaking predicates we refer the reader to [1, 16]
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Chapter 5

Extended Resolution

It is a well known fact that any DPLL refutation can be polynomially translated into a resolution
refutation, limiting the power of the DPLL procedure to the power of the resolution proof system.
Resolution is a propositional proof system which consists of a single inference rule:

CiU$ CjU—‘:L'

.1
CiUCj (5 )

A refutation in resolution is created, when the empty clause (} is derived using the above rule. For
example using resolution we can refute:

F = ($1 \Y ZL'Q) N (—‘ZL'l \Y ZL'Q) N (xl \Y —|$2) A\ (—‘Z'l \Y _‘1'2) (52)

With the refutation:
1V 1xg 1V X2 -1 V X -1V T2
Z1 T

0

The complexity of the length of resolution refutations has been shown to be exponential for many
families of problems, even problems known to be in P [19], severely limiting the effectiveness of the
DPLL procedure when applied to these problems.

Fortunately, proof systems more powerful than resolution exist. Of these proof systems, the
Extended Resolution system (ER), proposed by Tseitin [18], is of particular interest to the SAT
community, since ER is very similar to normal resolution, making it potentially easy to integrate in
a DPLL based solver, while being much more powerful.

In ER the eztension rule is added to the resolution system. This rule allows for the introduction
of new clauses and variables to F. These clauses and variables to F must express a relationship in

the form: o (5.3)

In this relationship e is a new variable not occurring in F and F’ is an arbitrary Boolean formula
of literals in F. For instance, adding e < (z1 A z3) is done by adding to F:

(e V -z V-ome) A(meVa)A(—eV ) (5.4)

To our best knowledge, there are no SAT-solvers which use ER as a search strategy. This is due
to the fact that there exist almost an infinite number of candidates for F’ at any point in the DPLL
search tree, if the extension rule should be used at all. Therefore, ER is currently mainly seen as a
theoretical principle or used to compress found refutations of problems [17].

Yet, the power of ER is equal to the most powerful known proof systems [5]. Although the ques-
tion whether there exists a short ER refutation for any unsatisfiable instance F is an open question,
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ER has polynomial refutations for certain classes of problems where there only exist exponential
refutations, using normal resolution. According to Cook [4], the key to creating such refutations
seems to be finding constructive properties of the proof which can be simulated by ER.

1. ER example: The Pigeonhole Principle

One of the most well known classes of problems were there exists an short ER refutation, but no
short resolution refutation is The Pigeonhole Principe (PHP). PHP is the assertion that there exists
an one-on-one mapping ¢ of n onto n — 1.

Cook [4] showed how a short ER refutation can be formulated. Informally the refutation of the
assertion is given by assuming that if there exists an one-on-one mapping ¢ of n onto n — 1, there
also exists an one-on-one mapping ¢’ of n — 1 onto n — 2 of the form:

w_{w(n) it o) =n—1 1<i<n-1 (5.5)
This procedure will in the end assert the impossibility of an one-on-one mapping of 2 onto 1. The
ER refutation of Cook follows the informal argument closely. The PHP assertion for n can be given
using z,,; < p(v) =i
.. <v<
Xn{ ((%,1 Vo Xy Ve VZyn—_1) 1<v<n

Ty Vo Tyi) 1<v<w<n, 1<i<n-1 (5.6)

The mapping of ¢’ can be described by introducing the following clauses, with the extension rule
using e; r, < ¢’ (1) = k:

(ev,i vV j-,L'U,i)
Vo Tps Vo TTyp—1) . .
E (evs nst vin 1<i<n-1,1<i<n-2 .
" (_‘ev,i \ Ty,i \ xv,nfl) =t=n e (5 7)
(_‘ev,i \ Ty,i \ xn,i)

Cook showed that from the union of F, and X, one can derive:

¥ { (ev1 V ep2V---Veyn_2) 1<v<n-1
n—1 (

“eyi V. Tey) 1<v<w<n—1, 1<i<n-—2 (5-8)

After n — 2 dimension reduction steps, this results in Xo={ej j,€5;,7e] ;V=es 1}, from which the
empty clause can be derived.

2. Emulating contraction algorithms through ER
ER can emulate a Zykov-step by introducing and setting a variable e, ,, which expresses :
Cvw Sﬁcolor(v) = Pcolor (w) (59)

This relation can be translated to CNF using the following support clauses -no relation to the support
encoding for the graph coloring problem-:

(v, V Ty, i VoZy,i) A (F€yV Ty i VT i) A (D€ wV Ly i VL) 1<i<k (5.10)

These clauses will propagate the fact that vertices v and w have equal or unequal colors when e, ,, is
set. If set to true the clauses simulate merging two vertices, while setting e, ,, to false represents
placing an edge between them.
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Chapter 6

Symmetry-free conflict clauses in
graph coloring

A powerful application of emulating contraction lies in strengthening conflict clauses. To illustrate
the benefits of emulating contraction, consider the example conflict, in the 3-coloring instance pre-
sented in Figure 6.1.

remaining graph remaining graph

Figure 6.1. A Zykov contraction example. The numbers in the vertices refer to their index v;. The
added edges are shown as dashed lines. Vertex vy is in conflict because it cannot be colored. Al-
though various reasons can be addressed for this conflict, the example focusses on the assignment
to vy, Vo, V3, V4, and V5.

In the corresponding SAT instance, a conflict clause for this conflict would be:
(ﬁxl,l Vxgg VorgeVary sV ﬁ$5,3) (61)

However, due to the inherit symmetries of a k-coloring instance, any permutation of colors in a
conflicting assignment is also a conflicting assignment. Thus for the corresponding SAT instance,
the following clause is also implied by F:

("SC173 \Y _‘1'213 V _‘1'311 \Y _|SC471 V _‘1'512) (62)

Unfortunately, with a maximum of k! possible permutations it is impractical to add each implied
clause, for almost any k larger than four [10].
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1. Converting conflict clauses

Any conflict clause, which consists out of negative color literals, such as the clauses depicted in
(6.1) and (6.2), encodes a conflicting coloring ¢eolor Of a subset of vertices in G. This encoded
coloring corresponds to a node in a Zykov-tree where all vertices which are equally colored in @cojor
are contracted into a single vertex and edges are added to induce a clique among these contracted
vertices. This relation exists, because once the vertices are contracted and the clique is induced, any
two vertices equally colored in p¢o10r, Will be equally colored in any coloring of our created clique,
because they have been merged. Furthermore, any two vertices that were not equally colored in
WYeolor, Will be unequally colored in any coloring of our clique, because there exists an edge between
them. Thus any coloring of the created clique corresponds to a permutation of p¢q1or and therefore
will, just like @color, result in a conflict. Therefore, any conflict clause consisting out of negative
color literals can be converted in a corresponding merge clause, denoted by Cryerge, Which is a conflict
clause consisting out of merge variables.

Back to the example, consider the conflict depicted in Figure 6.1 as a node in a Zykov-tree, in
which v, and vy are merged, vs and vy are merged, and the edges (va,vs), (v4,v5) are added. This
is represented using merge variables as:

(me12V —esaVersVess) (6.3)

In any symmetry-free conflict clause Cierge, negative literals correspond to contractions of the
equally colored vertices in p¢o1or. For each set of n equally colored vertices in @¢o1or We will need
n—1 negative merge literals. Unfortunately there exist many different combinations of merge literals
which encode the necessary contractions. For example, encoding that vertices v, v and vg should
not be equally colored, can be done with (—ej 2 V —ey3) or (me1 2 V —es 3). Different combinations
result in different runtimes, therefore we need to select the ”"optimal” candidates. Heuristics for this
selection are discussed in Section 1.

The positive literals Cerge correspond to the edges added to induce a clique. Again, in most
cases, there are quite a lot of possible candidates from which we need to make a choice. We will use
the same heuristics as for the negative merge literals. Of course no edges need to be added between
contracted vertices v and w, if such an edge already exists in G.

Besides Cherge, One also needs to add the support clauses M (Crerge) , which are the clauses
required by the extension rule, to F. Theoretically, for each introduced merge variable we could
add the full set of clause described in Section 2. Yet, in practice it suffices to only add the clauses
that contain the negation of the literal of our introduced variable. Only adding these clauses is good
practice as it saves resources [13]. Formally, for any symmetry-free learnt clause Cierge; M (Cmerge)
equals to:

/\ ( /\ ((ﬂeuw V Ly V i) A (D€pp V Ty i V zU“)) A /\ (6w V T V ﬂzwﬂ-)) (6.4)
1<i<k  epw ecmerge Ty, w Ecmerge

Thus M (Cmerge) for our example is:

€1,2 } ( )
esa{ (€3,4Vx3;VT4a;)
e254 (meas5Vre V- Ts,)
es54 (measVaa;VTs,)

e1,2Vxy VT

(ﬁ€2,5\/ﬁ$2,i\/l‘57i) l<i<3 (65)

A
N (ﬁ€4,5\/ﬁ$4,i\/l‘57i)
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2. Proof of correctness of symmetry-free conflict clauses

Definition Let 7 : (1..k) — (1..k) be an function that is one to one and onto.

Definition Let P, be a recursive function for which holds:

’Pﬂ(ch) = (’Pﬂ(th)\/...\/'Pﬂ(lhyi))
Pr(=lni) = —Pr(lns)

Pw(xv,i) = xv,ﬂ'(i)

Pw(ev,w) = €Eyw

Theorem 2.1 If F represents a k-coloring instance, encoded with the direct encoding and C}, is
implied by F, then for any m, Pr(Ch) is also implied by F.

Proof Given a resolution trail R, with no clauses being learnt clauses, from which the first clause
C}, was learnt, the resolution trail R, from which P,(C}) would be learnt, can be be constructed
by replacing for every literal I, ; € R with Pr(l5;). R is a correct resolution trail, since for every
clause C, represented in R it holds that P, (C,) € F. Thus for every 7, P,(C}) is implied by F.

