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De nitions

Van der Waerden numbend/ (r; k) (1927)
The Van der Waerden numbe# (r; k) is the smallesin

at least one set must contain an arithmetic progression afgth k

Example of arithmetic progression of length 81; 2; 3g
Example of arithmetic progression of length #2;5; 8; 11g

Van der Waerden certi cate$V (r; k; n)

A Van der Waerden certi cateWV (r; k; n)

with no set containing an arithmetic progression of length
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Finding extreme certi cate8V (2; 3; n)

break symmetry:f 1gf g
branch on:f1,2gfg ! f 1,29f3g
branch on:f1,2,49f3g ! f 1,2,49f3,6,7g ' f 1,2,45,80f3,6,7,89

backtrack to: f1,2g9f3,4g ! f 1,259f3,49 ! f 1,2,59f3,4,5g !
If 1,25,60f3,4,89 ' f 1,25,69f3,4,7,59
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Introduction

An example certi caté/V (3; 4; 17) and visualizations

Co=11;3;11;,13,15; 169
C,=12,4,5,8,179 >
C,=16;7;9;10;12; 14g

Co:/Clz\C2:<—
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Introduction

Exact numbers and lower bounds

rnk| 3] 4] 5] 6| 7] 8] 9|
2 9 35 178 > 3703 > 7484 > 27113
3 27| > 292 > 965 > 8884 > 43855> 23840(
4 > 1048> 10437 > 90306> 38796
5 |> 125> 2254 > 24044 > 246954
6 |> 207> 9778> 56693
V. Chatal (1970) R.S. Stevens and R. Shantara(©978)
J.R. Rabung (1979) (1979)
Drans eld, Liu, Marek, and TruszczynskR003)
(2008)
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Symmetry and extreme certi cates

Extreme certi catesW (2; 3; 8)

Co=11,2,5;69 rotation,
C,=13;4;7;89 repetition
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Symmetry and extreme certi cates

Extreme certi catesWV (2; 3; 8)

Co=11,2,5;69 rotation,
C,=13;4;7;89 repetition
Co=11;3;6;8g repetition,
C=12,4;,579 re ection
Co=f1;4;5;8g re ection,
C=123,6;79 repetition

Marijn J.H. Heule Improving the odds
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Certi catesW (2;4;34), W (2;5;177), andW (2; 6; 1131)

W (2; 4; 34) [Chwatal 1970]:
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Symmetry and extreme certi cates

Certi catesW (2;4;34), W (2;5;177), andW (2; 6; 1131)

W (2; 4; 34) [Chwatal 1970]:

T il o T i i

W (2;5;177) [Stevens and Shantaram 1978]:

T el T
e RmT R mUEsEAN EET N

W (2;6;1131) [Kouril and Franco 2005]:

T L W 0 442,
) 5
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Symmetry and extreme certi cates

Extreme certi catesW (4; 3; 75) [Beeler and O'Neil]

Observation: For all known Van der E
Waerden number$§V (r; k) there exists a _L‘
symmetric certi cateW (r; k; W (r;k)  1). |_
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Symmetry and generated certi cates

Generate certi cate$V (r; k; m(k 1)+1) [HHvLVM '07]

The general idea:
o Generate ayclic certi cate W (r; k; m)
o Repeat itk 1 times and add one last element
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Symmetry and generated certi cates

Generate certi cate$V (r; k; m(k 1)+1) [HHvLVM '07]

The general idea:
o Generate ayclic certi cate W (r; k; m)
o Repeat itk 1 times and add one last element

E.g. extreme certi cateW (2; 4; 34):

Disclaimer:
o No extreme certi cateW (2; 3; 8) can be extended
@ No extreme certi cateW (3; 3; 26) of this kind exists
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Symmetry and generated certi cates

Generate certi cateSV (r; k; p(k 1) + 1) [Rabung '79]

o Calculate the primitive root of unity
b(modp) 6 L(modp) 1 i<j p 1 (1)