For any next learnt clause C}, either R contains no learnt clauses, in which case our original
proof applies or it has already been shown that for a clause in F which does correspond to a learnt
clause Cy, for any w, Pr(C}) is implied by F, thus proving that for any possible 7, Pr(C}) is also
implied by F.

Theorem 2.2 Let Ceonsiict be a conflict clause consisting of merge literals and negative color literals.
A literal =xy; € Ceonfiict 15 redundant, if Ceongiict does not contain a literal —xy,; (v # w) and
Ceonflict contains for each color in the conflicting assignment j # i a literal —x, ; (v # w) such that
(v,w) € E.

Proof Cgonfict with and without —z,; correspond to the same node in the Zykov-tree, because
—,; is the only literal assigned to ¢ assures that no merge steps are required, while no edges have
to be added, because for each j # i, v is already connected to a vertex w with @color(7)-

Theorem 2.3 Let Ceonfict be a conflict clause consisting of merge literals and negative color literals.
A literal =€y € Coonfiict 48 redundant, if (7Zy,; V " Twi) € Ceonflict, while a literal ey, € Coonfiict 1S
redundant, if (—Zy; V ~Tw,j) € Coonflict -

Proof (by resolution) Let ® denote the resolution operator. For —e, ., resolve Ceonflict ® (€4, V
Lyi V ;). FOT €4 4, resolve Ceonflict ® ((ﬂevﬁw V o Zy i V Ty i) @ (T V —ww,j)).

Notice that based on this theorem, we can conclude that a formula is unsatisfiable if a conflict
clause only consists of a negative color literal. We refer to a reduced conflict clause Ceongiict if all
redundant literals (based on Theorem 2.2 and 2.3) are removed.

Theorem 2.4 Let Ceonniict be a reduced conflict clause consisting of merge literals and negative
color literals. If Cyerge 1S a corresponding merge clause, by combining DP-resulotion [7] on merge
variables in Crerge 01 Crerge /A M(Cmerge) with resolution on at-most-one clauses, while removing
tautological and subsumed clauses, will results in:

/\ Pm (Cconﬂict) (66)

T k!

Proof First, we perform DP-resolution on all merge variables that occur as a negative literal in
Cerge but not in Ceongics. Let k denote the number of colors and n the number of corresponding
negative merge literals. So, the above DP-resolution results in kn resolvents. Yet many of them are
redundant:
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e In case both —e,, and —e,, occur in Cperge then all resolvents with the literals —z, ; V
Ly V Ty V 2y ; are redundant because they are subsumed by the at-most-one clauses
(g, V 1Ty, 5) (see Section 1).

o In case (v,w) € E then all resolvents with -, ; V -z, ,; are redundant because they are
subsumed by the conflicting clauses (—@y,; V Ty ).

o In case positive merge literal e, .y € Cmerge then resolvents with (-, ; V —y,;) are redundant
because all resolvents after DP-resolution on e, ,, will be either subsumed by the at-most one
clauses or are tautological.

Second, we get rid of the merge variables that occur as a positive literal in Cinerge but not in Ceongics -
Notice that by performing resolution on (—y,; V 7@y, ;) @ (1€ V Zy,i V Ty,;) wWe can deduce each
clause (—€y, V %y, V 2y ;). Now, we apply resolution on all pairs of not redundant resolvents of
the first step with all possible clauses (—eyw V 7%y V 7y, ;). After removing all clauses that are
subsumed by other clauses, the only remaining clauses are Py, (Ceonfiict). For an detailed example
of DP-resolution we refer the reader to appendix 1.

Thus once we have learnt Ceopfiict, we could add all clauses Py, (Ceonfiict) to F (Theorem 2.1). Yet,
based on Theorem 2.4, we add Crmerge A M (Crerge) instead.
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Chapter 7

Symmetry-free learning for Van
der Waerden instances

In 1927 the Dutch mathematician Van der Waerden proved that for every positive integers r and [
there is a positive integer n such that every partition of {1..n} into r blocks has at least one block
which contains a sequence of [ number such that the difference of any two successive members of
that sequence is a constant, called an arithmetic progression of [. The number n for a given r and [
is called the Van der Waerden number W (k,!). For example we can partition{1..8} into two blocks
{1,4,5,8} and {2,3,6,7} without creating an arithmetic progression of 3, while every partition of
{1..9} into 2 blocks will contain such a progression, thus W (2,3) = 9. Calculating Van der Waerden
numbers is a very hard combinatorial problem and currently only 6 such numbers are known [29)].
The question whether the numbers {1..n} can be partitioned in r blocks without an arithmetic
progression of [ is referred to as the Van der Waerden instance W (r, 1, n).

1. Translating a Van der Waerden instance into SAT

The encoding used for Van der Waerden instance W (r, 1, n) is the widely accepted encoding presented
in [29]. Much like the k-coloring problem, this encoding consists of three types of clauses. The
property that each number n must be placed in one block is encoded by the at-least-one clauses,
which are of the form:

(X1 VTya Ve Viy,) 1<v<n (7.1)

The conflicting clauses forbid each possible arithmetic progression:

(2Ty; V 2 Tyrdj VoV Typq—1),5) 1<v,d<n v+ (I—-1)d<n, 1<j<r (7.2)
The at-most-one clauses encode that each number can only be placed in one block:

(=i V 2Ty 5) 1<v<n, 1<i<j<r (7.3)

2. Symmetry breaking predicates

Static partial symmetry breaking for the instance W(r, [, n) can be done by limiting the valid blocks
for r — 1 selected numbers {n; .. n,_1}. These symmetry breaking predicates force that the ny must
be placed in block 1, ne must be placed either in block 1 or 2 and ns number must be placed in
either be placed in block 1,2 or 3 etc. Numbers {ny .. n,_1} are the numbers which occur in the
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largest number of arithmetic progressions. Forbidden blocks for numbers are encoded using negative
unit clauses as by (7.4).
Ty ne{n.n._1} i>n+1 (7.4)

For example consider the Van der Waerden instance W (4, 3,10). For this instance the following
arithmetic progressions are forbidden:

N W OO WN 00O ULk W -

QU OO UL 00O Uik W OO0 Ut i Wi
— — —

©O©OO\IO©OO\I®OTO©OO\ICDOT%OO

(=]

10

The three most occurring numbers in these progressions are: 5(8x) 6(8x) 4(7x). Thus our
symmetry breaking predicates become:

(—xs54), (—253), (—T52)
(mz6,4), (7T6,3) (7.6)
(m24,4)
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Chapter 8
MiniMerge

We have implemented the principal of symmetry-free conflict clauses in the open source conflict-
driven solver Minisat2 in the form of the CDCL_merge algorithm. CDCL_merge is a conflict-driven
algorithm, specialized for combinatorial problems such as the k-coloring problem and Van der Waer-
den instances, which uses symmetry-free conflict clauses to store conflicts. Its most important feature
is the procedure transformConflict, which transforms a normal conflict clause into a symmetry-free
conflict clause. In order to make the procedure transformConflict function properly, we also had to
adapt the decide procedure. Algorithm 8.1 gives a detailed overview of our CDCL_merge algorithm.

Algorithm 8.1 CDCL_merge(F)

1: while true do

2: F <« propagate(F) /* propagate unit clauses */

3 if not conflict then

4 if all variables assigned then

5: return SAT

6 end if

7 decide() /*select decision variable see Section 2*/

8 else

9 Ceonflict — analyze() /*analyze the conflict*/
10: Cherge — transformConflict(Ceonfiict) /*transforms Ceonfiict See Section 1%/
11: if top level conflict found then
12: return UNSAT
13: end if
14: F «— backtrack(Cerge) /*undo assignments until conflict clause is unit*/
15:  end if

16: end while

1. The transformConflict procedure

The transformConflict procedure follows the following steps to convert Ceonfiict into Cmerge:

1. All positive color literals in Ceopgiict are transformed into merge and negative color literals, by
expending them into their reason literals.

2. All according to Theorem 2.2 and 2.3 redundant literals are removed from Ceongiict-

3. Ceonfiict 18 split into Ceolor, which consist out of all negative color literals in Ceonfiict and Cextra,
which consists out of all merge literals in Ceonfiict-
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4. Transform Ceolor into the symmetry-free C,yrov by computing the the corresponding node in
the Zykov-tree. Preliminary tests showed that our runtimes improve if we keep the number of
introduced variables to a minimum and reuse already introduced variables whenever possible.
Thus when we must make a choice between two possible merge literals that can both be used
for Cyyrov, we will always choose the literal which was added to the largest number of conflict
clauses. Ties are broken pseudo randomly.

5. Return the union of Czykov and Cexira as the transformed clause Cierge-

2. The decide procedure

First and foremost, the variable selection heuristics must facilitate that any conflict clause can be
extended in such a way that it contains no positive color literals (see Section 1). We ensure this by
assigning each decision variable to true. This heuristic is similar to the one used in MiniSat2 which
assigns all decision variables to false [8].

Although merge variables are useful to create symmetry-free conflict clauses, they seem rather
weak as decision variables. For instance, if a clique of size k + 1 arises by assigning some merge
variables (i.e. a conflicting assignment), one may not detect this at the CNF level (no empty clause).
Section 10 seems to bear this out

Finally, we propose a specialized version of the VSIDS activity heuristic. Since merge variables
will not be selected as decision variables, it does not make sense to maintain an activity for them.
If a merge variable should have been increased, we want to bump the activity of the corresponding
color variables instead. This idea has been implemented using an activity counter for vertices too.
Each time a merge variable contributes to a conflict, the activity heuristic of both corresponding
vertices is increased. The selection of decision variables is narrowed by choosing a variable from the
most active vertex. This variant of VSIDS is inspired by [3].

3. The backtrack procedure

An important property of clauses generated by the transformConflict procedure, which complicates
backtracking, is that they are not necessarily clauses that become unit after backtracking. For
example, consider the conflict depicted in Figure 8.1 from which Cierge = (€12 V€13 V ea3) is
learnt.

remaining graph

Figure 8.1. An example of a coloring that cannot be expressed with an asserting clause. The
numbers in the vertices refer to their index v;. Vertex v, is in conflict because it cannot be colored.
Although various reasons can be addressed for this conflict, the example focusses on the assign-
ment to vy, v2 and vz, which were set at level 1, 2 and 3 respectively.

Since both e; 3 and ez 3 are set at level 3, after backtracking, both e; 3 and ey 3 become free,
leaving no asserting literal. We refer to such clauses which have no asserting literal, as non-asserting
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clauses. Although many different methods could be used to deal with non-asserting clauses, the
following method showed the best results during preliminary tests. Given non-asserting clause Cj,
which after backtracking, contains the free literals [;..,,, we branch on —ly, —l5..=l,,—; until a conflict
occurs or [, is propagated. The literal [,, that is chosen to be propagated by the newly created clause,
is the literal which we would have chosen to branch on, if /;..l,, would be the only available free
literals. After either a conflict or the propagation of [,, normal branching activity and conflict
analysis is resumed.

The existence of non-asserting clause proves that although Ceonsiict is satisfiability equivalent
t0 Cmerge N M (Crerge) (see Theorem 2.4), the transformation is not arc-consistent under unit
propagation [41] for a non-asserting Cperge. As soon as a merge clause contains multiple literals
that refer to the same vertex, the merge clause will not become unit when the original conflict clause
would be unit. In the example a similar problem would arise in case v, (or vy) was the last assigned
vertex.

The lack of arc-consistency is a serious (if not the largest) weakness of MiniMerge. The number of
times such clauses are generated is very high in some cases larger than 50%, thus severely limiting the
effectiveness of MiniMerge. We have studied various options to deal with this weakness, but to date
no satisfactory solution has been found which guarantees arc-consistentcie under unit propagation.

4. Adding support clauses

Given a new clause Cperge, Wwe must add the support clauses for each merge literal ey, € Cmerge
which have not yet been added to F. Theoretically we only have to add the support clauses which
propagate the negation of e, ,,, however in our current implementation we add all support clauses
for e4,4,. This practice is considered to be a point for improvement in new version of MiniMerge, as
these unnecessary clauses slow down assignment propagation.
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Chapter 9

MiniMerge2

MiniMerge2 is an experimental version of MiniMerge, it has three additional features, mixed merge
clauses, shortcutting and preferential merge literal selection, which we will describe in the following
sections.

1. Mixed merge clauses and shortcutting

In the face of the partial symmetry breaking induced by a forced clique the following question arises:
”Given that some symmetry is already broken, is it useful to convert a given conflict clause into
merge clauses?” After all, converting conflict clauses takes time and the support clauses for the
corresponding merge clause slow down assignment propagations.
To illustrate the different scenario’s we might face, consider the following clause Ceonfiict, learnt
in a 3-coloring instance:
(_|$171 V 2,1 \Y 3,2 V —T4,2 vV _‘1'513) (91)

Suppose that in the encoded graph coloring instance G a forced clique forces @coor(v1) = 1,
©Yeolor(V2) = 2 and @eolor(v5) = 3. Obviously in that case all symmetries of Ceonnict are already
broken through the forced clique. Since all symmetries of Ceonnict are already broken, converting
Ceonflict into a corresponding merge does not break any addition symmetries. Note that all symme-
tries would also be broken if the forced clique would force only weolor(v1) =1 and @color(v1) = 2.

More generally, if in a k-coloring instance F a learnt clause Ceconnict contains a literal that
corresponds a forced vertex for every color in Ceonfiict Or if Ceonfiiet contains k colors and k — 1
literals which encode forced vertices, directly adding Ccongict is equivalent to adding a corresponding
merge clause is. Directly adding Ccongict to F instead of converting it into a corresponding merge
clause is revered to as shortcutting.

Let us get back to our example clause Cgonfiict, suppose that the forced clique only forces
©eolor (V1) = 1. In this cases the forced clique does break some, but not all symmetries of Ceonfiict-
The following symmetries of Cconnict are implied by F, but not broken by the fixed clique:

(mx11 Vowe1 V33V oxa s V s 2)
(mx11 Vxe1 V3oV oxg o V s 3)

(9.2)
Using merge clauses, we could easily break these symmetries by learning the following merge clause:
(ﬁel,g V-oesgaVergVersV 63,5) (93)

Unfortunately this merge clause breaks symmetries of Ceongiict, that are not implied by F such as:

("SCLQ \Y _‘1'212 V _‘1'311 \Y _|SC471 V _‘1'513) (94)
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Breaking symmetries that are not implied is not useful and wastes resources. Fortunately we can
change Cierge into a clause which breaks only the symmetries implied by F by using the following
equalities:

€1,2 <> T2,1,€1,3 <> T31,€15 <> T51 (9-5)

These equalities hold since the fixed clique forces @color(v1) = 1. By replacing merge literals in
Cmerge by their corresponding color literals in the above equalities, we create a clause that breaks
all symmetries of Ceonfiict, not broken by the fixed clique, while not breaking symmetries that are
not implied by F:

(ﬁ.TQ’l Ve3qa Va1 VeV ﬁ$5,3) (96)

We refer to clauses such as (9.6) as mized merge clauses and the color literals in them as pseudo
merge literals, we denoted such literals as Z,; to distinguish them from normal color literals. Using
this notation we write the above clause as:

(mZ2,1V me34V T31V T4V -T53) (9.7)
Mixed merge clauses have two advantages over "normal” merge clauses:

1. Mixed merge clauses are quicker constructed than merge clauses since there are far less options
to consider when encoding the corresponding merge clause with color literals than through
merge literals.

2. Less support clauses are added to F since less merge variables are used in conflict clauses, thus
decreasing time spent propagating assignments.

1.1 Implementing mixed merge clauses

Although mixed merge clauses eliminate overhead caused by redundant merge variables in MiniMerge,
they also significantly increase the complexity of MiniMerge2. This increased complexity is caused by
the fact that mixed merge clauses are asymmetric constraints that are only valid given the specific
assignment of our forced clique.

Adding asymmetric constrains to F makes it impossible to directly transform Ceconfiict into Crerge
since permutations of the reason set for Ceonaict may not lead to a conflict due the asymmetric nature
of F.

The problem of the asymmetric nature of F can be solved by calculating the reason set for the
current conflict which would be generated if no mixed merge clauses, but 'normal’ mixed clauses
were used and converting the Cgongict corresponding to that reason into Cperge. Calculating this
reason set requires two steps:

1. First, while constructing the implication graph we must add implicit vertices. Implicit vertices
are vertices which would occur in the implication graph if normal mixed merge clause are used
but don’t occur if mixed merge clauses are used.

For example, consider the literal x, ; which is falsified by the propagation of -z, ;. If normal
mixed merge clauses were used, not =, ; but —e, ,,, where w is a vertex with a forced coloring
¢ would have been propagated by the clause which propagated —Z, ;. The propagation of —e,, ,,
would have caused the supporting clause (ey, V =y V =2y ;) to be become unit, which in
turn would have propagated —z, ; falsifying x,, ;. Thus if we wish to create a reason set which
is equivalent to the mormal’ reason set, we must add a vertex —z,,; to the implication graph
with a directed edge to the same vertex as -z, ; is connected to.

Fortunately, implicit vertices always correspond to a variable set at level 0, therefore if we
detect an implicit vertex, we can directly add it’s variable to the reason set and don’t need to
expand the vertex.
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Table 9.1 shows an overview of the possible scenarios which might arise during the implication
graph construction and whether or not to add an implicit vertex (our example corresponds to
case 3). Note, that we consider a branch on negative color literal =z, ;, a branch on a merge
literal —e, 4, where w is some vertex forcibly colored ¢. This is done because due to the way
we deal with non-asserting clauses we may need to branch on negative color literals to falsify
pseudo merge literals in a Cperge. By treating branches on negative color literals as a branch
on merge literals we still can express any conflict in terms of (pseudo) merge literals and color
literals.

2. Second, pseudo merge literals in the reason set must be treated as merge literals and not
as color literals with respect to merge clause construction. For example the corresponding
mixed merge clause for the reason set {11, %21, T2} should be (—e; 2 V —Z32) instead of:
(me1,2Vea 3) as the reason set corresponds to the reason set {x11, 2,1, €3}, where v is some
vertex with a forced coloring.

Table 9.1. Lookup table for deciding when to add implicit vertices to the implication graph.

case falsified literal in which type of clause | reason clause | add implicit vertex?
1 | positive color literal normal clause branch variable yes
2 | negative color literal normal clause branch variable no
3 | positive color literal normal clause learnt clause yes
4 | negative color literal normal clause learnt clause yes
5 | positive color literal normal clause normal clause no
6 | negative color literal normal clause normal clause no
7 | positive color literal learnt clause branch variable no
8 | negative color literal learnt clause branch variable yes
9 | positive color literal learnt clause learnt clause no
10 | negative color literal learnt clause learnt clause no
11 | positive color literal learnt clause normal clause yes
12 | negative color literal learnt clause normal clause yes
13 any merge literal any any no

2. Preferential merge literals selection

As stated when we must choose between two merge literal candidates for Cperge we take the literal
that occurs in the most conflict clauses and ties are broken pseudo randomly. However when the
preferential merge literal selection optimization is used, ties between unused merge literals are broken
by an user determined score given to each merge literal.

For graph coloring instances we gave literal e, ,, a score equal to the number of common neighbors
between vertices v, w, which is a commonly used heuristic to determine the most effective vertex
pair to branch on in Zykov algorithms as can be seen in Chapter 2.1.