Marijn J.H. Heule Improving the odds



Symmetry and generated certi cates

Generate certi cateSV (r; k; p(k 1) + 1) [Rabung '79]

o Calculate the primitive root of unity
b(modp) 6 L(modp) 1 i<j p 1 (1)

o Construct sequenc&, by
S(i)= p(modp) 1 i p 1 2

Marijn J.H. Heule Improving the odds



Symmetry and generated certi cates

Generate certi cateSV (r; k; p(k 1) + 1) [Rabung '79]

o Calculate the primitive root of unity
b(modp) 6 L(modp) 1 i<j p 1 (1)

o Construct sequenc&, by

S(i)= p(modp) 1 i p 1 )
o Partition the elements 2 f 1;:::;p 1ginto r sets such that
Sp(') 2 Ci(mod r) p 2 C” (3)

Marijn J.H. Heule Improving the odds



Symmetry and generated certi cates

Generate certi cateSV (r; k; p(k 1) + 1) [Rabung '79]

o Calculate the primitive root of unity
b(modp) 6 L(modp) 1 i<j p 1 (1)

o Construct sequenc&, by

S(i)= p(modp) 1 i p 1 )
o Partition the elements 2 f 1;:::;p 1ginto r sets such that
Sp(') 2 Ci(mod r) p 2 C” (3)

e E.g. extreme certi cateW (4; 3;75),s0p =37, 37=2,r=4
Sz7 = 2;4,8;16,32 27,17, 34; 31; 25, 13, 26, 15; 30; 23; 9; 18; 36
35, 33,29, 21;5;10;20;3;6; 12, 24; 11; 22, 7; 14, 28, 19; 1
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Symmetry and generated certi cates

Generate certi cate$V (r; k; pg(k 1)+1) [HHvLVM '07]

o Multiply the elements inS; by Q:
q Sp(') 2 CI mod r Pq 2 C’7 (4)
i2G) i+ p(modpqg)2 Gy bsc(mod r) (%)
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Symmetry and generated certi cates

Generate certi cate$V (r; k; pg(k 1)+1) [HHvLVM '07]

o Multiply the elements inS; by Q:
q Sp(') 2 CI mod r Pq 2 C’7 (4)
i2G) i+ p(modpqg)2 Gy bsc(mod r) (%)

o Examplep=11;9=2; 11=2;r=4
Si1= 2:4,8;5;10,9;7,3,6;1
Co=13;4;5;12 20,229 C,=12,8;17,18; 21g
C,=11;9;11;14; 15,169 C3=16;7,10,13, 19
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Symmetry and generated certi cates

Improved lower bound4/ (4; k) [HHvLVM 2007]

W (4;5) > 17705 W (4;6) > 91331 W (4;7) > 393469
old bound: 10437 old bound: 90306 old bound: 387967
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Symmetry and generated certi cates

Improved lower bounds (2) [HMN 20097?]

W (3;5) > 2173 W (3;6) > 11191 W (5;5) > 29621
old bound: 965 old bound: 8886 old bound: 24045
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Symmetry and Satis ability

Symmetry

Symmetigiiammye Symmetgiismmye
Symmetggiiammye Symmetgiismmye
Symmetggiiammye Symmetgiismmye
Symmetigiiammye Symmetgiismmye
Symmetgirammye Symmetigiismmye
Symmetgizammye Symmetigiismmye
Symmetgirammye Symmetigiismmye
Symmetgizammye Symmetigiismmye
Symmetgizammye Symmetigiismmye
Symmetgizammye Symmetigiismmye
Symmetggiiammye Symmetgiismmye
Symmetigiiammye Symmetgiismmye
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Symmetry and Satis ability

Minimal encoding certi cate8V (r; k; n)

Variables

Range Meaning
. 12f0,:::5;r 19 . _
X j2f0;:::;n 1g 126G
Clauses Range Meaning
(Xoj _Xuj . _ % 13) j2f0;:::;n 1g jisin at least one set
) ] i2f0;:::;r 1g no row may contain an
(C Xi;a_* Xijard _

a2f1 .....

] ;n+1-kg arithmetic progression
" Xiard(k 1)) d2f1:

b{(‘ 2cg of lengthk

Marijn J.H. Heule Improving the odds



Symmetry and Satis ability

[Drans eld, Liu, Marek, Truszczynski 2004]:

\It is likely that W (5; 3) is close to 126 (possibly, it is 126),
because 125 was the last integer where we were able to nd a
counterexample despite signi cant computational e ort."