For a Van der Waerden instances we choose to give literal e, ,, a score equal to the number of
progressions in which they both occur.
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Chapter 10

Results

In this chapter we will present the performance of the MiniMerge solver on different graph coloring
instances and Van der Waerden instances, benchmarked against the normal distribution of MiniSat2.
For our experiments we used the following groups of instances:

GRAPHS WITH SMALL CHROMATIC NUMBERS

In [10] experiments were done with a different dynamic symmetry breaking technique. In this
technique symmetry-free learning was implemented by adding all symmetries of Ceongiict to F. This
approach was very successful for graphs with a chromatic number of 3 or 4 but failed for graphs
with for a chromatic number greater than 4.

We have repeated this experiment using our technique. We generated 500 graphs around the
phase transition density, when graphs have a critical vertex / edge ratio so they are just k-colorable
or just not k-colorable. For 3-, 4-, and 5-colouring experiments, we generated graphs with 400, 140
and 90 vertices respectively. We have run these instances twice, once without symmetry breaking
predicates and once with symmetry breaking predicates.

The experiments on the instances without symmetry breaking predicates were done with a beta
version of bMiniMerge, which did not support our special VSIDS version, even though we used only
a beta version of bMiniMerge, the results are still substantial.

MEDIUM SIZED GRAPHS WITH A LARGE CHROMATIC NUMBER

Like [25] we have benchmarked our solver on medium graphs with relative large chromatic numbers.
We generated a number of graphs containing 70 vertices with different edge probabilities. An edge
probability of p means that there is a chance of p that two vertices v, w have an edge between them
in G. In total we generated 15 graphs with an edge probability of 0.5, 0.7 and 0.9. We ran each
graphs twice, once with k being X'(G) and once k being X(G) — 1. Preliminary tests indicated that
these instances can only be effectively solved using symmetry breaking predicates, therefore we show
no results without symmetry breaking predicates for these graphs.

DIMACS BENCHMARK GRAPHS

An important overview of the overall performance of SAT solvers on the GCP was presented in[20].
It describes a number of graphs from the DIMACS benchmarking set [23] where a SAT based ap-
proaches have great difficulty in solving them. We chose these graphs to benchmark the performance
of our solver. Table 10.1 presents an overview of these graphs. The runtimes presented in this section
are scaled to a workstation which solves the dfmax benchmark in 12s for r500.5.b on our platform
compared to the 16.96s in [20]. For more information of the dfmax benchmark, please check [23].
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Table 10.1. Difficult DIMACS instances.

instance \4 |E]| X(G) | found clique size
Myciel6 95 755 7 2
Myciel7 191 2360 8 2
abb313GPIA 1557 | 53356 9 6
DSJC125.5 125 3891 ? 10
DSJC125.9 125 6961 ? 33

VAN DER WAERDEN INSTANCES

Benchmarking the performance of our solver on the Van der Waerden instances turned out to be
very difficult. The available UNSAT instances were either to simple (W(3,3)), had not enough
symmetries for our technique to be useful (all W(2,r) instances) or were too hard (W(4,3)) (We ran
the UNSAT Van der Waerden instance W(4,3,76) for two days straight without results). The most
difficult satisfiable instance available, W(4,3,75), was not solved by either MiniSat2, MiniMerge or
MiniMerge2 within 2.5 hours. Results for easier instances than W(4,3,75) seemed to indicate that
MiniSat2 outperforms MiniMerge but no clear pattern emerged. Therefore we draw no conclusion as
to the effectiveness of our technique on Van der Waerden instances.

MINISAT2 PARAMETERS

By default MiniSat2 branches on negative variables but as branching on positive variables is superior
to branching on negative variables in respect to GCP instances, in the interest of fairness MiniSat2
branches on positive variables in these experiments.

1. The results for graphs with small chromatic numbers

MiniMerge iniverge
Runtime (seconds) Nrof Conflicts

Figure 10.1. A comparison between bMiniMerge and MiniSat2 on random 3-coloring instances
with 400 vertices without using symmetry breaking predicates.

34



100 [ satisfiable ] satisfiable
10° b 4
2
107 b E
10°F 4
i ] g,
8 1 L2100 ]
28 88
ge * g9
SE . S5
g 510° E
2 10°F 4
107 b . ]
10 b E
0t 4
102 10°
107 107 10° 10" 10? 10° 10° 10" 107 10° 10 10° 10° 10
iniMerge MiniMerge
Runtime (seconds) N of Conflicts
o T T T T T 10 F T T T T T T
103 unsaustiabie  + ] unsatisfable  +
s & 1
00 b e B
)
e 05 b ]
5ol b+ 1 fit b 1
§ o +
I'H P 3E
ge . 35 3
=1 €32
£ < 7% el ]
ER 4 B R 10
Rt ot q
B3
100 b 4
10t b E
0t 4
2 . . . . . 3 . . . . . . |
10 10
107 107 10° 10° 107 10° 10° 10" 107 10° 10 10° 10° 10
MiniMerge MiniMerge
Runiime (scconds) Nrof Contlcts

Figure 10.2. A comparison between bMiniMerge and MiniSat2 on random 4-coloring instances
with 140 vertices without using symmetry breaking predicates.
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Figure 10.3. A comparison between bMiniMerge and MiniSat2 on random 5-coloring instances
with 90 vertices without using symmetry breaking predicates.

35



100 [ satisfiable satisfiable

MiniSat2
Nr of Conflicts

100 Tunsatistiaple o unsatisfiable  +

2 L L L L L o
102 & 10° &

Figure 10.4. A comparison between MiniMerge and MiniSat2 on random 5-coloring instances with
90 vertices using symmetry breaking predicates and our specialized VSIDS.

The result of the unsatisfiable instances shown in Figures 10.1, 10.2 and 10.3 clearly shows the
exponential speedup we expected to achieve through our symmetry breaking technique. These
unsatisfiable instances are relatively easy, thus the deteriorating performance of MiniSat2, as the
chromatic number increases can only be caused by the increasing number of symmetries present in
F, which our technique breaks and thus is unaffected by.

After adding symmetry breaking predicates to F, the performance of MiniSat2 rapidly catches
up with the performance of MiniMerge as shown in Figure 10.4. It should be noted though, that the
number of conflicts for MiniMerge consistently stays significantly below the number of conflicts of
MiniSat2 showing that after adding symmetry breaking clauses, there all still symmetries present in
F, which are not broken by the forced clique but are broken by our technique. This would seem to
indicate that for larger graphs with the same chromatic number, the performance of MiniMerge as
compared to MiniSat2 would be better.

Furthermore Figure 10.1 shows that even though the number of conflicts for MiniMerge is less
than the number of conflicts for MiniSat2 for 3-coloring instances the runtime is a lot worse. This
indicates that the symmetry breaking approach presented in [10] will outperform our symmetry
breaking technique for 3-coloring instances and we suspect it might be on par with our technique
for 4-coloring instances.

The varying effectiveness of our technique on satisfiable is attributed to the fact that solving
individual random satisfiable instances depends for a large part on ”luck” and the used random seed
and less on the employed solving method.

Besides using our VSIDS scheme, we also experimented with a branching strategy in which we
branch on merge variables used in merge clauses. The results of this strategy are comparable with
the results presented in Figure 10.4.
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2. The results for medium sized graphs with a large chromatic number

2 L L L L o L L L L L L ]
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MiniMerge iniVerge

Runtime (seconds) Nr of Conflicts.

Figure 10.5. A comparison between Minisat2 and MiniMerge on random graphs of 70 vertices with
different densities using symmetry breaking predicates and our specialized VSIDS.

Table 10.2. Average runtimes for medium sized graphs for MiniSat2 and MiniMerge, with a 1200
(s) timeout.

SAT instances UNSAT instances
Minisat2 MiniMerge Minisat2 MiniMerge
|G| V| | Pedge | X(G) | time (s) | # | time(s) | # | time (s) # | time (s) | #
15 70 0.5 11-12 25.59 15 33.4 15 190.72 14 75.85 14
15 70 0.7 17-18 24.73 13 33.15 14 307.88 8 69.43 12
15 70 0.9 27-28 0.73 15 0.36 15 19.00 13 1.4 15

Table 10.2 shows the average solving times of instances solved by both MiniMerge and MiniSat2
and the number of solved instances by each solver per edge probability. As can be seen in this
table and Figure 10.5 the performance of MiniMerge is on par with MiniSat2 on satisfiable instances,
although MiniColor was able to solve one more instance. On the other hand, performance on unsatis-
fiable instances has significantly improved. Besides solving more instances, MiniMerge is noticeably
quicker especially on graphs with the highest chromatic numbers. Again besides using our VSIDS
scheme, we experimented with a branching strategy in which we branch on merge variables used in
merge clauses. The results of this strategy were terrible as most benchmarks were no longer solved.
This seems to indicate that branching on merge variables is a bad strategy for graphs with large
chromatic numbers.
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3. The results for the DIMACS benchmarks

Table 10.3. Runtimes on difficult satisfiable DIMACS runtimes in seconds. VanGelder denotes the
best results presented in [20]

SAT instances
instance k VanGelder MiniSat2 MiniMerge
Myciel6 7 0 0 0.01
abb313GPIA 9 1256 3.63 2.71
DSJC125.5 19 4446 43.46 644
DSJC125.9 46 26958 140 > 19000

Table 10.4. Runtimes on difficult unsatisfiable DIMACS runtimes in seconds. VanGelder denotes
the best results presented in [20]

UNSAT instances
instance k VanGelder MiniSat2 MiniMerge
Myciel6 6 2113 3096 1872
abb313GPIA 8 5.63 0.73 0.75
DSJC125.5 12 488 5.85 6.00
DSJC125.9 37 4630 934 119

As can be seen in Table 10.3 and 10.4, the runtimes of our implementation on unsatisfiable
instances are vast improvements over the runtimes of MiniSat2 and those presented in [20], although
we seemed to do worse on the satisfiable instances.

After these encouraging results, we tried how our implementation would handle more difficult
coloring of these graphs. As it turned out we could prove that Myciel7 is not 6-colorable, DSJC125.5
is not 13-colorable and DSJC125.9 is not 38-colorable within reasonable time. The corresponding
runtimes are shown in Table 10.4. With respect to the instances DSJC125.5 and DSJC125.9, we
would like to point out that no SAT based approach has been able to prove these bounds! Like
in the medium graph instances, branching strategies which branch on merge variables yield poor
results for the DIMACS instances.

Table 10.5. Runtimes of MiniMerge on harder versions of the DIMACS instances.

SAT instances UNSAT instances
instance k MiniSat2 MiniMerge k MiniSat2 MiniMerge
Myciel7 8 0 0.03 6 6497 1339
DSJC125.5 18 > 19000 > 19000 13 > 19000 4018
DSJC125.9 | 45 > 19000 > 19000 38 > 19000 10091
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Chapter 11

Results: A comparison between
MiniMerge and MiniMerge2

This chapter offers a comparison between the performance of our experimental solver MiniMerge2
and MiniMerge on the instances from the previous chapter, to show the effect of mixed merge clauses.
In order to provide a clear comparison between MiniMerge and MiniMerge2 the version of MiniMerge2
used for these experiments only supports mixed merge clauses and no shortcutting or preferential
merge variable selection.

1. The results for graphs with small chromatic numbers

T T T T T 7 E T
108 satistiable '+ ] satisfiable  +

MiniMerge
Nr of Conflicts

MiniMerge2 MiniMerge2
Runtime (seconds) Nr of Conflicts

10° [ unsatisfiable unsatishable < '

3
MiniMerge

iniMerge2 MiniMerge2
Runtime (seconds) Nr of Conflicts

Figure 11.1. A comparison between MiniMerge and MiniMerge?2 on satisfiable random 5-coloring
instances with 90 vertices using symmetry breaking predicates and our specialized VSIDS.
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2. The results for

Figure 11.2. A comparison between MiniMerge and MiniMerge2 on random graphs of 70 vertices

medium sized graphs with a large chromatic number

MiniMerge2
Runtime (seconds)

MiniMerge2
Nr of Conflicts.

MiniMerge2
Runtime (seconds)

10° 10° 10* 10°
MiniMerge2
Nr of Conflicts

with different densities using symmetry breaking predicates and our specialized VSIDS.

Table 11.1. Average runtimes for medium sized graphs, with a 1200 (s) timeout.

SAT instances

UNSAT instances

MiniMerge MiniMerge?2 MiniMerge MiniMerge2
|G| [V] | Pedge | X(G) | time (s) # | time (s) # | time (s) # | time (s) | #
15 70 0.5 11-12 33.4 15 52.12 15 141.49 14 55.37 14
15 70 0.7 17-18 56.49 14 50.13 14 166.08 12 72.23 14
15 70 0.9 27-28 0.364 15 0.20 15 8.8 15 3.694 15

3. The results for the DIMACS benchmarks

Table 11.2. Runtimes of MiniMerge on difficult of the DIMACS instances.

SAT instances UNSAT instances

instance k MiniMerge2 k MiniMerge?2
Myciel7 8 0 6 1056
DSJC125.5 18 263 12 4.25
DSJC125.9 45 28.24 38 95.92
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Table 11.3. Runtimes of MiniMerge on harder versions of the DIMACS instances.

SAT instances UNSAT instances
instance k MiniMerge k MiniMerge
Myciel7 8 0.03 6 892
DSJC125.5 18 > 19000 13 2054
DSJC125.9 45 > 19000 38 8604

4. A runtime comparison between MiniMerge2 and Minimerge

The results presented in sections 1, 2 and 3 of this Chapter indicate that MiniMerge2 is a factor 1.5
till 2 times faster than MiniMerge while needing around the same number of conflicts to solve an
instance.

5. The impact of shortcutting in MiniMerge2

For the small chromatic number graphs the number of times shortcutting could be applied was
significantly larger than we expected. If used, up to 70% of the generated conflicts were generated
using shortcutting. We attribute this to the fact that these graphs turned out to be relatively small
and the sizes of the forced cliques were equal to chromatic numbers of the involved graphs. Thus the
majority of the conflicts involved the forced clique and since the forced clique contained all available
colors, there was a large chance that all symmetries were already broken.

However since the mixed merge clauses used by MiniMerge2 only contain merge literals if there
are unbroken symmetries, in most cases applying shortcutting or using mixed merge clauses result
in the same generated learnt clause. Thus, although creating a mixed merge clause results in a small
increase in conflict clause construction time, no additional time was spent unnecessary propagating
assignments. Therefore the performance increase, even though shortcutting was widely applied, was
only minimal for this class of graphs.

With respect to the other used instances, the medium graphs and the DIMACS instances, as
there was a gap between the chromatic number and the found clique size, shortcutting was rarely
used. Even if conflicts would occur 'near’ the forced clique there would always be large numbers of
symmetries which would not be broken as the number of colors involved in the conflict were larger
than the set clique.

All considered, shortcutting as an independent addition to MiniMerge2 did not prove useful.

6. The impact of preferential merge literal selection in MiniMerge2

We have performed tests to benchmark the effectiveness of preferential merge literal selection. These
tests seem to indicated that there is no evidence that choosing merge variables which have the
highest neighborhood scores as starting merge literals yield better results than not doing so. However
especially on SAT instances the performance on individual instances is hugely effected, either positive
or negative, instances could suddenly take as 10 times as long or be solved in an instance.

7. On previously published results of MiniMerge2

In [42] we published results of the performance of our solver MiniMerge2 on the same medium
graphs and DIMACS benchmarks under the name MiniColor, these results do not match the results
presented in this Chapter. This difference is due to the fact that we used both the shortcutting
and preferential merge literal selection options when running this solver, therefore the results differ
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but are of the same order, although the MiniColor distribution was able to prove that DSJC125.9 is
45-colorable, a result that we have been unable to prove in this thesis.
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Chapter 12

Conclusions and Future Work

1. Conclusions

In this thesis we showed how a SAT conflict-driven algorithm can be adapted for the graph coloring
problem by converting conflict clauses in such a way that they cover all permutations of the colors
in the conflicting assignment, achieving full symmetry breaking in that respect. Our technique is
flexible and can be used in combination with other optimizations for graph coloring such as adding
symmetry breaking predicates through the forcing of cliques. In fact, the best performances of our
technique are achieved by this combination.

Our conversion is loosely based on extended resolution. Although the extended resolution proof
system is very powerful in theory, it is hardly used in practice. Regarding its practical application,
we learnt two lessons. First, the introduced variables should be meaningful within the context of
the problem— in our case, the branches in the Zykov-tree. Second, reusage of introduced (merge)
variables is crucial to contain an explosion of useless variables. Recall that in each conversion step
one can choose from many merge variables. Yet, heuristics that try to minimize the number of
introduced variables were required to keep down the time spent propagating assignments to make
the technique competitive.

The performance increases we can theoretically achieve for the SAT based approaches for the
GCP are enormous (k!) and on simple instances without symmetry breaking we indeed achieve
this theoretical performance increase. Our technique does not show this exponential speedup for
most other instances, even the Mycielski graphs that only contain cliques of size 2 are not solved
exponentially quicker than by MiniSat2. We believe the main reason for this gap is that clauses
generated by our technique are not always arc-consistent. Even though we do not gain the full
theoretical speedup we still achieve large speedups, provided that is k is larger than 3, otherwise the
technique presented in [10] is more appropriate.

We used our technique to solve Van der Waerden instances however these instances proved to be
either too simple or too difficult to prove the effectiveness of our technique for this class of problems.

Although the mixed merge clauses used in MiniMerge?2 yielded positive results in the form of a
speedup between a factor 1.5 and 2, we believe this optimization is too artificial, as it significantly
alters solver operations, to be useful in the long term. We believe it can easily be made obsolete
with other improvements such as only adding adding the necessary support clauses or other ways of
clause manipulation.
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2. Future Work

2.1 Solving the lack of arc-consistenty in merge clauses

The lack of arc-consistency of the clause transformation by MiniMerge is it’s largest point of weakness
and should be the first point to be addressed in future research. As stated it can occur that more
than 50% of the clauses generated by MiniMerge are arc-inconsistent and we believe that an enormous
potential for the improvement of MiniMerge exists in solving this problem.

2.2 Finding new problems for which our technique can be successfully applied

At this point, our presented technique only yields positive results for GCP instances, but we have
shown that we can encode and solve other combinatorial problems, such as the Van der Waerden
instances. We expect that many multi-valued SAT problems can be attacked using our technique.
In particular those consisting of constraints in which variables should either have the same value. A
second avenue of research should be finding new problems in which we can apply our approach for
example computing Schur Numbers. The general usefulness of our approach will depend heavily on
whether it can be applied successfully for a large class of problem.

2.3 Properly implementing adding support clauses

Our current implementation of MiniMerge does not support only adding the strictly necessary support
clauses to F, as shown in Chapter 6. We believe that we can gain a speedup of the same size as the
speedup achieved by the mixed merge clauses in MiniMerge2 by proper implementing the adding of
support clauses.
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1. DP-Resolution example 1

Figure 1. A graph coloring instance. The numbers in the vertices refer to their index v;. Vertex
vg is in conflict because it cannot be colored. Although various reasons can be addressed for this
conflict, the example focusses on the assignmen.t to vy, v4 and vs.