Marijn J.H. Heule Improving the odds



Symmetry and Satis ability

Encoding forced symmetry

Variables Range

Meaning
. 12f0,::5;r 19 , _
X j2f0;:::;n 1g 112G
Clauses Range Meaning
(Xoj _Xuj_  _ % 1j) J2f0;:::;n 1g jisin at least one set
(5 Xsjj _ = Xt3j) 0 s<t r 1 jisinatmostone set
C Xoa b % .. 12f0;:::;r 1g norow may contain an
Coa— X.”a"d =" a2fl;:::;n+1l-kg arithmetic progression
—- fhardk D) g 2f1;::;bl-2cg of lengthk

(_"' — ¢ Xiea(mod 1+ (mod ) '|2f0.,.mr 19 forcing a3 rotation
(2 Xijj _ Xi+1(modr);j+2(modn)) ] 2F0;:::5n 1g

Marijn J.H. Heule Improving the odds



Symmetry and Satis ability

Certi cate W (5; 3; 170)

W (5;3) > 170
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Symmetry and Satis ability

AnalyzingW (5; 3;170)

The rst 85 elements:

Co = 13;4;6;11;15,17; 25,41; 48, 60; 61; 63, 64; 69, 70; 73; 849
Cy = 11,2516, 20; 21; 23, 28, 32, 34; 42, 58, 65; 77; 78; 80; 819
C, = 19,1012 13,18, 19; 22, 33, 37, 38, 40; 45, 49,51, 59, 75; 829
Cs = 17;14; 26, 27, 29; 30; 35; 36; 39; 50; 54; 55; 57; 62, 66, 68; 769
Cs = 18,2431, 43,44, 46,47,52,53,56,67, 71, 72,74, 79, 83, 859
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AnalyzingW (5; 3;170)

The rst 85 elements:

Co = 13;4;6;11;15,17; 25,41; 48, 60; 61; 63, 64; 69, 70; 73; 849
Cy = 11,2516, 20; 21; 23, 28, 32, 34; 42, 58, 65; 77; 78; 80; 819
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i2C) i+17(mod 85)2 Ciy(mod 5

S17 = 3;9;10;13;5; 15,11, 16; 14,8, 7, 4,12, 2;6; 1
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Symmetry and Satis ability

AnalyzingW (5; 3;170)

The rst 85 elements:

Co = 13;4;6;11;15,17; 25,41; 48, 60; 61; 63, 64; 69, 70; 73; 849
Cy = 11,2516, 20; 21; 23, 28, 32, 34; 42, 58, 65; 77; 78; 80; 819
C, = 19,1012 13,18, 19; 22, 33, 37, 38, 40; 45, 49,51, 59, 75; 829
Cs = 17;14; 26, 27, 29; 30; 35; 36; 39; 50; 54; 55; 57; 62, 66, 68; 769
Cs = 18,2431, 43,44, 46,47,52,53,56,67, 71, 72,74, 79, 83, 859

i2C) i+17(mod 85)2 Ciy(mod 5

S17 = 3;9;10;13;5; 15,11, 16; 14,8, 7, 4,12, 2;6; 1

5 S17(1)2C (moa sy 852C4
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Symmetry and Satis ability

Generate certi cate®V (r;k;pg(k 1)) withg 0 (mod 5)

o Incaseq 0 (mod5)

d S(1)2C (imodr 1) (6)
pg2 C (7)
i2 C] ) i+ p(mod pq) 2 Cj+ bsc(mod r) 8

@ Repeatk 1 times,but one cannotadd one more element
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Symmetry and Satis ability

Also improved

W (5; 5;98740) W (5; 6; 540025)
old bound: 29621 old bound: 246956
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Symmetry and Satis ability

Best known exact numbers and lower bounds

|rnk]| 3] 4] 5] 6| 7] 8] 9|
2 9 35 178 1132 > 3703 > 114958 > 41263

3 27| > 292 > 43855> 23840(
4 76> 1048> 17703 > 91331> 39346
5
6

> 170> 2254 > 98740 > 540025
> 207> 9778> 98748 > 63398]

P. Herwig, M.J.H. Heule, M. van Lambalgen, H. van Maaré&007)
(20097?)
M.J.H. Heule and H. van Maare(2009?)

Marijn J.H. Heule Improving the odds
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Improving the odds

New lower bounds for Van der Waerden numbers

Marijn J.H. Heule

May 14, 2009
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