In the corresponding SAT instance of Figure 1, a conflict clause Ceongict for this conflict would be:
(mz12V 242V 5 3) (1)

Converting Ceonglict results in Cierge:
(me1q Vers) (2)

M(Cmerge):
(6114\/—‘1'111 \/—|SC471> A\
(6114 VrgoV —|SC472> A\
(6114 V-rg 3V —|SC473> A\

(ﬁ€175 Voxyg VvV $5,1) A\
(—|€175 VxpoV ZL'512> A\ (3)
(—|€175 V oz 3V ZL'513) A

(ﬁ€175 Va1V ﬁl‘571) A\
(ﬁ€175 VaisV ﬁl‘572) A\
(me1s VsV ws3)

Applying DP-Resolution on the literal e 4 on the set of clauses M (Crerge) and Chyerge results in the
new clauses:
(e1,5 V211 V-xa1) A
(6115 VrgoV —|SC472) A (4)
(e1,5 Vw13V w43)

Applying resolution to create all possible ey 5 V -1 ; V —x5 j, ¢ # j results in:
(ﬁ€175 Voxgg VvV ﬁl‘572) A\

(me15 V211V 25 3)
(—|€175 V oz V —|SC571> A

>

(—|€175 VxyoV —|SC573> A
(ﬁ€175 Vxy 3V ﬁl‘571) AN
(ﬁ€175 Vxy 3V ﬁl‘572)
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Applying DP-Resolution on the positive literal e 5 on the clauses in (4) and (5) results in:

(mz11 V241 V5 2)
—z1,1 Va1 Vs 3)
_‘1'111 \Y _‘1'411 \Y _|SC172 \Y _‘1'511

>>> > > >

(

( )
(mz11 Vxa1 V2 VX5 3)
(mz11 V21 Vw3V T51)
(mz11 Vxa1 Vw3V T52)

(mz12 VTa0 Vw1V OTs2)
(m212 V242 VT VX5 3)
(m212 V242V T51)
(mz1,2 V 240 V T5.3)
(mz12V T2V 1,3V T51)
(m212 V242 VT3V 25 2)

>> > > > >

(m21,3V 243V T VX5 2)
(mz1,3V 243V w11V T53)
(mz1,3V 243V T12V T51)
(mz1,3V 243V T12 VX5 3)
(m21,3V 243V T51)
(m21,3V 243V T52)

> > > > >

The removal of the subsumed clauses in (6) results in:

(mx1,1 Va1V ows o)
(mx11 V241 V25 3)
(~x12 V242 Vx5 1)
(mz12 V242 V25 3)
( )
( )

> > > > >

T3V T3V 51
1,3V xg3 V 5,2

The clauses in (7) forbid all permutation of the conflicting assignment shown in Figure (1):
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Abstract. We present a new method to break symmetry in graph color-
ing problems. While most alternative techniques add symmetry breaking
predicates in a pre-processing step, we developed a learning scheme that
translates each encountered conflict into one conflict clause which covers
equivalent conflicts arising from any permutation of the colors.

Our technique introduces new Boolean variables during the search. For
many problems the size of the resolution refutation can be significantly
reduced by this technique. Although this is shown for various hand-made
refutations, it is rarely used in practice, because it is hard to determine
which variables to introduce defining useful predicates. In case of graph
coloring, the reason for each conflicting coloring can be expressed as
a node in the Zykov-tree, that stems from merging some vertices and
adding some edges. So, we focus on variables that represent the Boolean
expression that two vertices can be merged (if set to true), or that an
edge can be placed between them (if set to false). Further, our algorithm
reduces the number of introduced variables by reusing them.

We implemented our technique in the state-of-the-art solver minisat. It
is competitive with alternative SAT based techniques for graph coloring
problems. Moreover, our technique can be used on top of other symmetry
breaking techniques. In fact, combined with adding symmetry breaking
predicates, huge performance gains are realized.

1 Introduction

Satisfiability (SAT) solvers have become very powerful in recent years. Especially
conflict-driven clause learning SAT solvers can effective tackle certain huge prob-
lems. Crucial to strong performance is learning conflict clauses that ensure that
the same search space is not explored multiple times. However, in the presence
of symmetry the effectiveness of conflict clauses is highly reduced: search spaces
could be visited that are symmetric to already refuted areas.

This paper focusses on symmetry in graph coloring problems. In particulary,
we want to break the symmetry that arises by permuting the colors. This can be
broken statically, as a preprocessing step, or dynamically, during the search. A
frequently used static technique assigns a different color to all vertices in a large

* Supported by the Dutch Organization for Scientific Research (NWO) under grant
617.023.611



clique [19]. Although effective and cheap (a large clique is easy to find), it only
breaks the symmetry partially [15]. A dynamic symmetry breaking technique [10]
adds, besides the conflict clause expressing the conflict, all symmetric conflict
clauses. Yet the number of symmetric conflict clauses grows exponentially with
the number of colors. Here, we present an alternative dynamic technique.

For each conflicting assignment of k colors in the DPLL-tree there exists k!
symmetric conflicting assignments that can be obtained by a permutation of the
colors. At the core of our algorithm is the observation that all these symmetric
conflicting assignments correspond to the same node in the Zykov-tree: a binary
search tree that selects in each node two nonadjacent vertices of the graph being
colored. One branch explores the search space by merging these vertices (the
same color), while the other branch examines the space created by placing an
edge between them (not the same color). We transform each conflicting DPLL-
node to the corresponding Zykov-node and translate the latter back to SAT.

Since the Zykov algorithm branches on merging two nonadjacent vertices or
placing an edge between, new variables are introduced — called merge variables:
these variables represent that two vertices must have the same color (a merge
step) if set to true, while they must be colored differently (adding an edge) if
set to false. The proposed technique converts the original variables in conflict
clauses to merge variables.

The outline of this paper is as follows: Section 2 deals with encoding graph
coloring problems into SAT. Transformation of conflict clauses is explained in
Section 3. Section 4 offers experimental results. Finally, in Section 5 we draw
some conclusions and provide suggestions for future research.

2 Preliminaries

2.1 The Satisfiability problem

The Satisfiability problem (in short SAT) asks whether there exists an assign-
ment for a given Boolean formula such that it evaluates to true. If such an
assignment does exist, we call the problem satisfiable else the problem is qual-
ified as unsatisfiable. In a more formal setting a formula F = {Cq A ... A Cp,}
consists of conjunction of clauses C;, while each clause C; = (I;1 V...V I;;)
consists of disjunction of literals. A literal [ refers either to a Boolean variable
x; or to its negation —x;. A clause is satisfied when at least one of its literals
evaluates to true. Finally, a satisfying assignment satisfies all clauses.

2.2 The k-coloring problem

The k-coloring problem deals with the question whether the vertices of a graph
can be colored with k colors such that two connected vertices have a different
color. Or more formal, let @¢olor be a mapping of vertices v € V onto an integer
in {1,...,k}. A graph G = (V, E) is k-colorable, when there exists a @color t0
all vertices such that for every (v,w) € E, ©color (V) # @color(w). The smallest k
for which G is still k-colorable is known as the chromatic number of G or X (G).



The k-coloring problem can be naturally translated to SAT. We focus on the
widely used direct encoding [14]. It uses Boolean variables x, ; < ©¥color (V) = 1,
which we refer to as color variables. The property that all vertices must be
colored is encoded by the at-least-one clauses, which are of the form:

/\ (X1 VTp2 V-V ayg) (1)
veV

Further, for each (v,w) € E, k conflicting clauses encode @color(V) # Peolor(W):
/\ /\ (_‘xv,i V _‘xw,i) (2)

1<i<k (v,w)€EE

The above is known as the minimum encoding [9]. The extended encoding adds
redundant clauses which encode that vertices must have at-most-one color:

AN G (3)

1<i<j<kveV

Although optional, most complete solvers perform better on instances where
these clauses have been added [14]. Yet for our technique they are not required.
2.3 Zykov Contraction algorithms

One of the main family of algorithms which determines X'(G) for a graph G, or
approximates X (G) is known as Contraction. This family of algorithms is based
on a theorem due to Zykov [20], which states:

X(G) = min(X(G/(v,w)), X (G + (v,w))) (4)

In this theorem, G/(v, w) denotes the graph with vertex v and w contracted,
meaning that vertex w is deleted and all its edges are transferred to v. G+ (v, w)
means that an edge is added between vertex v and w, as shown in Figure 1.

G—H)V e @ ﬁv& Vs
@ SN
ook

Fig. 1. A Zykov-tree example. The numbers in the vertices refer to their index v;.




Repeated steps of applying this theorem to a graph G result in a binary tree.
The leaves of this tree are fully connected graphs, which each have a chromatic
number equal to their number of vertices. The chromatic number of GG is then
equal to the chromatic number of the graph with the least amount of vertices.

Zykov Contraction can be simulated in a SAT solver by adding redundant
variables and clauses to the CNF translation of a graph coloring problem. Adding
redundant variables and clauses was introduced by Tseitin and is known as
Eztended Resolution (ER) [17]. ER is shown to be very powerful in theory [3].

Each step of the Contraction algorithm can be simulated by introducing a
Boolean variable e, ,,, referred to as merge variables, which expresses:

Eo,w Spcolor(v) = (pcolor(w) (5)
This relation can be translated to CNF using the following clauses:

/\ (ev,w\/_‘xv,i\/_‘xw,i) A (_‘ev,w vxv,i\/_‘xw,i) A (_‘ev,w\/_‘xv,i\/xw,i) (6)
1<i<k

These clauses will propagate the fact that vertices v and w have equal or
unequal colors when e, ., is set. If set to true the clauses simulate merging two
vertices, while setting e, ., to false represents placing an edge between them.

Initially, we studied the use of adding merge variables and the corresponding
clauses to a given formula as a preprocessing step. This turned out to merely
decrease the performance. However, we observed that one could capitalize on the
expressive power of merge variables by strengthening conflict clauses. Therefore,
instead of ER, only the clauses are added which are required for the Tsietin
translation [17] of these learnt clauses.

3 Merge clauses

A powerful application of simulating Contraction lies in strengthening conflict
clauses in conflict-driven algorithms [11] for graph coloring instances. Simply put,
conflict-driven solvers continue to assign variables until a conflict is detected.
When a conflict is detected, the solver determines an assignment responsible
for this conflict and adds a conflict clause Ceonaict to F, where Ceongict is the
negation of the assignments which led to the conflict.

To illustrate the benefits of simulating Contraction, consider the example
conflict, in the 3-coloring instance presented in Figure 2. In the corresponding
SAT instance, a conflict clause for this conflict would be:

(—|IE171 Vxgq VorzoeVargsV —‘I513) (7)

Yet, due to the inherent symmetries of a k-coloring instance, any permutation of

colors in a conflicting assignment is also a conflicting assignment. Thus for the

corresponding SAT instance, the following clause is also logically implied by F:
(mx1,3V xe 3V oxgy VX V oXs2) (8)

Unfortunately, with a maximum of k! possible permutations it is impractical to
add each implied clause, for almost any k larger than four [10].



remaining graph remaining graph

Fig. 2. A Zykov Contraction example. The numbers in the vertices refer to the index
v;. The added edges are shown as dashed lines. Vertex wvg is in conflict because it
cannot be colored. The example focusses on the assignment to vi, v, vs, v4, and vs.

3.1 Transforming conflict clauses

Any conflict clause, which consists of negative color literals, such as the clauses
depicted in (7) and (8), encodes a conflicting coloring @color of a subset of vertices
in G. This encoded coloring corresponds to some node in a Zykov-tree with G as
root. Vertices in this subset that are equally colored in ¢¢o10y are contracted into
a single vertex and edges are added to induce a clique among these contracted
vertices. This relation exists, because once the vertices are contracted and the
clique is induced, any two vertices equally colored in ¢ olor, Will be equally colored
in any coloring of our created clique, because they have been merged. Further-
more, any two vertices that were not equally colored in (¢o1or, Will be unequally
colored in any coloring of our clique, because there exists an edge between them.
Thus any coloring of the created clique corresponds to a permutation of p¢olor
and therefore will, just like @color, result in a conflict. Therefore, any conflict
clause consisting out of negative color literals can be converted in a correspond-
ing merge clause, denoted by Cierge, Which is a conflict clause consisting out of
merge variables.

Back to the example, consider the conflict depicted in Figure 2 as a node in a
Zykov-tree, in which v; and vy are merged, vs and vy are merged, and the edges
(v2,v5), (v4,v5) are added. This is represented using merge variables as:

(ﬁel)g V ez q VegsV 64)5) (9)

In any merge clause Cmerge, negative literals correspond to contractions of
the equally colored vertices in (color. For each set of n equally colored vertices
in @eolor we will need n — 1 negative merge literals. The positive literals Cperge
correspond to the edges added to induce a clique. Of course no edges need to be
added between contracted vertices v and w, if such an edge already exists in G.

Unfortunately, in most cases one could choose from many merge variables
to construct a merge conflict clause. In the example, instead of using ey 5 (or
€45), one could select ey 5 (or eg 5). The choice of the merge variables influences



the performance, therefore one would prefer to select the “optimal” candidates.
Heuristics for this selection are discussed in Section 3.2.

Besides Cherge, one also needs to add the clauses M (Cmerge), Which arise
from the Tseitin translation [17], to F. Theoretically, for each introduced merge
variable we could add the full set of clauses described in Section 2.3. Yet, in
practice it suffices to add only the clauses that contain the negation of the
literal of our introduced variable. Only adding these clauses is good practice as
it saves resources [13]. For any Cumerge; M (Crerge) €quals to:

/\ (/\ ((_‘ev,w\/xv,i\/_‘xw,i)/\(_‘ev,w\/_‘xv,i\/xw,i))/\ /\ (ev,w\/_‘xv,i\/_‘xw,i))
1<i<k  eywE€Cmerge —eu,wE€Cmerge
(10)
Thus M (Crerge) for our example is:

/\ ((61,2 V ooy Voo ) A (meas V aa V oxs i) A (megs V oz VT ) /\)

. (e3,4V —x3,; Vg ;) A(—eas V xa; VTsi) A(meas Vxg; VTs,;)

(11)

3.2 Implementation

We have applied the principal of merge conflict clauses in the conflict-driven
clause learning (CDCL) SAT-solver architecture which we refer to as the CD-
CLMERGE algorithm. CDCLMERGE is specialized for the k-coloring problem
and uses merge conflict clauses to store conflicts. Its most important feature
is the TRANSFORMCONFLICT procedure, which transforms the color literals in
a conflict clause to merge literals. In order to make the TRANSFORMCONFLICT
function properly, we also had to adapt the DECIDE procedure. Algorithm 1 gives
a detailed overview of the CDCLMERGE algorithm.

The DECIDE procedure

The proposed transformation to merge clauses requires that all conflicts can be
expressed as a disjunctions of negative color literals and merge literals. This
cannot be guaranteed if the solver branches on negative literals. E.g. consider
the perfect graph of size three. Assigning z;; to false, x5 ; to false, and z3 to
true results in a conflict which can be expressed as (21,1 V 22,1 V —23,2). Notice
that this conflict clause cannot be translated to a merge clause is a meaningful
way. Therefore, DECIDE is adapted such that it assigns each decision variable to
true. This heuristic is similar to the one used in minisat which assigns all decision
variables to false [7].



Algorithm 1 CDCLMERGE(F)

1: while true do

2:  PROPAGATE() /* propagate unit clauses */

3: if not conflict then

4: if all variables assigned then

5: return satisfiable

6: end if

T DECIDE() /*select decision variable. ADAPTED*/

8: else

9: Cleonflict < ANALYZE() /*analyze the conflict*/

10: Cinerge < TRANSFORMCONFLICT(Ceonglict) /*ADDED*/
11: if top level conflict found then

12: return unsatisfiable

13: end if

14: BACKTRACK (Coonfiict) /*backtrack while Ceonfiict remains unit or falsified* /
15: end if

16: end while

The TRANSFORMINGCONFLICT procedure
The input Ceonglict is transformed into Cerge using the following steps:

1. Positive color literals in Ceonpict are replaced by merge and negative color
literals by expanding them into their reason literals. For instance, say the
example conflict clause would have been (r13 V 222V @33V T4 2 V 75 3).
Assume that the same conflicting coloring was its reason. In that case -z 2
will be the reason literal for 1 3. Therefore, we can replace the latter by the
former. This process is iterated while Ceongiict contains positive literals.
Redundant literals (see Theorem 2 and 3) are removed from Ceonflict-

3. Ceonflict is split into Ceolor, which consist out of all negative color literals in
Ceonflict and Cextra, Which consists of all merge literals in Ceonfiict-

4. Transform Ceolor into a merge clause Cyyxov by computing the correspond-
ing node in the Zykov-tree. Preliminary tests showed that the performance
improved if the number of introduced variables were kept to a minimum
and introduced variables were reused whenever possible. Therefore, in case
of choice between possible merge literals to use in the transformation to
Cykov, the merge literal is selected which is most frequently used in conflict
clauses. Ties are broken pseudo randomly.

5. Return the union of Cyykov and Cexira as the transformed clause Cierge-

o

The BACKTRACK procedure

Conflict-driven clause learning SAT solvers backtrack (also known as backjump)
to the lowest decision level where the latest conflict clause is still a unit clause.
In CDCLMERGE this aspect of the solving algorithm is not changed. However,
if a conflict clause Ceonfiict is unit, a corresponding merge clause Ciyerge may not
be unit.



Recall the example at the start of this section:

Cconﬂict Aad Cmcrgc

(mz11 Vxe1 V—x32 Voxao Vs 3) < (me1aVoesa VeasVess)

Say that variable z,, ; is assigned at level v. The BACKTRACK procedure will
jump to level 4. At this level Coonsiict is reduced to (-5 3), while Crerge is
reduced to (e25 V eq,5). The reason is that two merge literals refer to vertex vs.
Currently, this problem is solved by changing the DECIDE procedure in such a
way that if the latest merge clause consists of multiple unassigned literals one of
these literals is assigned to false. This is repeated until the merge clause becomes
unit.

Although Ceongict s satisfiability equivalent to Crerge A M (Cmerge) (see
Theorem 4), the transformation is not arc-consistent under unit propagation [8].
As soon as a merge clause contains multiple literals that refer to the same vertex,
the merge clause will not become unit when the original conflict clause would
be unit. In the example a similar problem would arise in case vy (or vy) was the
last assigned vertex, because both —e;j 2 and ez 5 (or both —es 4 and ey 5) occur
in Cmcrgc-

The lack of arc-consistency is a serious weakness of the current implementa-
tion. We study various options to deal with this wekness. An interesting partial
solution is adding a second merge clause. Back to the example: besides Cperge,
we could also add (—eq,2V —es 4 Vel sVess). This solves arc-consistency for ver-
tex ve and vs. However, the problem is still unsolved for vertex vs. In general, a
second merge clause can fix arc-consistency for all vertices that are colored the
same as another vertex in the conflict clause.

3.3 Optimizations

Variable selection heuristics
Although merge variables are useful to create merge conflict clauses, they seem
rather weak as decision variables. For instance, if a clique of size k + 1 arises
by assigning some merge variables (i.e. a conflicting assignment), one may not
detect this at the CNF level (no empty clause). Therefore, we only branch on
color (original) variables. This choice is also supported by some experiments.
Finally, we propose a specialized version of the VSIDS activity heuristic [12].
Since merge variables will not be selected as decision variables, it does not make
sense to maintain an activity for them. If a merge variable should have been
increased, we want to bump the activity of the corresponding color variables
instead. This idea have been implemented using an activity counter for vertices
too. Each time a merge variable contributes to a conflict, the activity heuristic
of both corresponding vertices is increased. The selection of decision variables
is narrowed by choosing a variable from the most active vertex. This variant of
VSIDS is inspired by [2].



Symmetry breaking in the presence of unit clauses

In the presence of symmetry, it is good practice to add symmetry breaking pred-
icates [15]. In case of graph coloring problems, one can search for a large clique
and force all vertices in that clique to a different color — by adding unit clauses
to the formula. Cliques in a graph can be cheaply detected using the algorithm
by M. Trick [21]. In the more general context of CNF formulae, shatter [1] can
be used to compute symmetry breaking predicates.

Apart from symmetry breaking predicates, many structured graph coloring
problems, such as quasi-group instances [9], contain unit clauses. In case the
symmetry is already partially broken by some unit clauses, it does not make
sense to introduce merge variables.

Regarding the implementation: if unit clause (z,,;) € F and —@,; € Ceonflict,
then none of the literals =, ; € Cconnict are replaced by merge literals. Further,
if unit clause (z,,;) € F, then for all positive merge literals e, ,, that would have
added, the positive color literal x,, ; is added instead.

3.4 Proof of correctness of merge conflict clauses

Definition 1. Let 7 : (1,...,k) — (1,...,k) be a function that is one to one
and onto.

Definition 2. Let P, be a function for which holds (with Iy, ; as literals of Ch):

W(C ) = ('Pw(lh)l)\/...\/'Pﬂ(lhﬂ'))
,PTF(“ h,z) = j,Pﬂ'(lh,i)
PW(I’U,'L) = Ly,n(s)
P (ev,w) = CEyw

Theorem 1. If Boolean function F represents a k-coloring problem and clause
Ch, is logically implied by F, then for any 7, Pr(C}) is logically implied by F.

Proof. Every satisfying assignment makes C}, true. Applying 7 to the satisfying
assignments yields a permutation of them. So, these assignments satisfy P (C}).

Theorem 2. Let Ceongiict be a conflict clause consisting of merge literals and
negative color literals. Let C = {i : =@y ; € Ceonfiict } denote the set of colors used
in Ceonfiict- A literal ~xy, ; € Coonflict 15 redundant, if Ceonfiict does not contain a
literal =z, ; (u # v) and for each j € C(j # i) Coonfiicy contains a literal =, ;
(u # w) such that (u,w) € E (the edge set).

Proof. Ceonfiict with and without -z, ; correspond to the same node in the
Zykov-tree, because -z, ; is the only literal assigned to ¢ assures that no merge
steps are required, while no edges have to be added, because for each j € C(j # 1),
u is already connected to a vertex w with @eolor(w) = 7.
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Theorem 3. Let Ceongict be a conflict clause consisting of merge literals and
negative color literals. A literal —ey » € Ceonfiict 15 redundant, if (—@y,; V xy ;) €
Ceonfiict, While a literal ey € Ceonfiict @5 Tedundant, if (7Zy,; V2w, j) € Coonflict-

Proof. Any solution to a graph coloring problem assigns a Boolean value to all
color variables. So, each solution will be a full assignment. Each full assignment
which satisfies e, , also satisfies (-, V —%,;), while each full assignment
which satisfies e, ., also falsifies (m@y,; V %4 ;).

Notice that based on this theorem, we can conclude that a formula is unsat-
isfiable if a conflict clause only consists of a negative color literal. We refer to a
reduced clause if all redundant literals (based on Theorem 2 and 3) are removed.

Theorem 4. Let Boolean function F represent a k-coloring problem and let C},
be a reduced clause logically implied by F. If Cy, consists of merge literals and
negative color literals and Crerge 1S a corresponging merge clause of Ch, then

/\ Pr.(Cn) is satisfiability equivalent to Crerge A M (Crnerge) (12)

T Tk

Proof. Recall that any solution must be a full assignment. (UNSAT = UNSAT)
If a full assignment falsifies A\ Pr, (C},), then there exists a 7; for which Pr, (Cy) is
falsified. Since Pr, (Crerge) = Cmerge also represents Pr, (Ch), Cmerge AM (Cmerge)
is falsified as well. (SAT = SAT) If a full assignment satisfies A\ Pr, (C},) by merge
literals in Cj,, then Cierge is also satisfied because it contains all merge literals in
C},. Notice that because C, is a reduced clause, it either contains zero negative
color literals (in case the former case is applicable) or at least two negative color
literals. A full assignment can only satisfy A\ Pr, (C},) if two vertices are assigned
a different color while the corresponding color literals in C}, have the same color
index, or two vertices are assigned the same color while the corresponding color
literals in C, have the different color index. In both cases Crerge A M (Crnerge) is
satisfied as well.

Thus once we have learnt Ceonfiict, we could add all clauses Pr, (Ceonflict) to F
(Theorem 1). Yet, based on Theorem 4, we add Crerge A M (Crnerge) instead.
Furthermore, Theorem 4 implies that using merge conflict clauses requires that
every conflict can be expressed into merge literals and negative color literals. In
order to ensure this, the variables selection heuristics of the solver have to be
adapted. This adaptation is described in Section 3.2.

4 Results

All experiments were performed on a 2.0 GHz Intel Core 2 Duo with 1 GB of
DDR2 Memory. Instances were encoded using the extended direct encoding and
we used the method of finding and forcing cliques as symmetry breaking method.



4.1 Medium sized random graphs
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This experiment was performed to compare our CDCLMERGE implementation,
referred to as MiniColor to the standard distribution of MiniSat2, branching on
positive variables. In this experiment we generated 45 random graphs of 70
vertices, with varying edge probabilities (denoted by Pe.gge). Per graph, one SAT
instance (G, X(G)) and one UNSAT instance (G, X(G) -1) were created. Table
1 shows the average solving times and the number of solved instances.

As can be seen in Table 1 the performances on satisfiable instances are on par,
although MiniColor was able to solve one more instance. On the other hand, per-
formance on unsatisfiable instances has significantly improved. Besides solving
more instances, MiniColor was on average one order of magnitude faster.

Table 1. Average runtimes for medium sized graphs, with a 1200 (s) timeout.

Fig. 3. Performance comparison between MiniColor and
random graphs, with a 1200 (s) timeout.

SAT instances UNSAT instances
Minisat2 MiniColor Minisat2 MiniColor
|G| | |V| | Peage | X(G) | time (s) | # | time (s) | # | time (s) | # | time (s) | #
15| 70 | 0.5 |11-12| 2559 |15| 13.94 |15| 190.72 | 14| 39.98 |15
15 | 70 0.7 17-18 24.73 13| 43.41 14| 307.88 8 26.1 14
15 | 70 0.9 | 27-28 0.73 15 0.16 15 19.00 13 0.95 15
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4.2 DIMACS benchmarks

This experiment was executed to compare MiniColor to published results on
graph coloring and to the unmodified MiniSat2 solver. As published benchmark
performances we used the results published in [19] by Van Gelder which, to our
knowledge, present the best broad overview of SAT based graph coloring results.
Of the 27 graphs used in this benchmark set most are relatively easy. However,
the five graphs presented in Table 2 were shown to be particularly difficult.

A comparison of MiniColor with best presented runtimes in [19], denoted by
VanGelder and the runtimes of MiniSat2 on these graphs can be found in Table 3
and 4. For comparative purposes, we scaled the times presented in [19] to what
they would have been if the instances were run on our platform®.

Table 2. Difficult DIMACS instances.

instance V| | |E|] | X |found clique size
Myciel6 95 755 7 2
Myciel? 191 | 2360 | 8 2
abb313GPIA | 1557 |53356| 9 6
DSJC125.5 125 | 3891 ? 10
DSJC125.9 125 | 6961 | ? 33

Table 3. Runtimes on difficult satisfiable DIMACS runtimes in seconds.

SAT instances
instance k VanGelder | MiniSat2 | MiniColor
Myciel6 7 0 0 0.01
abb313GPIA | 9 1256 3.63 1.89
DSJC125.5 19 4446 43.46 18.51
DSJC125.9 46 19119 140 16.73

Table 4.

! The dfmax benchmark takes 12s for r500.5.b on our platform compared to 16.96 in
[19]. For more information of the dfmax benchmark, please check [22].

Runtimes on difficult unsatisfiable DIMACS runtimes in seconds.
UNSAT instances

instance k | VanGelder | MiniSat2 | MiniColor

Myciel6 6 2113 3096 1726

abb313GPIA | 8 5.63 0.73 0.72

DSJC125.5 12 488 5.85 4.08

DSJC125.9 37 4630 934 53.06
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As can be seen in Table 3 and 4, the runtimes of our implementation are
vast improvements over the runtimes of MiniSat2 and those presented in [19].
After these encouraging results, we tried how our implementation would handle
more difficult coloring of these graphs. As it turned out we could prove that
Myciel7 is not 6 colorable, DSJC125.5 is not 13 colorable and DSJC125.9 is not
38 colorable within reasonable time. The corresponding runtimes are shown in
Table 5.

Table 5. Runtimes of MiniColor on harder versions of the DIMACS instances.

SAT instances UNSAT instances
instance k | MiniSat2 | MiniColor | £ | MiniSat2 | MiniColor
Myciel7 8 0 0.03 6 6497 1381
DSJC125.5 |18 > 19000 > 19000 |[13| > 19000 2931
DSJC125.9 |45| > 19000 1008 38| > 19000 4683

5 Conclusions and Future Research

We showed how a SAT conflict-driven solver can be optimized for graph coloring
problems by converting conflict clauses in such a way that they cover all per-
mutations of the colors. This technique can be used in combination with other
optimizations for graph coloring such as adding symmetry breaking predicates.
In fact, the best performances are achieved by this combination.

We introduce new Boolean variables during the search. Although very power-
ful in theory, it is hardly used in practice. Regarding its practical application, we
learnt two lessons. First, the introduced variables should be meaningful within
the context of the problem — in this case, the branches in the Zykov-tree. Second,
reusage of introduced (merge) variables is crucial. Recall that in each conversion
step one can choose from many merge variables. Yet, heuristics that try to min-
imize the number of introduced variables were required to make the technique
competitive.

Although the proposed technique is, as presented, only applicable to graph
coloring problems, we have reason to believe that it can be generalized. Many
multi-valued SAT problems seem fit for this purpose. In particular those con-
sisting of constraints in which variables should either have the same value or
a different one. Examples of such applications are computing Van der Waerden
numbers and Schur numbers. The usefulness of our ideas will depend on whether
they can be generalized successfully.
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